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Abstract 

Campbell diagrams (describing free linearised vibration) of rotor/foil-air bearing (FAB) systems are currently 

based on the linearised force coefficients (FC) method, which eliminates the air film and foil state variables from 

the eigenvalue analysis.  Individual modes of FC-based Campbell diagrams have not been verified by transient 

nonlinear dynamic analysis (TNDA) at low amplitudes and significant discrepancies between FC and TNDA 

stability predictions have been reported.  This paper introduces a new method that avoids the FC method by 

extracting the Campbell diagram directly from the nonlinear state-space model.  Through appropriate scaling of 

the eigenvectors and the application of a minimum journal amplitude criterion, it is found that the multitude of 

eigenvalues/eigenvectors of the state Jacobian could be filtered to extract the relevant modes.  Where 

appropriate, a maximum damping criterion should also be applied.  Each extracted mode is precisely verified 

using TNDA with mode-specific initial conditions.  The methodology is successfully applied to a symmetric 

rigid rotor on single-pad FABs with the pad modelled by the simple equivalent foundation model.  The 

simulation results correlate well with observations reported in an independent study that used a more advanced 

foil model but was restricted to TNDA (no Campbell diagram). 

1   Introduction 

The dynamics of FAB-rotor systems are governed by the nonlinear interaction between the air film, foil 

structure, and rotor domains, where each domain is governed by time-based differential equations [1].  Such 

systems can therefore be cast into the non-linear state-space format used to represent generic dynamical systems 

[1, 2]: 

𝐬′ = 𝛘(𝜏, 𝐬)       (1) 

where ( )′ denotes differentiation with respect to the time variable 𝜏, 𝐬 is the state vector which contains state 

variables from all three domains (air film, foil and rotor), and 𝛘 is a vector of nonlinear functions of 𝜏 and 𝐬.  The 

explicit presence of 𝜏 arises from the vector of unbalance excitation forces 𝐟𝐮.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

Figure 1.  System considered: (a) symmetric rigid rotor/FAB system; (b) single-pad FAB (configuration 

shown is for a clamped leading edge/free trailing edge (CLE/FTE)). 

  

. 
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A rotordynamic system with FABs was first expressed as a dynamical system (eq. (1)) in 2013/14 by Bonello 

and Pham [3-5].  For the case of the symmetric rigid rotor-FAB system running in single-pad FABs (Figure 1), 

with foil pad modelled using the simple equivalent foundation model (SEFM) [6], and air film modelled by the 

finite difference (FD) method, as considered in [4] and the present paper, the state vector 𝐬 is given by 

𝐬 = [𝛙T �̃�T 𝛆T 𝛆′T]T     (2) 

where the subvectors 𝛙,  �̃�, (𝛆, 𝛆′) respectively contain state variables relating to the air film, the foil, and the 

rotor, where 𝛆 = [𝑥 𝑐⁄ 𝑦 𝑐⁄ ]T is the journal eccentricity vector (𝑐 is the radial clearance).  Bonello and Pham 

[3-5] then used readily available implicit integrator routines to obtain the nonlinear response for given initial 

conditions 𝐬(0) i.e. performed the simultaneous time domain solution by applying transient nonlinear dynamic 

analysis (TNDA) to the complete system in eq. (1).  Bonello and Pham [4, 5] also devised a rapid method for 

computing the static equilibrium condition 𝐬 = 𝐬𝐄, and assessing the stability of small free perturbations 𝚫𝐬 

about this condition, for each given speed within a range.  This process was referred to as static equilibrium 

stability analysis (SESA) [5].  In the first part of SESA, the static equilibrium condition 𝐬 = 𝐬𝐄 can be obtained 

by setting 𝐬′ = 𝟎 for 𝐟𝐮 = 𝟎  in eq. (1) and solving the resulting set of nonlinear algebraic equations: 

𝛘(0, 𝐬)|𝐟u=𝟎 = 𝟎      (3) 

In the second part of the current form of SESA, the stability of the dynamical system (eq. (1)) to small 

(linear) free perturbations ∆𝐬 about 𝐬 = 𝐬𝐄 is determined by performing an eigenvalue analysis of the state 

Jacobian matrix  

𝐉 = 𝛛𝛘 𝛛𝐬⁄ |𝐟𝐮=𝟎,𝐬=𝐬E
      (4) 

A change in sign (from negative to positive) of the real part of one of the eigenvalues marks the birth of self-

excited vibration (Hopf bifurcation) [2].  

