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Abstract

Phase-field studies of solid-state precipitation under strong chemo-mechanical coupling
are performed and benchmarked against the existing analytical solutions. The open source
software packages OpenPhase and DAMASK are used for the numerical studies. Solutions
for chemical diffusion and static mechanical equilibrium are investigated individually fol-
lowed by a chemo-mechanical coupling effect arising due to composition dependence of the
elastic constants. The accuracy of the numerical solutions versus the analytical solutions
is quantitatively discussed. For the chemical diffusion benchmark, an excellent match,
with a deviation < 0.1%, was obtained. For the static mechanical equilibrium benchmark
Eshelby problem was considered. In this case, a deviation of 5% was observed in the nor-
mal component of the stress, while the results from the diffuse interface (OpenPhase) and
sharp interface (DAMASK) models were slightly different. In the presence of the chemo-
mechanical coupling, the concentration field around a static precipitate was benchmarked
for different coupling coefficients that represent the strength of composition dependency of
elastic constants. It is found that the deviation increases proportional to the coupling co-
efficient. Finally, the interface kinetics in the presence of the considered chemo-mechanical
coupling were studied using OpenPhase and a hybrid OpenPhase–DAMASK implemen-
tation, replacing the mechanical solver of OpenPhase with DAMASK’s. The observed
deviations in the benchmark studies are discussed to provide guidance for the use of these
results in studying further phase transformation models and implementations involving
diffusion, elasticity and chemo-mechanical coupling effect.

Keywords: Phase-Field Modelling and Simulation; Microstructure Evolution; Precip-
itation; Diffusion; Elasticity.
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1 Introduction

Modelling and simulation has become an indispensable tool in materials science and en-
gineering, offering tremendous potential to understand, study and design future materials.
Advanced full-field simulation techniques and mean-field modelling are especially beneficial
in material design to establish processing ↔ microstructure ↔ properties relations. In this
regard, the current trend of developing multi-physics simulation tools, enhanced by cluster
supercomputing and statistical analysis, enables the investigation of coupled thermo-chemo-
mechanical phenomena [1, 2, 3]. Quantitative modelling and simulation of various coupled
physical phenomena can be regarded as the next challenge in this context. Among several
full-field approaches, the phase-field method has demonstrated its remarkable ability to treat
physically sound studies [4, 5, 6, 7, 8, 9, 10, 11]. In particular, the multi-phase-field approach
[12, 13, 14, 15, 16, 17] has been successfully applied to study complex microstructure evolution
such as in solidification [18, 19], recrystallization [20, 21, 22], particle pinning [23, 24, 25], pre-
cipitation during aging [26, 27, 28, 29, 30] and, grain growth on the micro- [31, 32, 33, 34, 35]
and nano-scales [36, 37]. As individual microstructure evolution mechanisms may either com-
pete or reinforce each other, the coupling between different physical phenomena and their
effects on the microstructure and phase evolution become increasingly significant. Moreover,
the various nonlinear modes of interaction between different physical phenomena render the
validation of the models a challenging task, as even rough estimates for kinetics and equilib-
rium states are often not available. To address this issue, the provision of carefully selected
benchmarks—systematically derived from the isolated treatment of individual effects—is re-
quired to ensure (i) the accuracy of numerical solutions compared to the analytical solution
for each individual effect and (ii) to specify uncertainties due to numerical techniques in a
multi-physics (coupled) framework. In the current study, a set of such benchmark problems
related to chemo-mechanical coupling problems and their reference solutions obtained by open
source software packages OpenPhase [38, 39] and DAMASK [40, 41] are presented.

While most models and their implementation are (hopefully) validated and benchmarked
against known solutions, these efforts are usually either not published at all or only briefly
discussed as a subsection in a model presentation, that makes it difficult to readily apply
benchmarks when developing or extending existing implementations. Some attempts, how-
ever, have been made to present reference benchmark solutions for materials modelling. Zhang
et al. [42] and Münch [43], for instance, have benchmarked the meshing issues regarding
phase-field modelling using finite element techniques. In a systematic effort, the Center for
Hierarchical Materials Design (CHiMaD) and the National Institute of Standards and Tech-
nology (NIST) are developing a set of benchmark problems for phase field models [44]. The
first set of these benchmarks was published in 2017 by Jokisaari et al. [45], consisting of
an Ostwald ripening model and a spinodal decomposition model with different geometries of
simulation domain and two different adaptive time stepping techniques. The second set of
benchmarks [46] comprises a study of dendritic growth model and a multiphysics model for
an elastically constrained precipitate, where the bifurcation of precipitate shape versus the
L′ parameter (characteristic ratio between elastic and interfacial energies [47]) is stressed.
On the dendritic growth, similar benchmark studies was conducted by Karma and Rappel
[48] in developing quantitative phase-field schemes for solidification studies. In this work we
present and apply benchmarks on solid-state precipitation, similar to the latter benchmarks
of Jokisaari et al. [46], but with a focus on a chemo-mechanical coupling effect that features
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cross-coupled numerical solutions for diffusion and mechanical problems.

Precipitation hardening plays a critical role in enhancing mechanical properties of engi-
neering alloys [49]. This typically includes diffusion-controlled nucleation and growth of a
secondary-phase from a supersaturated matrix that is followed by a subsequent competitive
ripening process. While formation of interfaces suppresses the growth, the chemical energy
difference between the saturated matrix and the precipitates drives the precipitation reaction.
In the solid-state, precipitation is often accompanied by transformation strains which results
in stresses within and around precipitates. Depending on the local geometry and volume
fraction of the precipitates, stresses can either suppress or reinforce precipitation kinetics.
As a result of such long-range diffusion and elastic interaction effects, precipitation process
becomes a complex, nonlinear problem [50]. Furthermore, a mutual coupling between the
stress/strain and concentration fields can also influence the precipitation process that is the
focus of this study.

The chemo-mechanical coupling effects during precipitation are expected as composition
gradients and strain/stress field evolve and interact at the transformation front, simultane-
ously. As a model system, we consider here the formation of a δ′ precipitate (Al3Li) in the
binary Al-Li system in which a significant coupling effect, arising due to the composition
dependence of elastic constants, was found earlier [28, 29]. This kind of chemo-mechanical
coupling, i.e. composition dependence of elastic constants, was indeed discovered long ago [51]
but neglected until recently when its effect on the equilibrium concentration profile around
a precipitate has been discussed [52] and applied for studying precipitation in NiTi shape
memory alloys [27]. Similar coupling effects manifest themselves in different processes such
as bainitic transformation [53], adsorption [54] and shape memory effects [27, 55]. Currently,
chemo-mechanical coupling effects in metals and polymers are the subject of the priority re-
search programme, SPP1713 [56], initiated by the German Research Foundation (DFG). The
current benchmark set-ups are thought as simple and ensured starting points for numerical
studies in the broad community of researchers working on chemo-mechanics problems within
and beyond the SPP1713 programme.

