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Abstract

The physical mechanisms that control the flow dynamics in organic-rich shale are not well understood.

The challenges include nanometer-scale pores and multiscale heterogeneity in the spatial distribution of the

constituents. Recently, digital rock physics (DRP), which uses high-resolution images of rock samples as input

for flow simulations, has been used for shale. One important issue with images of shale rock is sub-resolution

porosity (nanometer pores below the instrument resolution), which poses serious challenges for instruments

and computational models. Here, we present a micro-continuum model based on the Darcy-Brinkman-Stokes

framework. The method couples resolved pores and unresolved nano-porous regions using physics-based

parameters that can be measured independently. The Stokes equation is used for resolved pores. The

unresolved nano-porous regions are treated as a continuum, and a permeability model that accounts for

slip-flow and Knudsen diffusion is employed. Adsorption/desorption and surface diffusion in organic matter

are also accounted for. We apply our model to simulate gas flow in a high-resolution 3D segmented image of

shale. The results indicate that the overall permeability of the sample (at fixed pressure) depends on the time

scale. Early-time permeability is controlled by Stokes flow, while the late-time permeability is controlled by

non-Darcy effects and surface-diffusion.

Keywords: Shale gas, nanoporous media, micro-continuum, Darcy-Brinkman-Stokes

1. Introduction1

Oil and gas production from unconventional subsurface resources, such as ultra-tight organic-rich shales,2

has increased significantly in the past decade. Shale gas now accounts for more than half of the gas production3

in the United States [1]. Despite the rapid development of the shale gas industry, it remains challenging to4

predict and further enhance gas production from shale formations. The majority of gas in a shale formation5

is stored in the rock matrix - primarily in organic matter [2, 3]. During production, the stored gas has to6

travel through the matrix to reach natural and hydraulic fractures that provide pathways to the production7

well. Gas transport in the shale matrix is therefore one of the most critical processes for production.8

∗Corresponding author. Now at the Department of Hydrology and Atmospheric Sciences, University of Arizona.
Email address: boguo@email.arizona.edu (Bo Guo)
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Understanding gas transport is also critical when considering using the depleted shale gas reservoir for9

carbon dioxide storage [4]. However, due to the complex pore structure and heterogeneity of the shale10

materials, gas transport mechanisms in the shale matrix are not well understood.11

The shale rock matrix is strongly heterogeneous at multiple length scales in terms of pore structures12

and the material constituents, both of which may dictate gas transport in shale. The range of pore sizes13

in shale can be assessed using indirect petrophysical methods [5, 6, 7], such as mercury injection capillary14

pressure (MICP), low pressure nitrogen adsorption, and nuclear magnetic resonance (NMR) spectroscopy.15

The measurements suggest that the majority of the pore sizes of shale are on the order of a few to tens16

of nanometers. In addition to the indirect measurements, several imaging techniques have been used to17

directly characterize shale samples in three dimensions (3D), such as X-ray computed tomography (e.g.,18

micro-CT, nano-CT), focused ion beam scanning electron microscopy (FIB-SEM), helium ion microscopy19

(HIM), and transmission electron microscopy (TEM) tomography. Image characterizations often aim to20

understand the type, geometry, size, surface area, and connectivity of the pores, the distribution of material21

constituents, as well as the relationships between pores and constituents [8, 6, 9]. 3D shale images confirm22

the nanometer range of pores in shale inferred from indirect methods [8]. Kelly et al. [10] assessed the23

utility of shale FIB-SEM images and concluded that FIB-SEM images may not provide a representative24

elementary volume (REV) for shale permeability. Limited by a trade-off between the image resolution and25

the field of view, multiple imaging techniques with different inherent resolutions may need to be combined26

to characterize larger shale samples [11, 12, 13]. Wu et al. [13] used micro-CT, nano-CT, FIB-SEM, and27

HIM to characterize a shale sample of 1.33 cm3and subsamples down to 3.253 µm3. The highest resolution28

images obtained using HIM indicate that pores, which appeared to be isolated in lower resolution FIB-SEM29

images, are connected by smaller pores. Ma et al. [11] and Ma et al. [12] used micro-CT, nano-CT, and30

FIB-SEM to address the issue of an REV for porosity and different material constituents. Their highest31

resolution FIB-SEM images were segmented into four material constituents: macro-pores, organic matter,32

clay minerals, and granular minerals. We note that pores are commonly categorized as micropores (< 2nm),33

mesopores (2 − 50 nm), and macro-pores (> 50 nm) [14]. Here, we use a different nomenclature and refer34

to the pores that are resolved in the image as macro-pores and pores that are below the image resolution35

as sub-resolution pores. Figure 1 shows an example of a 3D FIB-SEM image from Ma et al. [12] for a shale36

sample from the Haynesville-Bossier shale formation. The 3D digital images show the complexity of the pore37

space of shale. The image in Figure 1 is used in our pore-scale simulation study (more details of the image38

are presented in section 4).39

The nanometer-range pores in shale rock leads to many interesting physical processes that deviate from40

the standard Darcy’s law for flow in porous media, or the standard formulation of the Navier-Stokes equations41

at the pore-scale. This dates back to the work of Klinkenberg [15] who reported that gas permeability of low42

permeable tight rocks is larger than their intrinsic permeability (e.g., measured with liquids), especially at43

low gas pressure. The Klinkenberg effect can be attributed to a non-zero slip velocity at the pore wall. Gas44
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flow in small confined pores belongs to the subject of rarefied gas dynamics. Small confined pores lead to gas45

rarefaction where collisions between pore wall and gas molecules become important relative to the collisions46

between gas molecules. The extent of the rarefaction effect can be characterized by the Knudsen number47