The purpose of this paper is to develop the eigenvalue analysis of the Jacobian to determine the Campbell 

diagrams, which describe the variation with speed of the free linearised vibration modes about the static 

equilibrium condition, and are an important tool that is used to aid the interpretation of the full nonlinear 

response e.g. [7-9].  The novel contribution lies in the fact that, in contrast to the current method for deriving 

Campbell diagrams, the proposed method avoids the use of linear force coefficients (FC) [10, 11].  There are two 

reasons that motivate the development of such a method, which is directly based on the Jacobian: 

 The FC-method eliminates the air film and foil state variables from the eigenvalue analysis through an 

assumption that relates them to the journal motion [10-12].   

 The above assumption has not been tested by verifying individual modes by (low amplitude) TNDA of the 

original system (eq. (1)).  Indeed, significant discrepancies have been reported between FC and (low 

amplitude) TNDA predictions for the onset of instability speed (OIS) for certain conditions [12].  This 

contrasts with the invariable consistency between TNDA and SESA results for the OIS [1, 4, 5]. 

The FC method, as used in FAB-rotor systems, is based on Lund’s method [10], who used the procedure on 

gas bearings with rigid sleeves (no foil) and oil-lubricated bearings [12].  It was extended to FAB-rotor systems 

by Peng and Carpino [11] and since then has been used extensively (e.g. [7-9]) to predict features of the linear 

dynamics of FAB-rotor systems, such as stability, Campbell diagrams, and synchronous unbalance response, as 

reported in [12].  Lund’s FC method assumes that the air-film pressure 𝑝 is a function of (𝛆, 𝛆′), which are 

assumed to be harmonic of assumed frequency (whirl frequency), and 𝑝 is then approximated by a first-order 

Taylor series expansion [10-12].  The harmonic foil deflection is similarly eliminated.  Having found the FC 

(stiffness and damping coefficients), the dynamics of small perturbations about the static condition are 

investigated by considering only the linearized rotor equations since the FC effectively replace the air film and 

foil domains. 

The use of the Jacobian (eq. (4)) for stability analysis, and its presently proposed use for Campbell diagram 

derivation, has only been made possible fairly recently.  Prior to the work of Bonello and Pham [3-5], it has been 

the practice to decouple the air film, foil and rotor equations by approximating the air film equations as 

algebraic, rather than differential, equations e.g. [13]. This traditional solution technique for the full nonlinear 

response was therefore a non-simultaneous “time lagging” approach that did not preserve the true simultaneous 

coupling between the three domains, since it was not based on the dynamical system representation (eq. (1))  [4].   

Although the state-space formulation introduced in [3-5] has now been taken up by a growing number of 

researchers e.g. [6, 12, 14, 15], these have used it only for TNDA, even for small perturbation analysis.  For 

example, the same OIS determined by Larsen and Santos [12] through TNDA from initial conditions 𝐬(0) = 𝐬𝐄 

could have been more rapidly determined using the SESA approach introduced in [4, 5]. 

Unlike the FC method, the new method of this paper retains the air film and foil state variables within the 

eigenvalue analysis.  It shall be shown that each mode so computed can be verified by TNDA of the original 

dynamical system (eq. (1)) using mode-specific initial conditions.  The new method is tested on a two-degree-of 
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freedom system comprising a rigid symmetric rotor-FAB system with single-pad FABs.  The pad is modelled 

using the simple equivalent foundation model (SEFM) [6] and air film conditions appropriate for two alternative 

pad configurations: (i) clamped leading edge/free trailing edge (CLE/FTE, Figure 1(b)); (ii) free leading edge 

and clamped trailing edge (FLE/CTE).  The CLE/FTE configuration is unusual for single pad-FABs [1], but is 

considered since the results of the simulation can be correlated with those of an independent study by Nielsen 

and Santos [14] which used a more advanced foil model (allowing top foil detachment) incorporated into the 

state-space format (eq. (1)).  The study in [14] was restricted to TNDA and did not derive the Campbell diagram, 

but made certain observations that can be correlated with the findings of this paper.   

2   Dynamical System Model 

The differential equations governing the nonlinear dynamics of the symmetric rotor-FAB system in Figure 1 

are expressed in the dynamical system form of eq. (1) as follows [4]: 

𝛙′ = 𝐠RE(𝛙, �̃�, 𝛆)          (5a) 

�̃�′ =  2(𝐩g,𝜃(𝛙, �̃�, 𝛆) (𝑐𝐾b)⁄ − �̃�) 𝜂⁄      (5b) 

[
𝛆
𝛆′]

′

=   [
𝛆′

4

𝑀𝑐𝛺2 {𝐟𝐮(𝜏) + 𝐟𝐬 + 𝐟𝐉(𝛙, �̃�, 𝛆)}
]       (5c) 

where the non-dimensional time is defined as 𝜏 = 𝛺𝑡 2⁄   (𝛺 being the rotational speed) and the equations (5a), 

(5b), (5c) relate to the coupled domains of the air film, foil and the rotor respectively.   