In this study, a systematic benchmarking approach—that is hopefully also useful for study-
ing similar problems—is considered in which we first separate the problem of precipitation into
diffusion of a second species and mechanical equilibrium under load, then consider the com-
bined solution of these two problems, i.e. diffusion and mechanical equilibrium with mutual
coupling [52], and finally investigate precipitate formation. In the following, the theory and
modelling of chemo-mechanical coupling are presented in Section 2. The software packages
OpenPhase and DAMASK and a hybrid OpenPhase–DAMASK implementation are briefly
introduced in Section 3. The set-up and details of the simulations are presented in Section 4.
For the diffusion problem a 1D diffusion couple with a concentration contrast is studied. For
elastic equilibrium we consider an inclusion with volumetric expansion and contraction (Es-
helby problem). Using these two solvers, the chemo-mechanically coupled relaxation around a
static precipitate is discussed. Finally, as an application to our benchmarks, phase-field study
of precipitation kinetics in the presence of chemo-mechanical coupling effects (Section 4.4) is
presented. The results of the benchmarks are discussed in Section 5.
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2 Theory and modelling

In this section, first a description of a chemo-mechanical effect, that is the focus of the study,
is given. Then, this model is inserted into the phase-field formalism as presented in the
following sections. The chemo-mechanical coupling model discussed in this work is based on
the formulation of a free energy functional, F , as used in the phase-field framework. The free
energy functional for a domain Ω can be written as

F (φ, c, ε) =
∫
Ω

{fintf + fchem + felas + . . .} dV, (1)

where, fintf, fchem, and felas are the interfacial, chemical and elastic free energy densities,
respectively. These are the energetic contributions of interest in the current benchmark study,
but further contributions can be considered in the same formalism. The evolution of a phase
α is modelled in terms of the evolution of a non-conserved phase-field variable, φα(x, t), using
a generalized form of the time dependent Ginzburg-Landau equation [12, 13]:

φ̇α = − L

Nφ

Nφ∑
α=1,α 6=β

(
δF

δφα
− δF

δφβ

)
(2)

where L is the interface mobility and Nφ is the total number of phase-fields. The phase-
field variables are constrained with

∑Nφ
i=1 φα = 1. In the absence of convection, the solute

atoms redistribute in the system only through diffusion. In a closed system this results in the
following continuity equation:

ċ = −∇ · J = ∇ ·M∇δF
δc

(3)

where c is solute concentration field, J is the solute flux, M the mobility of the solute atoms,
and δF

δc is the diffusional potential. Equation (3) drives solute redistribution to reduce the
spatial contrast in the total free energy, F . Chemo-mechanical interaction results from a
mechanical contribution to the solute flux, a scenario that extends the classical Fick’s laws to
consider the influence of micromechanical effects. A well-known case of such an interaction
occurs when the size difference between solute and solvent atoms results in a local distortion.
For a dilute solid solution this effect can be approximated by the linear rule of mixtures
referred to as Vegard’s law. This effect has been extensively discussed in previous studies
concerning phase transformation kinetics [57, 58, 59, 60, 61].

A lesser known chemo-mechanical interaction phenomenon, that is considered in the cur-
rent benchmark study, arises when the elastic stiffness of a material depends on its local
composition. In the solid-state, the atomic bonds between the solute and solvent atoms,
which are responsible for the material behaviour in the presence of a small deformation, are
composition-dependent. Thus a variation in bonding strength, represented here by the elastic
constants, is expected if the local composition of the material changes. As a result, if the
solute atoms are mobile enough, the ratio of different atomic bonds, even if they are ho-
mogeneous, changes under a mechanical loading. Although this kind of chemo-mechanical
coupling has been pointed out first by Larche and Cahn [51], it was neglected until re-
cently when it has been investigated for precipitation processes by Darvishi Kamachali et
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al. [27, 28, 29, 52]: It has been found that the composition dependence of the elastic con-
stants can lead to an inverse ripening mechanism and rearrangement of precipitates [28, 29].
To express this chemo-mechanical coupling for small changes in the chemical composition
amenable to linear approximation, ∆c = c(x, t)− cref, we use a Taylor expansion around cref
and truncate after the first term

Cijkl(c) = Cijkl0 (1 + κ∆c) (4)

where κ is the isotropic chemo-mechanical coupling factor and Cijkl0 is the elastic stiffness
tensor corresponding to the reference composition of the matrix material. The strength of
atomic bonds and their dependence on the composition can be determined from experiments
or ab-initio calculations. For the binary Al-Li alloy system studied here, ab-initio calcula-
tions indicate strong and linear dependence of the stiffness on the Li concentration [29]. A
mechanically-driven flux of solute atoms is expected due to this chemo-mechanical coupling,
that is proportional to the spatial gradient of the chemo-mechanical potential:

−∇∂felas
∂c

(5)

The mechanically-driven flux adds to the usual tendency of atoms to diffuse under the gradi-
ents of chemical potentials that correspond to the variation of chemical free energy density,
fchem. The total total solute flux, therefore, will be

J = −M∇δF
δc

= −M∇
[
∂fchem
∂c

+ ∂felas
∂c

]
(6)

On the other hand, the mechanical equilibrium of a system in the absence of an external
load is obtained by solving

0 = ∇i · δF
δεij

= ∇i ·
[
Cijkl0 (1 + κ∆c) εklelas

]
(7)

where εij are strain components, ∇i ≡ ∂
∂xi

and the Einstein sum convention is used. While
Eq. (6) determines the evolution of concentration field depending on the mechanical solution,
Eq. (7) is also composition-dependent as a result of the chemo-mechanical coupling. The
significance of such a mutual coupling on the precipitation reaction is discussed in the next
section.