In equation (5c), 𝐟𝐮, 𝐟𝐬, 𝐟𝐉 are 2 × 1 vectors containing the Cartesian components of the unbalance force, 

static load and air film force respectively, acting on one half of the symmetric rotor of total mass of 2𝑀.   

Equations (5b) govern the pad deflection according to the SEFM, which is based entirely on the bump foil 

i.e. the stiffness and inertia of the top foil are neglected and it is assumed to be in contact with the bumps at all 

times for the purpose of determining the local radial deflection 𝑤 of the top foil.  It is additionally assumed that 

𝑤 is a function of 𝜃 only. �̃� is the 𝑁𝜃 × 1 vector of values �̃�𝑗 = �̃�(𝜃𝑗), where �̃� = 𝑤 𝑐⁄  and 𝜃𝑗, 𝑗 = 1, … , 𝑁𝜃, 

are discrete values of 𝜃 according to the Finite Difference (FD) grid used to discretize the Reynolds Equation 

(RE).  𝐾b is the stiffness per unit area of the bump foil and 𝜂 is the damping loss factor, for which the equivalent 

viscous damping coefficient is assumed to be 𝐶damp,eq = 𝐾b𝜂 𝛺⁄ .  𝐩g,𝜃  is the vector of the averages of the gauge 

pressure 𝑝g over the axial direction for discrete values of 𝜃. 

Equations (5a) are obtained by using the FD method to discretize the RE, as described in [1].  The RE is 

formulated in terms of the combined state variable 𝜓 ≡ 𝑝ℎ̃ where 𝑝  and ℎ̃  are the non-dimensional air film 

pressure and thickness at a position (𝜉, 𝜃) where 𝜉 is the non-dimensional axial coordinate.  The FD grid has 

𝑁𝜉 × 𝑁𝜃  points spaced by Δ𝜉, Δ𝜃 in the axial and angular directions respectively, where 𝜉 = 𝜉𝑖, 𝑖 = 1, … , 𝑁𝜉  and 

𝜃 = 𝜃𝑗, 𝑗 = 1, … , 𝑁𝜃.  Hence, in eqs. (5a), 𝛙 is the 𝑁𝜉𝑁𝜃 × 1 vector of variables 𝜓𝑖,𝑗 = 𝜓(𝜉𝑖 , 𝜃𝑗 , 𝜏).  The grid 

covers only half the axial length of the FAB due to symmetry (bearing is open at both ends).  Following the work 

in [1], for the single-pad FAB with CLE/FTE, a “finite 𝜃” air film model with Gümbel condition [1] is used. The 

Gümbel condition truncates subatmospheric pressures when integrating 𝑝g for 𝐟𝐉 [6].  It is a retrospective 

correction for the detachment of the top foil that is good for CLE/FTE [16], but not FLE/CTE [16, 1].  For 

FLE/CTE, a “continuous 𝜃” air film model with no Gümbel condition was considered satisfactory in [1]. 

3   Extraction of Campbell Diagrams 

The dynamical system of eq. (1) is linearised as follows [5]: 

(𝚫𝐬)′ = 𝐉(𝚫𝐬)      (6) 

where the Jacobian 𝐉 is given by eq. (4).  The eigenvalue analysis of the matrix 𝐉 yields 𝑁s eigenvalues that 

comprise 𝑁e real eigenvalues and 𝑁o pairs of complex conjugate eigenvalues 𝜆𝑛,Re ±j𝜆𝑛,Im, 𝜆𝑛,Im > 0 (𝑛 =
1 … 𝑁o).  The complex conjugate eigenvalues have associated conjugate eigenvectors 𝛒(𝑛), 𝛒(𝑛)∗.  The 

oscillatory part of the general solution of eq. (6) is: 

𝚫𝐬 = ∑ 𝑐𝑛e−𝜁𝑛𝜛u,𝑛𝑡mod{𝛒(𝑛)} .∗ cos(𝜛d,𝑛𝑡 + arg{𝛒(𝑛)} + 𝛼𝑛)
𝑁o
𝑛=1    (7) 

In eq. (7): 𝑐𝑛, 𝛼𝑛 are arbitrary real scalar constants; mod{𝛖}, arg{𝛖} respectively denote the vectors of moduli 

and phases of the complex elements of vector 𝛖; 𝐚.∗ 𝐛 denotes a vector containing the products of corresponding 

elements of two vectors 𝐚, 𝐛; 𝜛d,𝑛, 𝜁𝑛, 𝜛u,𝑛 are, respectively, the damped natural circular frequency, equivalent 

viscous damping ratio, and the undamped natural circular frequency of (oscillatory) mode no. n: 

  𝜛d,𝑛 = 𝛺𝜆𝑛,Im 2⁄ ,  𝜁𝑛 = −𝜆𝑛,Re (𝜆𝑛,Re
2 + 𝜛d,𝑛

2 )
0.5

⁄  , 𝜛u,𝑛 = 𝜛d,𝑛 (1 − 𝜁𝑛
2)0.5⁄   (8a-c) 
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The number of oscillatory modes 𝑁o at each given rotational speed 𝛺 is typically very high since the 

dimension of the Jacobian is very high (due to the discretisation of air film spatial domain).  Hence, as shall be 

revealed later, the eigenfrequency vs speed map is a dense accumulation of dots, but most of these dots do not 

represent any significant vibration (whirl) of the rotor.  The Campbell diagram of the FAB-rotor system therefore 

needs to be extracted from the eigenfrequency vs speed map by applying a filtering criterion.   

The eigenvectors 𝛒(𝑛) first need to be scaled by an appropriate factor 𝜅(𝑛), which is chosen so that, for mode 

no. n, the greatest non-dimensional amplitude of vibration within the FAB (considering both journal and pad 

vibration) is a prescribed fraction 𝜎 of the nominal radial clearance:  

𝜅(𝑛) = 𝜎 �̃�(𝑛)⁄        (9) 

where �̃�(𝑛) is the greatest non-dimensional vibration amplitude within the FAB: 

�̃�(𝑛) = max (mod{𝛒𝛆
(𝑛)

}, mod{𝛒�̃�
(𝑛)

} )     (10) 

where 𝛒𝛆
(𝑛)

, 𝛒�̃�
(𝑛)

 are the complex amplitudes of the damped harmonic perturbations ∆𝛆
(𝑛)

, ∆�̃�
(𝑛)

 respectively, 

which, from eq. (7), are given by: 

∆𝛆
(𝑛)(𝑡) = 𝑐𝑛e−𝜁𝑛𝜛u,𝑛𝑡mod{𝛒𝛆

(𝑛)
} .∗ cos (𝜛d,𝑛𝑡 + arg{𝛒𝛆

(𝑛)
} + 𝛼𝑛)  (11) 

∆�̃�
(𝑛)(𝑡) = 𝑐𝑛e−𝜁𝑛𝜛u,𝑛𝑡mod{𝛒�̃�

(𝑛)
} .∗ cos (𝜛d,𝑛𝑡 + arg{𝛒�̃�

(𝑛)
} + 𝛼𝑛)  (12) 

The complex vectors 𝛒𝛆
(𝑛)

, 𝛒�̃�
(𝑛)

 are obtained by partitioning the eigenvector 𝛒(𝑛) into its constituent sub-vectors 

according to the composition of 𝐬 (eq. (2)). The scaled eigenvectors are denoted by 𝛒⏞
(𝑛)

 where  

𝛒⏞
(𝑛)

= 𝜅(𝑛)𝛒(𝑛)      (13) 

The sub-vectors of the scaled eigenvectors 𝛒⏞
(𝑛)

 are given similar notation i.e. 𝛒⏞
𝛆

(𝑛)
, 𝛒⏞

�̃�

(𝑛)
,…etc. and the result of 

eq. (10) using these vectors becomes �̃�(𝑛) = 𝜎.  

Let 𝐴⏞𝛆

(𝑛)
 denote the mean of the x, y non-dimensional scaled vibration amplitudes of the FAB journal: 

𝐴⏞𝛆

(𝑛)
= mean (mod {𝛒⏞

𝛆

(𝑛)
} )     (14a,b) 

The filtering criterion to be adopted sets a minimum journal amplitude such that mode no. n will be rejected 

from the Campbell diagram unless 𝐴⏞𝛆

(𝑛)
 is greater than C times 𝜎, where C is a cut-off threshold: 

𝐴⏞𝛆

(𝑛)
> 𝐶𝜎        (15) 

In this work, 𝜎 = 0.2 and 𝐶 = 0.1.  In other words, the eigenvector of the mode no. n is scaled so that the 

greatest vibration amplitude within the FAB, considering both pad and journal, is 20% of the radial clearance, 

and the scaled mode is rejected if the amplitude of the journal vibration (average of x, y vibrations) it is not 

greater than 2% (i.e. 0.1 of 20%) of the radial clearance.   