2.1 Significance of chemo-mechanical coupling for precipitation

Precipitation is a diffusion-controlled phase transformation process often accompanied by
stresses. This can lead to strong chemo-mechanical interaction between solute and stress
gradients around precipitates. The chemo-mechanical coupling phenomenon influences not
only the kinetics of precipitation but also the morphology and stability of the precipitates.
For an ideal solid solution, the chemically-driven solute flux is given by Fick’s law. Assuming
an isotropic linear elastic material, with chemo-mechanical coupling given by Eq. (4), the
solute flux reads

J = −D∇c −Mκ

2∇
[
εijelasC

ijkl
0 εklelas

]
(8)
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in which D is the diffusivity. In this relation, the two sub-fluxes defining the system are driven
by the spatial gradients of (i) concentration (Fick’s first law) and (ii) elastic energy density,
respectively. In general, the sub-fluxes may suppress or reinforce each other, depending on the
chemical and mechanical states of the system. While no full analytical solution of the problem
of coherent precipitate growth under chemo-mechanical coupling is currently available, in [52]
the first solution to Eq. (8) for the case of a static precipitate in a matrix with composition-
dependent elastic coefficients at equilibrium (J = 0) is presented:

c(r) = c0 − g0κ

(
R

r

)6
+O(κ2) (9)

Here, g0 = 6GmVmb2

RT , Gm is the shear modulus of the matrix, Vm is the molar volume of
the matrix phase, c0 is the matrix composition far from the precipitate and, b is a materials
constant

b = −
3 ε∗p Bp

3Bp + 4Gm
(10)

in which B is the bulk modulus and ε∗p is the transformation misfit strain that is only non-
zero inside the precipitate phase. The subscripts m and p relate to the matrix and precipitate
phase, respectively.

In [28], a more general solution of Eq. (8) has been derived for a precipitate at the quasi-
steady state (ċ = 0)

c(r) = c0 − g0κ

(
R

r

)6
+ (g0κ− g1) R

r
+O(κ2) (11)

where g1 = c0 − cR and cR is the equilibrium composition at the interface of the precipitate.
Equations (9) and (11) express the dependence of the concentration profile around the precip-
itate on the mechanical state of the matrix/precipitate system for different set of boundary
conditions. While Eq. (9) describes the concentration profile around a static precipitate with
a single boundary condition set at far field (r → ∞), Eq. (11) describes a more realistic
concentration profile around a self-stressed precipitate with two boundary conditions at the
precipitate interface (r = R) and r → ∞. This solution contains two additional correction
terms (−g0κ

(
R
r

)6
+ g0κ

R
r ) due to the chemo-mechanical coupling effect, one of which scales

∝ 1
r6 , similar to the elastic energy density around the precipitate. Both terms are propor-

tional to the coupling factor, κ, and its sign, but independent of the sign of the transformation
strain, ε∗p. The equilibrium composition at the interface (c(r = R) = cR) is determined by
the Gibbs-Thomson effect, i.e. the curvature of the precipitate. In the presence of elasticity
cR will be also influenced by elastic energy as discussed by different people (see for instance
[62, 63]). This is however not considered here as for the sake of benchmarking Eq. (9) is used
here. For more details see [28].

2.2 Multi-phase-field model

In the multi-phase-field concept [13, 15, 64], the interface free energy

fintf =
Nφ∑
α 6=β

4γ
η

[
−η

2

π2∇φα · ∇φβ + φαφβ

]
. (12)
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is expressed in pairwise terms where φα ∈ [0, 1] is the order parameter for phase α. Here γ
is the interface energy, assumed to be isotropic, and η is the interface width, a model-related
parameter. Through their variation, the phase-fields implicitly represent the microstructure in
terms of the bulk, interfaces and junctions. Any other energy density is a weighted function
of the phase-fields, {φ}. The non-integer values of φα correspond to the diffuse interface
volume. Other free energy densities follow as

fchem =
Nφ∑
α=1

φαfchem,α(cα) + λ

[
c −

N∑
α=1

(φαcα)
]
, (13)

and

felas = 1
2

Nφ∑
α=1

φαε
ij
elas,αC

ijkl
α εklelas,α (14)

with chemical free energies fchem,α(cα) of the individual phases and λ as a Lagrange multiplier
conserving the mass balance for each element, c =

∑N
α=1 φαcα. Here εijelas = εijtot − ε

ij
∗ and

Cijklα are elastic strain and elastic constants of phase α, respectively. Inserting the free energy
densities into Eq. (2) results in the kinetic equation for the phase-fields

φ̇α = L

Nφ

Nφ∑
β=1

 Nφ∑
θ=16=β

[γβθ − γαθ]
[
∇2φθ + π2

η2 φθ

]
+ π2

8η∆Gαβ

 . (15)

where ∆Gαβ = ∆Gchem,αβ + ∆Gelas,αβ is the sum of the chemical and mechanical driving
forces between the two α and β domains. The chemical part of the driving force (between
the precipitate and matrix phase) is simplified by using a piecewise linearised approximation
of the phase-diagram

∆Gchem,αβ = m∆s0 (c − ceq) (16)

in whichm is the slope of the line separating the matrix and two-phase regions in T–c diagram,
∆s0 is the entropy of formation of the precipitate phase and ceq is the equilibrium matrix
composition for a given temperature. In order to determine the mechanical driving force
∆Gelas,αβ an appropriate homogenization scheme shall be applied across the interface volume
as described in the following section.

2.2.1 Homogenization scheme and driving forces

In order to deal with diffuse interface (phase-field) problem used in the OpenPhase software,
it is necessary to deal with the phase mixture at the interface region. This is done by
considering a homogenization scheme. The Reuss homogenization scheme is applied that
assumes equal stress among the phases in contact (σij = σijα = σijβ ) while partitioning into
different individual strains in each phase εijtot,α 6= εijtot,β [64, 29]

εijtot =
N∑
α=1

φαε
ij
tot,α . (17)
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Separating the elastic strain from the eigenstrain contribution and taking the chemo-mechanical
coupling (κ 6= 0) into account

εijelas =
N∑
α=1

φαS
ijkl
α (c)σij (18)

in which Sijklα (c) =
(
Cijkl0,α (1 + κα∆c)

)−1
and

εij∗ =
N∑
α=1

φαε
ij
α,∗ (19)

the compliance of effective elastic constants in the interface will be

Sijkleff =
N∑
α=1

φαS
ijkl
α (c) =

N∑
α=1

φα
(
Cijkl0,α (1 + κα∆c)

)−1
(20)

and the stress at the homogenized interface becomes

σij = Cijkleff (εkltot − εkl∗ ) (21)

where

Cijkleff =
(
Sijkleff

)−1
=
(

N∑
α=1

φα
(
Cijkl0,α (1 + κα∆c)

)−1
)−1

(22)

and finally, the elastic energy density using the Einstein summation notation is

felas = 1
2ε

ij
elasC

ijkl
eff εklelas =

N∑
α=1

φαfelas,α. (23)

The elastic driving force, ∆Gelas,αβ = −
(

∂
∂φα
− ∂

∂φβ

)
felas, that adds to the chemical

driving force in the phase-field Eq. (15), and the chemo-mechanical potential, ∂felas∂c , at the
interface are obtained using Eq. (23) (Einstein summation):

∆Gelas,αβ =
(
εijtot − εij∗

)
Cijkleff

[(
εklα,∗ − εklβ,∗

)
+ 1

2
(
Sklmnα − Sklmnβ

)
Cmnopeff (εoptot − εop∗ )