The journal and pad vibrations in mode no n, and the whirl direction, are determined by plotting 𝛆(𝑛) = 𝛆𝐄 +

𝚫𝛆(𝑛) and �̃�(𝑛) = �̃�𝐄 + 𝚫�̃�(𝑛) at a number of discrete times covering the period 2𝜋 𝜛d,𝑛⁄  (where 𝚫𝛆(𝑛), 𝚫�̃�(𝑛) 

are from eqs. (11, 12) using scaled eigenvectors 𝛒⏞
𝛆

(𝑛)
, 𝛒⏞

�̃�

(𝑛)
, and 𝛆𝐄, �̃�𝐄 are from the static solution (eq. (3)). 

The initial conditions to induce the dynamical system defined by eq. (1) to respond in one specific mode only 

(with no unbalance excitation applied) are given by: 

𝐬(𝜏 = 0) = 𝐬𝐄 + 𝑐𝑛mod {𝛒⏞
(𝑛)

} .∗ cos (arg {𝛒⏞
(𝑛)

} + 𝛼𝑛)   (16) 

4   Discussion of Simulation Results 

The parameters of the system (Figure 1) are as in [4] and negligibly different from [14]: 𝑀 = 3.061 kg; 

𝐟𝐬 = [0 −3.061 × 9.81]T; 𝑐 = 32 × 10−6m; radius 𝑅 = 19.05 × 10−3 m; length 𝐿 = 38.1 × 10−3 m; air 

viscosity 𝜇 = 1.95 × 10−5 Pa∙s; 𝑝a = 101325 Pa; 𝐾b = 4.739 GN/m3;  𝜂 = 0.25.  In the simulations 

performed, the grid size (covering half axial length of FAB) was 7 × 71 in the case of the finite 𝜃  model 

(CLE/FTE) and 7 × 72 in the case of the continuous 𝜃 model (FLE/CTE), as per procedure explained in [1].  

The dimension of the Jacobian 𝐉 was therefore 572 × 572 for the CLE/FTE case (section 4.1) and 580 × 580 

for the FLE/CTE case (section 4.2).  In all TNDA simulations presented, the unbalance force 𝐟𝐮 = 𝟎. 
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4.1 FAB with SEFM/Finite 𝜽 Gümbel Air Film (appropriate for CLE/FTE) 

The first task was to verify that the model used here (SEFM/finite 𝜃 FD air film/Gümbel condition) agreed 

with TNDA results presented in [14] for the same rotor-FAB system.  Figure 2 shows the TNDA result for the 

journal trajectory at 12 krpm over 20 revolutions from initial conditions corresponding to 𝛆, 𝛆′ = 𝟎, �̃� = 𝟎 and 

air film at atmospheric pressure.  The journal trajectory in Figure 2 agrees very closely with those calculated by 

the two models used in Figure 3 of Nielsen and Santos [14] i.e. 

1) the detachable top foil/bilinear bump foil/Finite Element (FE) air film model, 

2) the SEFM/FE air film/Gümbel model used to validate model (1) at 12 krpm. 

With regards to pad deformation, the present model (SEFM/finite 𝜃 FD air film/Gümbel) gives the same 

result as model (2), whereas model (1) naturally gives a different result in the upper right hand quadrant due to 

the detachment of the top foil. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.  TNDA result journal trajectory over 20 

revolutions from initial conditions corresponding to 

𝛆, 𝛆′ = 𝟎, �̃� = 𝟎 (SEFM/Finite 𝜽 Gümbel) 
(compare with Figure 3 of Nielsen and Santos [14]). 

  

. 

Figure 3.  Loci of static equilibrium journal positions 

over a range of speeds for SEFM/Finite 𝜽 Gümbel 

(CLE/FTE) (stable – red squares). 

  

. 

Figure 4.  Unfiltered eigenfrequency 𝜛d,𝑛 (2𝜋)⁄  vs speed map for SEFM/Finite 𝜽 Gümbel (CLE/FTE). 

  

. 