]
(24)

and
∂felas
∂c

= 1
2ε

ij
elas

∂Cijkleff
∂c

εklelas (25)

with
∂Cijkleff
∂c

= −Cijmneff

(
N∑
α=1

(
φαS

mnop
eff,α

(
−καC

opqr
0,α

)
Sstwxeff,α

))
Cwxkleff . (26)
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2.3 Chemo-mechanical model in a large-strain kinematic framework

In order to implement the chemo-mechanical coupling in the finite-strain framework of DAMASK,
it is necessary to work with the deformation gradient, F ij , that is multiplicatively split into
elastic components, F ijelas, and eigenstrain components, F ij∗ , as outlined in [65, 66],

F ij = F ikelasF
kj
∗ . (27)

The elastic Green-Lagrange strain resulting from this decomposition is given by:

εijelas = 1
2F

ki
∗ (F lkelasF lmelas − δkm)Fmj∗ , (28)

and the resulting stress is given by:

σij = Cijkl(c)εklelas, (29)

with the concentration dependent elastic stiffness, Cijkl(c) as presented and discussed in
Section 2. The elastic energy can be expressed in its common form, felas = 1

2ε
ij
elasC

ijkl(c)εklelas,
and for the chemical free energy an ideal solution model is considered

ωfchem = Ec c + kBT [c ln(c) + (1− c) ln(1− c)]. (30)

with Ec the energy of reference pure components and a volume-like parameter ω. It is to note
that the precipitate phase is a stoichiometric phase. Diffusional transport of Li in the Al (in
the matrix) crystal follows Eq. (3). The solute flux is described by Eq. (6) in which δF

δc is the
diffusional potential. Inserting Eq. (30), the chemical part of the diffusional potential will be

ω
∂fchem
∂c

= E + kBT ln c

1− c (31)

that results in a different flux than Fick’s first law. In the following simulations, however, it
is shown that this difference has a minor effect on the results. The mechanical part of the
potential ξ results in the same formulation as presented in Section 2.

Here we define a new quantity, ξ, equivalent to the diffusional potential, as

ξ = ∂fchem
∂c

+ ∂felas
∂c

. (32)

A change of variables from c to ξ is applied in order to obtain better numerical performance.
Hence Eq. (3) is rewritten as

∂c

∂ξ
ξ̇ = ∇ ·M∇ξ (33)

which is solved for ξ as outlined in [67, 68] Here, the following inverse relations are used

c =
exp

(
1

kBT

(
ωξ − E − ω ∂felas

∂c

))
1 + exp

(
1

kBT

(
ωξ − E − ω ∂felas

∂c

)) , and ∂c

∂ξ
= c − c2 (34)

Note that this relation, when used in Eq. (33), is unaffected by the singularity of the diffusion
potential, ξ, at c = 0 and c = 1.
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3 Implementation

3.1 OpenPhase

OpenPhase [38] is a modular C++ object-oriented open-source software developed in the
Interdisciplinary Centre for Advanced Materials Simulation (ICAMS), at Ruhr-University
Bochum. OpenPhase is suited for studying microstructure evolution in various multi-physics
set-ups, first developed, benchmarked and used for studying grain growth, particle pinning and
nanograin growth in polycrystalline materials [37]. The multi-phase-field model [13, 15, 64],
described in Section 2.2, forms the core of this software. Separate diffusion and elasticity mod-
ules were developed to deal with the evolution of the concentration and strain/stress fields,
respectively. The interface properties, homogenization schemes, thermodynamic inputs, etc.
are treated as individual flexible modules that allow easy implementation of different models
and constitutive laws in the software. All modules communicate with the phase-field module
that resolves interface kinetics and overall evolution of the microstructure. OpenPhase bene-
fits from a dynamic memory allocation algorithm that significantly reduces the computational
costs in terms of memory usage [37]. Recent developments of OpenPhase aim at adding fluid
flow and large deformation [69] frameworks as well as coupling to the existing commercial
databases. OpenPhase makes use of a hybrid parallelization scheme that combines MPI and
OpenMP computing and allows large-scale multiphysics simulations [39].

For the current studies in OpenPhase, a cross-linked coupling between the diffusion and
elasticity modules has been introduced to account for the chemo-mechanical coupling pre-
sented in Section 2. This includes developing a composition dependent homogenization
scheme, as presented in Section 2.2.1, which is required for obtaining mechanical properties
and introducing the mechanically-driven part of the flux (Eq. (6)) in the diffusion formula-
tion. For studying precipitation kinetics (Section 5.4), the elastic driving force under the
chemo-mechanical coupling has been modified to include the coupling effect (Eq. (24)). We
make use of a spectral iterative FFT solver in reciprocal space to solve static mechanical
equilibrium (Equation (5)). This is a modified version of the linear elastic spectral solver
introduced in [70]. The input homogenized elastic constants and eigenstrains are computed
in real space per each point and passed to the solver at each time step. The mechanical
solutions are given once strain and stress converges below specified small thresholds values,
i.e. 1.0−6 and 1 kPa, respectively. A periodic boundary condition is applied. Furthermore, in
order to allow free expansion of the box, a free volume expansion condition is applied in which
an average strain over the entire simulation box is computed and subtracted in all points such
that the total hydrostatic stress in the system vanishes. For phase-field and diffusion solvers,
a finite-difference scheme is applied.

3.2 DAMASK

The Düsseldorf Advanced Material Simulation Kit (DAMASK) is a flexible and hierarchi-
cally structured multi-physics simulation tool developed as an open source project in the
Microstructure Physics and Alloy Design department at the Max-Planck-Institut für Eisen-
forschung. It is modular in design and allows the use and straightforward implementation
of different types of constitutive laws and numerical solvers. While DAMASK was primarily
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developed as a finite-strain crystal plasticity simulation tool, more recent developments have
sought to extend its applicability to fracture, diffusion, phase transformation local dissipative
heat generation and transport among other coupled multi-physical processes of interest. The
material models implemented in DAMASK interface with commercial FEM solvers MSC.Marc
and Abaqus, as well as in-house developed stand-alone spectral and FEM solvers, which are
fully MPI-parallelized and built upon PETSc [71] as the numerical engine.

The field equations implemented in DAMASK are solved using fully implicit time-stepping,
and strong coupling between multiple fields is achieved in a self-consistent manner through an
iterative procedure. The advantage of such a coupling approach is that the solution scheme
of each field can be described independently. The solution procedure is detailed in [68].
The available mechanical and solute transport modules are used to study chemo-mechanical
coupling in the present work. A large strain formulation of the FFT-based spectral method
[72, 73] with modified convolution (Gamma) operator [68] is implemented in DAMASK and
used to solve for mechanical equilibrium Eq. (7). A finite-difference method is used to solve
for solute diffusion Eq. (3). Periodic boundary conditions are applied in which the average
deformation gradient, or complimentarily the average stress, is constrained to a prescribed
value. For a complete reference to the DAMASK internals we refer to [41].

3.3 Hybrid OpenPhase–DAMASK implementation

In order to present an application of the current benchmark studies to studying kinetics of
precipitation in the presence of chemo-mechanical coupling (Section 5.4), OpenPhase and
a hybrid OpenPhase–DAMASK implementation are used. In the hybrid implementation,
we utilize the DAMASK for solving static mechanical equilibrium (Equation (5)) and the
OpenPhase finite difference solver for homogenization and solving the diffusion and phase-
field equations. While in OpenPhase an elastic spectral solver suited for small deformations is
implemented, the spectral solver in DAMASK is based on the finite strain framework [74, 72,
73] that makes it suited for studying large deformations as presented in [75, 53]. It calculates
the solution of all 9 components of the deformation gradient F ij to the static equilibrium
equation

∇i · P ij(F ij , {φ}, {c}) = 0 (35)

where P ij is the first Piola–Kirchhoff stress tensor component. The constitutive law P ij(F ij)
is a function of phase-field parameters {φ} and chemical compositions {c}. These input values
are computed in OpenPhase based on the homogenization scheme described in Section 2.2.1
and provided to the DAMASK for obtaining mechanical equilibrium. Once the convergence
of stress equilibrium is achieved, the stress and strain fields are returned to OpenPhase to
be used for computing interface kinetics. Figure 1 illustrates the numerical algorithms of
both solvers. The homogenized field variables effective stiffness Cijkleff , stress σij , and phase
fields φ are generated in OpenPhase and synchronized at each time to be used in DAMASK
mechanical solver. In the phase interior, the constitutive equations introduced in Section 2.3
are used to calculate the stress response P(F ij) under given boundary conditions P̄ ij = P ijBC
and F̄ ij = F ijBC. At the interfacial region where φ falls between 0 and 1, linear interpolation
is performed on the eigenstrain tensor vs. phase fraction

F ij∗ =
∑
α

F ij∗,αφα (36)
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where the eigenstrain of the α-th phase, F ij∗,α, is equivalent to (εij∗,α + 1) but expressed as
a deformation gradient tensor in the finite strain framework. With this treatment, we can
bypass the built-in multi-crystalline homogenization scheme of DAMASK which does not
usually incorporate diffusive interfaces. The reader is referred to [68] for a comprehensive
discussion of the spectral solver methods used in DAMASK and to [75] for more details about
the hybrid OpenPhase–DAMASK implementation.

While DAMASK natively solves the first Piola–Kirchhoff stress P ij , it is translated
into the second Piola–Kirchhoff stress (F ij)−1P ij and copied to OpenPhase as σij – that
is, the orthogonal grid of OpenPhase is treated as the undeformed (initial) configuration
in DAMASK. The effective stiffness tensor Cijkleff (φ, c) is a rank 4 tensor field defined by
Eq. (22). Since there exists no inherent mapping between the deformation gradient F ij and
the symmetric strain tensor εij of OpenPhase (Eq. (8)), εijelas is recomputed from the symmetric
stress tensor σij and Cijkleff using Eq. (28).
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Figure 1: Flow chart of the integrated OpenPhase (left) and DAMASK (right) solvers for
benchmarking precipitation kinetics (Section 5.4). In OpenPhase the spacial differentials are
calculated by a finite difference method and the Euler method is employed for solving the
time evolution of all fields [39]. In DAMASK the spatial differential equations are solved
by the FFT method [72, 73]. They are executed concurrently in two separated processes,
each of which spawns multiple worker threads for parallel computing. The inter-process
communication (IPC) is illustrated by the green boxes.
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4 Benchmark set-ups

The OpenPhase and DAMASK software packages as well as an OpenPhase–DAMASK hybrid
implementation are employed to solve the benchmark problems. First, diffusion and mechan-
ical solvers of each software are benchmarked against analytical solutions for the same set-up.
Thereafter, the chemo-mechanical model presented above is benchmarked. The effect of
chemo-mechanical coupling on the thermodynamics and kinetics of precipitation is examined
as well. In this section, the set-up of the benchmark problems are described.

The following input parameters are used in all simulations: The time step dt and grid
space dx are chosen as 1 s and 3 nm, respectively. The simulations are performed at 473 K
where Li in Al has a diffusion coefficient of D = 1.2× 10−18 m2 s−1 and an atomic mobility
of M = D/RT = 3.4× 10−22 mol m2 J−1 s−1 [76]. The simulation box sizes are chosen as
(64 dx)3. All simulations are conducted using periodic boundary conditions. The interface
width (OpenPhase) is set to 5 dx. The interface between matrix and precipitate phase
is coherent and has an energy of 0.014 J m−2 [77] and has a volumetric misfit −0.975 %.
∆s0 = −9.7315× 105 J K−1m−3 [78] is the entropy of formation of the precipitate phase and
ceq = 6.67 at.% Li is the equilibrium matrix composition at 473 K for a flat interface. The
precipitate is a stoichiometric phase with 25 at.% Li composition. Further inputs or set-up
parameters are mentioned in the corresponding sections.

4.1 Diffusion couple

To benchmark different models and diffusion solvers implemented in the OpenPhase and
DAMASK packages, the evolution of the concentration profile in a quasi one-dimensional
diffusion couple is investigated. Mechanics and phase transformations are not considered.
The initial Li concentration profile is a square wave with a lower value of cl = 8 at.% and a
higher value of ch = 10 at.%. The wave length is set to 2L = 64 dx and the molar volume is
Vm = 1× 10−5 m3. The results are discussed in Section 5.1.

4.2 Eshelby inclusion test

The underlying mechanical solvers in OpenPhase and DAMASK are benchmarked by evalu-
ating the stress profiles around a single self-stressed precipitate in conjunction with a linear
elastic constitutive law, i.e. Eshelby’s inclusion set up. Diffusion and phase transformations
are not considered. In this classical benchmark problem, a spherical precipitate of radius
8 dx (box size: 963 grid cells) with an volumetric eigenstrain ε∗ (-1%,+1%) is introduced in
the centre of the simulation box. Isotropic and homogeneous linear elastic properties for the
matrix and precipitate are used: C11 = 100 GPa, C12 = 50 GPa, C44 = 25 GPa. For this case
an analytical solution given by Eshelby [79] is used for comparing our results. The results are
discussed in Section 5.2.
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Table 1: Elastic constants Cij for the matrix and precipitate phase.