Figure 5.  Campbell diagram for SEFM/Finite 𝜽 Gümbel (CLE/FTE), extracted from the unfiltered 

eigenfrequency vs speed map of Figure 4 using minimum journal amplitude criterion, eq. (15) with 𝐶 = 0.1: 

forward whirl (black squares); reverse whirl (red circles); unstable mode points overlaid with a cross; EO 

(engine order).  
. 
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Figure 3 shows the loci of the static equilibrium positions of the journal for the speed range 8-25 krpm.  The 

onset of instability speed (OIS) in this paper is defined as the first speed, in increments of 500 rpm, to register a 

negative damping ratio in one of the modes.  The OIS in this case is 22.5 krpm and compares well with the OIS 

of ~20 krpm reported from the TNDA simulations by Nielsen and Santos [14], considering that they used the 

detachable top foil/bilinear bump foil/FE air film model (in [14], the latter model was compared with the 

SEFM/FE air film/Gümbel model at only one speed). 

The free vibration about the static equilibria in Figure 3 is next considered.  Figure 4 shows the unfiltered 

eigenfrequency (𝜛d,𝑛 (2𝜋)⁄ ) vs speed map, which is seen to comprise a multitude of eigenmodes.  However, the 

application of the minimum journal amplitude (eq. (15)) to Figure 4 results in the extraction of the “clean” 

Campbell diagram of Figure 5.  The two modes (“mode points”) at individual speeds each lie on distinct curves 

(labelled “mode 1” and “mode 2”) covering the speed range.  This is consistent with the system having two 

degrees of freedom.  Figure 6 shows two examples of modes that were rejected from the Campbell diagram by 

the minimum journal amplitude criterion.  In these modes, the vibration in the FAB is virtually entirely in the 

pad, with negligible vibration of the journal.  Such modes were also found to be highly damped, although still 

oscillatory (as evident by the non-zero frequencies).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Campbell diagram of Figure 5 indicates the direction of whirl and the state of stability of the two modes.  

Mode 1 is forward whirl over the entire speed range and becomes unstable beyond 22 krpm.  The frequency of 

mode 1 varies from 84 Hz at 8 krpm to 98 Hz at 20 krpm.  This correlates well with the following observation 

made by Nielsen and Santos [14]: “This frequency increases slightly from approximately 80 Hz at 8,000 r/min to 

around 100 Hz at 20,000 r/min”.  This observation from [14] related to a subharmonic frequency observed in the 

waterfall diagram of the initial 0.22s of the simulated transient response (as the rotor was dropped from the 

centralised initial conditions) with 5 g∙mm unbalance, using the detachable top foil/bilinear bump foil/FE air film 

model (Figure 13 in Nielsen and Santos [14]).  This subharmonic frequency was transient and, therefore, a mode 

i.e. it was absent from the waterfall diagram of the steady-state vibration (Figure 12 of [14]).  Figure 5 shows 

that mode 2 is in reverse whirl for most of the speed range.  Evidence for the existence of mode 2 is not provided 

in the transient unbalance response result of [14], but this is to be expected since reverse whirl modes are not 

normally excited by the unbalance [17].  However, mode 2 shall be verified by TNDA in the present paper.  

Figure 7 shows modes 1 and 2 at 22 krpm i.e. just before the OIS (22.5 krpm).  Mode 2 is seen to be 

considerably more damped than mode 1.  The two modes in Figure 7 were verified by TNDA using mode-

specific initial conditions (eq. (16)), which caused the unforced nonlinear dynamical system (eq. (1)) to respond 

in mode 1 only (Figure 8(a), (b)) or mode 2 only (Figure 8(c), (d)).  The orbital trajectories in Figures 8(a), 8(c) 

confirm the stability, orientation and direction of whirl of the orbits in Figures 7(a), 7(b) respectively (orbit in 

Figure 8(a) winds anticlockwise, whereas orbit in Figure 8(c) winds clockwise, as predicted in Figure 7).  The 

time histories in Figures 8(b), (d) were used to check the values for damped frequency 𝑓d,𝑛 = 𝜛d,𝑛 (2𝜋)⁄  and the 

damping ratio 𝜁𝑛 given in the captions of Figure 7 (that were calculated from eigenvalue analysis and eqs. (8a-

c)).  The estimates for 𝑓d,𝑛 and 𝜁𝑛 shown in Figure 8(b), (d) were determined by calculating the period and 

applying the logarithmic decrement method [18] and are seen to be reasonably close those of Figure 7: 0.4%, 

2.1% difference in frequency for modes 1, 2 respectively; 8.75%, −0.53% difference in damping ratio for modes 

1, 2 respectively.  The higher discrepancy in the damping ratio at mode 1 is attributed to the inherent accuracies 

in the application of the logarithmic decrement method to the time history of Figure 8(b), considering its light 

damping, uneven time steps and higher frequency. 