Matrix Precipitate
C11 107.11 GPa 139.8 GPa
C12 62.86 GPa 33.7 GPa
C12 28.47 GPa 40.8 GPa

Table 2: Initial radii of the precipitate and matrix concentrations for different coupling modes.

Case Coupling value κ Initial radius Initial Li concentration in the matrix
Case 1 0.00 at.%−1 19.43 dx 6.876 at.%
Case 2 0.01 at.%−1 19.03 dx 7.021 at.%
Case 3 0.04 at.%−1 17.71 dx 7.440 at.%

4.3 Chemo-mechanical coupling effect

In order to benchmark the chemo-mechanical coupling model and its implementations, the
evolution of the concentration profile around a self-stressed static precipitate is studied. A
single static δ′ precipitate with different specific radii and coupling values κ is placed in a ma-
trix with a flat concentration profile. In this benchmark we solve for mechanical equilibrium,
Eq. (7) coupled with chemical diffusion, i.e. Eq. (3) (OpenPhase) or Eq. (33) (DAMASK).
Phase transformations are not considered. In OpenPhase, this is obtained by deactivating
interface kinetics (L = 0) and reducing interface width (OpenPhase) to 1 grid cell for the
purposes of comparison. Realistic elastic constants of precipitate [80] and matrix (pure alu-
minium) [81]), see Table 1, and isotropic coupling values for the matrix phase are used Table 2.
The Li matrix concentrations as well as the precipitate radii are set to values using results
from an equilibrium calculation (Table 2). The homogenization of the elastic coefficients (as
presented in Section 2.2.1) for the diffuse interface model in the OpenPhase is obtained in
each step.

4.4 Chemo-mechanical coupling effect during growth

This final benchmark is concerned with the growth of a single δ′ precipitate. Besides the
chemo-mechanical coupling, the growth kinetics must account for elastic and chemical driv-
ing forces as well as the interfacial energy contribution as presented in Section 2. As DAMASK
does not have the ability to model phase transformation yet, this is studied using the Open-
Phase software. However, different solvers for mechanical equilibrium, i.e. the OpenPhase and
the DAMASK spectral solvers, are used. For the latter case, a hybrid OpenPhase–DAMASK
implementation is employed (Section 3.3). In the OpenPhase, the full problem using Eqs. (3),
(7) and (15) and including homogenization and calculation of driving forces is solved. In these
simulations, a single δ′ (Al3Li) nucleus with a negligible size is planted into the aluminium
matrix of concentration 9 at.% Li, so any presumption of size and shape is avoided. Elastic
constants and coupling values are used as shown in Table 1 while the eigenstrain ε∗ is chosen
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as -1%. The precipitate grows spherically and reaches its thermodynamic equilibrium volume.
Here the Gibbs-Thompson effect is naturally taken into account by the phase-field governing
equations. The kinetics of growth and the evolution of concentration and stress within the
simulation box are discussed in Section 5.4.

5 Results and discussions

In this section, the reference numerical solutions obtained by OpenPhase and DAMASK
software packages are presented. The benchmark problems are discussed in the same order as
described in Section 4. A comparison to analytical solutions is presented and discussed where
applicable. For pure diffusion problem (Section 5.1) a time-dependent analytical solution
exists that is used for the comparison. For the Eshelby inclusion test (Section 5.2) and
chemo-mechanical coupling benchmark (Section 5.3), where equilibrium fields (around the
precipitate) were analysed, we employ the L2-norm [82] to quantify the difference between
the numerical and the analytical solutions. Here the relative difference ζ between analytical
qref(x) and numerical qnum(x) solutions, is computed as

ζ = ‖qref − qnum‖2
‖qref‖2

=
√∫

(qref − qnum)2dx∫
q2
refdx

(37)

where the integration is performed over the domain shown in the corresponding figures. The
L2-norm is applied to examine the stress and the concentration fields, in the Eshelby inclusion
test and the chemo-mechanical coupling benchmark, respectively. These results are presented
in Table 3 and Table 4 and accordingly discussed in the text.

5.1 Diffusion couple

The diffusion models implemented in the two software packages differ slightly, as outlined in
Section 2.2 and Section 2.3. In OpenPhase, Fick’s laws are implemented in a form where the
diffusion coefficient D is assumed to be constant. In contrast, the DAMASK implementation
treats the diffusion coefficient to depend on the local concentration in the form M ∂2fchem

∂c2

in which M is a constant mobility factor. With a constant diffusion coefficient D (i.e. the
OpenPhase model), the diffusion benchmark problem can be described in terms of a parabolic
partial differential equation (PDE), ċ = D∇2c for a quasi one-dimensional situation. The
solution of this equation is given as:

c(x, t) = ch + cl
2 − 2 (ch − cl)

π

∞∑
m=1

( (−1)m

2m− 1 cos (w x) exp
(
−Dtω2

))
(38)

for periodic boundary conditions on domain −L < x < L, c(x, t = 0) = ch on − L/2 < x <
L/2, else cl and ω = π(2m− 1)/L. In the following this analytic solution, shifted by L/2 to
match the benchmark setup, is used as a reference result.

The temporal concentration evolution for the diffusion couple simulation is plotted in
Fig. 2a (OpenPhase: black lines, DAMASK: green lines and analytical solution: red lines)
and the maximum and minimum concentration values are compared in Fig. 2b. The results
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Figure 2: Diffusion couple concentration evolution with 8 at.% Li and 10 at.% Li for differ-
ent time steps (after 0 (initial), 500, 1000, 2000 and 5000 s) performed with OpenPhase
(black line) and DAMASK (green line) in comparison with the analytical solution (red line).
DAMASK results are mirrored for comparison. (b) The maximum and minimum values of
the concentration profile (black dots: OpenPhase, green crosses: DAMASK and red lines:
analytical solution) are compared versus analytical solution.

show the expected behaviour of the diffusion equation, i.e. an exponential decay in time and
smoothing due to the preferred vanishing of steep gradients. After 5000 s, no difference to the
solution for infinite time, i.e. a flat profile at the average concentration (ch+cl)/2 = 9 at.%, is
visible any more. Small quantitative differences between the two numerical solutions, which
can be attributed to the model assumptions, are observed (see Fig. 2b) while the qualitative
behavior is matched. More specifically, the two transport models differ in the form of the
resulting thermodynamic factor ∂ξ

∂c which relates the solute mobility, M, to the diffusion
coefficient, D. The form of the chemical free energy used in DAMASK, Eq. (30), can result
in a composition-dependent D which is assumed to be constant in OpenPhase. A perfect
match between the semi-analytic benchmark expression and the OpenPhase result is hence
seen, while in comparison the DAMASK model predicts a faster diffusion rate for smaller
solute concentrations. From Fig. 2b this effect is hardly seen but Fig. 2b reveals that the sink
(minimum) approaches the average value slightly faster the the source (maximum).

5.2 Eshelby inclusion test

As discussed previously, the formulation of static mechanical equilibrium in OpenPhase and
DAMASK is based on the same elliptic PDE. Moreover, a similar, spectral-based numerical
solution scheme is employed. However, the description of the interface between two phases is
different as OpenPhase uses—typical for phase-field models—a diffuse interface model with a
homogenization scheme described in Section 2.2.1 while DAMASK has a sharp interface model
implemented. The results obtained from the two software packages for Eshelby’s inclusion
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problem are compared against the analytical solution for the case of infinitesimal strains which
assumes a sharp interface between matrix and inclusion. For a single isotropic inclusion with
radius R in an isotropic matrix:

σxx = −2
3ε
∗ (C11 + 2C12) 1− 2ν

1− ν

(
r

R

)3
(39)

σzz = −1
2σxx = 1

3ε
∗ (C11 + 2C12) 1− 2ν

1− ν

(
r

R

)3
. (40)

Figure 3a and 3b show the stress profiles plotted along the line starting from the centre of the
precipitate for positive (+ 1 %) and negative (– 1 %) eigenstrains, ε∗, respectively. ν is the
Poisson’s ratio. r ≥ R corresponds to the region outside of the precipitate (matrix). A jump
in the stress profile at the interface between the pre-strained precipitate and the adjacent
matrix is observed for the stress component perpendicular to the interface, i.e. parallel to the
considered line (σzz) while the stress for components perpendicular (here shown: σxx) decays
smoothly. The sharp and discontinuous profile obtained from DAMASK (green lines) for σzz
matches the sharp transition of the analytical solution (red lines) except that the jump is
smeared out over dx and the there are small fluctuations in the precipitate where the stress
values should remain constant.

The first observation, viz. the linear approximation of the interface, is a consequence
of the discretization procedure in which values are only defined at discrete points and the
interface is implicitly modeled with its position assumed to be at half-way between the grid
points of different phases. In the given situation this distance amounts to dx/2, but for the
approximation of curved boundaries on a regular grid it can reach values of dx/

√
2. For this

reason the use of a high spatial resolution is required to avoid numerical artifacts. The second
observation, the oscillations, are a consequence of the stress and strain jumps at the sharp
phase boundary that are related to Gibbs phenomenon [83, 84] and the approximation of
the curved interface by a step function. As a result, an entirely constant stress value in the
vicinity of a jump is not achieved with the sharp interface model of DAMASK even though the
use of a modified convolution operator can mitigate such effects significantly [85, 86, 87, 68].
In contrast, OpenPhase’s model (black lines) gives a rather smooth transition across the
interface. This is due to the diffuse phase-field interface used in OpenPhase, which allows for
a smooth approximation of the sphere if the boundary is assumed to be located at the position
where the order parameters have the same value, i.e. 0.5 for the case of a binary system as in
the given case. In this case a Reuss homogenization scheme has been implemented as described
in Section 2.2.1, that is a necessary step in order to incorporate elasticity in the kinetic diffuse
interface-models. Despite these deviations, a close agreement is obtained between the results
obtained by the OpenPhase and DAMASK software packages and the analytical results (red
lines) for the whole profile of σxx and away from the interface also for σzz. Outside the
interface, the maximum deviation in the stress components is found to be below 1%. The
L2-norm values (Table 3) indicate a total 5 (6) and 28 (30)% deviations from the analytical
solutions for the OpenPhase (DAMASK) for the normal (σxx) and tangential (σzz) stress
component, respectively. It is to note the a 30% deviation given by the L2-norm corresponds
to much smaller deviation per point, as it can be seen in Fig. 3.
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Table 3: L2-norm for the numerical and analytical solutions for stress fields (Fig. 3).

Field variable Condition OpenPhase vs. Analytical DAMASK vs. Analytical
σxx ε∗=+1 5 % 6 %
σzz ε∗=+1 28 % 30 %
σxx ε∗=-1 5 % 6 %
σzz ε∗=-1 28 % 30 %
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Figure 3: Stress (component normal to the interface, σxx: dashed lines. Component perpen-
dicular to the interface, σzz: dash-dot lines) distribution across half of the simulation box (a)
with ε∗=+1 % and (b) with ε∗=–1 % (black lines: OpenPhase, green lines: DAMASK, red
lines: analytic solution, dashed grey lines: interface region between matrix and precipitate
(P)). Rp is the precipitate radius.
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Figure 4: Concentration distribution balancing at the matrix-precipitate interface for (a)
κ = 0.01 at.%−1 and (b) κ = 0.04 at.%−1 for different time steps and solvers. Figures (c) and
(d) show the final equilibrium states using κ = 0.01 at.%−1 and κ = 0.04 at.%−1, respectively.
Rp is the precipitate radius.

5.3 Chemo-mechanical coupling effect

The good agreement between the numerical and analytical solutions for both diffusion and me-
chanical solvers allow implementation and investigation of chemo-mechanical coupling effect
that is discussed in this section. In the presence of the chemo-mechanical coupling, the solute
around a self-stressed precipitate must redistribute such that the total energy in the system,
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i.e. the sum of chemical and mechanical energies, minimizes. The effect of chemo-mechanical
coupling on the concentration profile around a precipitate was theoretically discussed in sec-
tion 2.1. In order to benchmark the chemo-mechanical coupling effect, first we study a static
precipitate: Initially, a single spherical δ′ precipitate in contact with a flat (constant) solute
concentration profile in the matrix is considered. While the precipitate is frozen, the evolution
of the concentration profile within the matrix was studied. In this case, the effect of interface
energy as a boundary condition is neglected and we apply Eq. (9) to compare the numeri-
cal solutions for the concentration field around the precipitate. The temporal evolution of
concentration field around the static precipitate, obtained by the OpenPhase and DAMASK,
are shown in Fig. 4a and Fig. 4b. Two cases using κ = 0.01 at.%−1 and κ = 0.04 at.%−1 are
considered, respectively.

The simulations show that the solute starts to diffuse away from the precipitate and the
matrix in the vicinity of the precipitate is depleted such that the stiffness and consequently
the elastic energy in the system is reduced. As a result, the solute piles up in a distance from
the precipitate and then starts to redistribute further after approximately 50 s. While the
reduction in the total elastic energy drives the solute away from the precipitate, the resulting
spatial concentration gradient around the precipitate generates a solute flux in the opposite
direction, i.e. towards the precipitate. Thus the final equilibrium concentration profile is a
result of balancing these two fluxes. For a static precipitate, the equilibrium concentration
profiles are plotted in Fig. 4c and Fig. 4d. The L2-norm values listed in Table 4 compare the
numerical and analytical solutions for the final concentration profiles. A good agreement has
been obtained between the numerical simulations and the analytical solution, Eq. (9). The
results from the DAMASK software show slightly larger deviations that is due to the grid
resolution and the sharp interface mechanical solution applied in this software.