Figure 6.  Two examples of modes rejected by the minimum journal amplitude criterion, eq. (15), for 

SEFM/Finite 𝜽 Gümbel (CLE/FTE): (a) mode at 22 krpm with 𝑓d,𝑛 = 𝜛d,𝑛 (2𝜋)⁄ = 141.97 Hz, 𝜁𝑛 = 0.96288; 

(b) mode at 22 krpm with 𝑓d,𝑛 = 67.60 Hz, 𝜁𝑛 = 0.99801 (NB: for clarity of display, the exponential decay 

factor e−𝜁𝑛𝜛u,𝑛𝑡 in eqs. (11), (12) was omitted when calculating the modal vibration). 

 

. 
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 Figure 9 shows the TNDA simulation of the journal trajectory using initial conditions specific to mode 1 at 

22.5 krpm (for which this mode is unstable, Figure 5).  As predicted by the Campbell diagram, the trajectory is 

seen to diverge.  The estimates for 𝑓d,𝑛 and 𝜁𝑛 from the time history in Figure 9(b) agree closely with the 

eigenvalue analysis values in the caption (0.4%, 6.15% difference in 𝑓d,𝑛 and 𝜁𝑛  respectively).  Figure 10 shows 

the TNDA journal trajectory at two unstable speeds – 22.5 krpm (onset of instability speed OIS) and 25 krpm – 

from initial conditions specific to mode 2 which is stable at both these speeds.  At 22.5 krpm (Figures 10(a,b)), 

the degree of instability (|𝜁𝑛|) of mode 1 is very low and the trajectory can still converge unhindered along mode 

2 to the static equilibrium position - the integration errors in the TNDA time steps (equivalent to physical 

perturbations) do not reach a sufficient level to excite mode 1 and diverge the trajectory.  However, at 25 krpm 

(Figures 10(c,d)), where the degree of instability of mode 1 is 10 times higher than at the OIS, the trajectory 

initially converges along mode 2 (reverse whirl) but then starts diverging along mode 1 (forward whirl). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.  Modes at 22 krpm taken from Campbell diagram in Figure 5: (a) mode 1 (𝑓d,𝑛 = 99.59 Hz, 𝜁𝑛 =

0.002533, forward whirl); (b) mode 2 (𝑓d,𝑛 = 135.33 Hz, 𝜁𝑛 = 0.14976, reverse whirl) (NB: for readers of digital 

version, temporal sequence of vibration is indicated by colour sequence black-red-green-magenta; for clarity of 

display, the exponential decay factor e−𝜁𝑛𝜛u,𝑛𝑡 in eqs. (11), (12) was omitted when calculating the modal vibration). 

 

. 

Figure 8.  Transient nonlinear dynamic analysis (TNDA) journal trajectories and time histories at 22 krpm 

using mode-specific initial conditions (eq. (16)) taken from Campbell diagram of Figure 6: (a), (b) mode 1; 

(c), (d) mode 2; (P1: point at  𝑡 = 0; P5 : point four time steps later; displayed estimates for 𝑓d,𝑛, 𝜁𝑛 were 

determined from the corresponding time histories and should be compared with the Campbell diagram analysis 

values in caption of Figure 7). 

 

. 
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4.2 FAB with SEFM/Continuous 𝜽 non-Gümbel Air Film (appropriate for FLE/CTE) 

Figure 11 shows the loci of the static equilibrium positions of the journal for the speed range 8-25 krpm.  

Comparing with Figure 3, the static equilibria are at a higher level and the OIS is considerably lower (15 krpm, 

as reported in [4]).  The removal of constraints on the air film is seen to lower the OIS, as observed in [1].   

Figure 12 shows the unfiltered eigenfrequency (𝜛d,𝑛 (2𝜋)⁄ ) vs speed map for free vibration about the static 

equilibria, from which the Campbell diagram of Figure 13 is extracted by the minimum journal amplitude 

criterion (eq. (15)).  Like the previous one of Figure 5, the Campbell diagram of Figure 13 shows two modes that 

describe significant rotor whirl – one in forward whirl that becomes unstable at 15 krpm, the other in reverse 

whirl that is stable over the speed range considered.  These two modes are depicted in Figures 14(a,b) and are 

seen to have similar orientations to those in Figures 7(a,b).  However, the Campbell diagram of Figure 13 also 

shows a low journal amplitude mode that manages to pass the minimum journal amplitude criterion with 

Figure 9.  Transient nonlinear dynamic analysis (TNDA) journal trajectory and time history at 22.5 krpm using 

mode-specific initial conditions (eq. (16)) taken from mode 1 @ 22.5 krpm (unstable) on Campbell diagram of 

Figure 5 (P1: point at  𝑡 = 0; P5 : point four time steps later; displayed estimates for 𝑓d,𝑛, 𝜁𝑛 were determined 

from the time history and should be compared with the values output from the Campbell diagram analysis 

𝑓d,𝑛 = 100.4, 𝜁𝑛 = −0.00273). 

 

. 

Figure 10.  Transient nonlinear dynamic analysis (TNDA) journal trajectories and time histories at two speeds, 

one at the onset of instability (22.5 krpm: (a), (b)) and the other above this (25 krpm: (c), (d)), for mode-specific 

initial conditions (eq. (16)) taken from stable mode 2 on Campbell diagram of Figure 5 (P1: point at  𝑡 = 0; P5 : 

point four time steps later; values of 𝜁𝑛 in figures are taken from Campbell diagram analysis). 

 

. 
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𝐶 = 0.1.  An example of such a mode is given in Figure 14(c), where it is seen that the vibration is mainly in the 

pad (as in the rejected modes e.g. Figure 6).  The low journal amplitude mode in Figure 13 was found to have a 

high damping ratio (above 0.7) over the entire speed range and therefore would have little practical significance.  

Therefore, rather than raising the value of the threshold 𝐶 in the minimum journal amplitude criterion (eq. (15)), 

a better way of eliminating such a mode from the Campbell diagram of Figure 13 would be to apply a maximum 

modal damping criterion in conjunction with the minimum journal amplitude criterion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11.  Loci of static equilibrium journal 

positions over a range of speeds for continuous 𝜃 

non-Gümbel (FLE/CTE) (stable – red squares). 

  

. 

Figure 12.  Unfiltered eigenfrequency 𝜛d,𝑛 (2𝜋)⁄  vs 

speed map for continuous 𝜃 non-Gümbel (FLE/CTE). 

 

  

. 

Figure 13.  Campbell diagram for continuous 𝜃 non-Gümbel (FLE/CTE), extracted from the unfiltered 

eigenfrequency vs speed map of Figure 12 using minimum journal amplitude criterion, eq. (15) with 𝐶 = 0.1: forward 

whirl (black squares); reverse whirl (red circles); unstable mode points overlaid with a cross; EO (engine order).  

. 

Figure 14.  Modes at 15 krpm taken from Campbell diagram in Figure 13: (a) mode 1 (𝑓d,𝑛 = 82.97 Hz, 𝜁𝑛 =

−0.000166 i.e. unstable, forward whirl); (b) mode 2 (𝑓d,𝑛 = 140.05 Hz, 𝜁𝑛 = 0.25546, reverse whirl); (c) low 

journal amplitude mode (𝑓d,𝑛 = 178.11 Hz, 𝜁𝑛 = 0.81155) (NB: for readers of digital version, temporal sequence of 

vibration is indicated by colour sequence black-red-green-magenta; for clarity of display, the exponential decay factor 

e−𝜁𝑛𝜛u,𝑛𝑡 in eqs. (11), (12) was omitted when calculating the modal vibration). 

. 
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7   Conclusions 

This paper has introduced a new method for deriving the Campbell diagram of a rotor/foil-air bearing (FAB) 

that does not depend on Lund’s linearised force coefficient (FC) method.  It was based on the eigenvalue 

analysis of the state Jacobian of the dynamical system (nonlinear state-space) representation of the fully coupled 

air film/foil/rotor model.  Through appropriate scaling of the eigenvectors and the application of a minimum 

journal amplitude criterion, the multitude of eigenvalues/eigenvectors of the Jacobian could be filtered in order 

to extract only the relevant modes.  Where appropriate, a maximum damping criterion should also be applied.  

Each extracted mode could be precisely verified using transient nonlinear dynamic analysis (TNDA) with mode-

specific initial conditions derived directly from the eigenvalue analysis.  The methodology was successfully 

applied to a two-degree-of freedom (rigid-symmetric) rotor on single-pad FABs with the pad modelled by the 

simple equivalent foundation model.  Two types of air film conditions were considered, respectively suitable for 

alternative pad configurations.  The simulation results correlated well with observations reported in an 

independent study in the literature that used a more advanced foil model but was restricted to TNDA (no 

Campbell diagram).  A forthcoming journal paper shall present this method for a generic rotor-FAB system. 
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