Table 4: L2-norm for the numerical and analytical solutions for the concentration fields in
the presence of chemo-mechanical coupling (Fig. 4).

Field Condition OpenPhase vs. Analytical DAMASK vs. Analytical
c/ceq κ = 0.01 at.%−1, final state 1 % 2 %
c/ceq κ = 0.04 at.%−1, final state 4 % 9 %

The results show that a higher coupling factor κ generates a higher chemo-mechanical
driving force which results in a faster transport and greater solute depletion around the pre-
cipitate. This is in agreement with Equation (9) and (11), where the variation due to the
chemo-mechanical coupling is proportional to the coupling factor, κ. The L2-norm analysis
shows that for a stronger coupling, i.e. larger κ values, the deviation from the analytical
solution becomes larger proportional to the coupling factor. The difference between the solu-
tions obtained by OpenPhase and DAMASK is partially due to the difference of the diffusion
solvers as discussed in Section 5.1. Nevertheless, the difference between the OpenPhase and
DAMASK solutions is less than 5%. The current results validate the numerical implementa-
tions of the chemo-mechanical coupling phenomena in the OpenPhase and DAMASK.
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5.4 Chemo-mechanical coupling effect during precipitation growth

The direct application of the current benchmark solutions is addressing growth and ripening of
precipitates in different chemo-mechanical coupling conditions. This is demonstrated here by
studying the growth of a single precipitate in the presence of the chemo-mechanical coupling.
OpenPhase and the OpenPhase–DAMASK hybrid kinetic simulations are compared against
each other where in the OpenPhase–DAMASK hybrid simulations, the OpenPhase mechanical
solver was replaced with DAMASK’s mechanical solver, as described in Section 3.3.

Previous studies have shown that the chemo-mechanical coupling may strongly influence
the kinetics of precipitation as well as their morphology and spatial arrangement [27, 28, 29].
Figure 5a shows the volume fraction of a single δ′ precipitate during the growth and at the
equilibrium state in the presence of chemo-mechanical coupling. The results show that the
thermodynamic equilibrium volume fraction of the precipitate is reduced in the presence of
chemo-mechanical coupling. Due to the same effect, the equilibrium concentration of the
matrix far from the precipitate increases as observed in Figure 5b. This effect of chemo-
mechanical coupling is similar to the Gibbs-Thomson effect on the solute partitioning between
the coexisting phases.

Furthermore, while the concentration profile around the precipitate is flat when coupling is
neglected (κ = 0), a solute depletion due to the chemo-mechanical coupling (κ > 0) is observed
next to the precipitate (Fig. 5b). This is a characteristic feature of the coupling referred to as
strained equilibrium, where the chemical and mechanical diffusion driving forces balance [52].
For an evolving precipitate, the concentration profile around the precipitate follows Eq. (11)
that takes to account the equilibrium concentration at the matrix–precipitate interface. The
smooth gradients between the matrix and the precipitate phases are due to the diffuse nature
of the interface in the OpenPhase simulations.

Finally, Fig. 5c and d show stresses across the precipitate after 60,000 s for different
coupling factors κ (κ = 0: solid lines, κ = 0.01 at.%−1: dashed lines, κ = 0.04 at.%−1:
dash-dot lines) and solvers (OpenPhase: black lines, OpenPhase+DAMASK: blue lines).
In the presence of chemo-mechanical coupling, the increase in the stiffness of the matrix
retards the precipitate growth. The stresses across the precipitate (Fig. 5c and Fig. 5d)
increase due to the changes of the elastic properties that is a result of chemo-mechanical
coupling (Eq. (4)). Higher coupling values result in higher stresses in the precipitate while
they decrease the absolute stresses in the matrix around the precipitate following the Eshelby
solution for isotropic phases [79]. The results from OpenPhase software and OpenPhase–
DAMASK hybrid simulation (using DAMASK mechanical software) are very close, indicating
the validity of both mechanical solvers.
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Figure 5: (a) Precipitate volume fraction evolution, (b) equilibrium concentration profile
across the precipitate, (c) σxx and (d) σzz across the precipitate for different coupling values
(κ=0: solid lines, κ = 0.01 at.%−1: dashed lines, κ = 0.04 at.%−1: dash-dot lines) and
simulation tools (OpenPhase: black lines, OpenPhase+DAMASK hybrid: blue lines).
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6 Summary and conclusions

The growing interest in conducting quantitative full-field multi-physics modelling in different
branches of materials science promotes developing of standardized benchmark problems that
could be readily used as ‘starting points’ by different communities of researchers. In this work,
a set of such benchmarks was presented that concerns with precipitation in the presence of
chemo-mechanical coupling. The open source OpenPhase and DAMASK software packages
were used.
Starting from purely diffusional and purely mechanical benchmarks, the complexity of the
problem was systematically increased to a cross-coupled chemo-mechanical problem. For the
diffusion benchmark, an excellent agreement with the analytical solution was observed with
a very small deviation (< 0.1%). The solutions for static mechanical equilibrium were com-
pared versus Eshelby’s analytical solutions for an inclusion with ±1% strain. The results
from the diffuse interface (OpenPhase) and sharp interface (DAMASK) models were slightly
different. The L2-norm shows about 5% deviation from the analytical solution for the normal
component of stress while about 30% in the tangential components.
A chemo-mechanical coupling benchmark around a static precipitate was studied next, where
the composition dependence of the elastic constants were considered. In the presence of the
chemo-mechanical coupling the solute concentration around the precipitate has been bench-
marked against the analytical solution, Equation (9). It is found that the deviation increases
as the coupling factor, κ, increases; deviations of 1% (2%) for κ = 0.01 and 4% (9%) for
κ = 0.04, respectively, were observed for OpenPhase (DAMAKS). As a final application
example, kinetics of a growing precipitate was investigated using OpenPhase phase-field sim-
ulations and an OpenPhase–DAMASK hybrid implementation where an excellent agreement
between the two numerical results was obtained.
The current benchmarks are developed to serve growing researches concerning chemo-mechanical
coupled problems as, for instance, the research activities in SPP1713 programme. Further
benchmark problems are required in this direction to include other types of coupled problems,
such as electromagnetic interactions and fluid flow, that are abundantly existing in real-world
systems and processes.
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