(Kn), which is defined as the ratio between the mean free path to the characteristic geometric length of the48

flow conduit. Gas flow can be classified into four regimes [16]: continuum flow (Kn . 0.001) where Navier-49

Stokes equations are applicable; slip flow (0.001 < Kn . 0.1) in which the Navier-Stokes equations can still50

be applied, but with appropriate velocity slip conditions at the solid surface; transition flow (0.1 < Kn . 10)51

where gas flow transits from slip flow to free molecular flow; free molecular flow (Kn > 10) where the52

continuum-based Navier-Stokes equations are not applicable. Note that this classification is based on gas53

flow through an infinite channel with the thickness being the characteristic length. The regime boundaries54

(in terms of Kn) depend on the specific geometries of the conduits. Beskok and Karniadakis [17] developed55

a unified model for rarefied gas flow in micro-channels, ducts, and pipes. Their model is applicable for56

all flow regimes (0 6 Kn < ∞). We refer to the unified model as the BK model. Wu and Zhang [18]57

extended the BK model to include the effects of adsorption in the nano-channel accounting for migration of58

the adsorbed phase. Civan [19] used the BK model to develop an apparent permeability for tight rocks using59

the bundle-of-tubes model, which was further extended to include surface diffusion [20]. Lunati and Lee [21]60

developed a bundle-of-dual-tubes model for gas production from fractured shale formations. In the spirit of61

the dusty-gas model [22], another group of apparent permeability models has been derived by a linear, or62

weighted, summation of the flux contributions from viscous flow, Knudsen diffusion, and surface diffusion63

[see 23, 24, 25, 26]. Landry et al. [27] compared the BK model, the dusty-gas model, and the Javadpour64

[23] model with the linearized Boltzmann solution for a straight tube. They reported that both the dusty-65

gas and the Javadpour [23] models overestimate the permeability, while the BK model matches well with66

the linearized Boltzmann solution. In addition, Landry et al. [27] showed that the bundle-of-tubes model67

can significantly overestimate the apparent permeability due to flow dependence on the pore shapes and68

connectivity in the slip and early-transition flow regimes. To date, the apparent permeability models in the69

literature are either limited to idealized porous media (i.e., bundle-of-tubes with correction for tortuousity)70

or composite porous media with a presumed distribution of constituents that allow for upscaling [24, 28].71

The appropriate ‘apparent’ permeability and other transport properties of shale rocks remain open questions.72

Images of shale samples provide an opportunity to model the complex transport dynamics directly for73

natural shale samples. This should provide insight into the complex physics associated with transport in74

natural shales. The use of pore-scale imaging and numerical flow modeling, referred to as digital rock physics75

or analysis, is increasing for conventional rocks [29, 30]. For unconventional source rocks (i.e., organic-rich76

shale), image-based pore-scale modeling is still in its infancy. Lattice Boltzmann methods (LBM), as a77

popular method for pore-scale simulation, has been used for direct numerical simulation of shale gas transport78

[31]. Various studies have extended LBM to include the transport physics relevant to shale, e.g., Knudsen79

diffusion, slip flow, adsorption/desorption and surface diffusion [e.g., 32, 33]. Another approach is to solve80
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the Navier-Stokes equations in the pore structures using finite-volume discretization schemes. Because most81

of the pores are in the nanometer range, the applicability of the standard Navier-Stokes equations may82

be questioned. In addition, many pores with sizes in the nanometer range cannot be resolved due to the83

limitation of image resolution. These sub-resolution pores are critical for gas transport as the important84

nanoscale physics (e.g., slip flow, Knudsen diffusion, adsorption/desorption, and surface diffusion) primarily85

take place in those unresolved nano-porous regions. Therefore, it is crucial to consider the sub-resolution86

pores and include the nanoscale transport physics.87

For conventional rocks, a micro-continuum modeling framework has been developed to address the sub-88

resolution porosity in micro-CT images [34]. Such micro-continuum approaches consider the unresolved89

porous region (pore sizes below image resolution) as a continuum, and use Darcy’s law for the fluid flow.90

The Stokes equation is used for the resolved pores and is coupled with the Darcy equation in the unresolved91

porous region based on the Darcy-Brinkman-Stokes equations [35]. The porosity (φ) is used as an indicator92

to differentiate void space from the unresolved porous region (φ = 1 represents void, 0 < φ < 1 represents93

sub-resolution porous region). Similar multiscale concepts have also been developed for pore network models94

to address the subresolution microporosity ([36],[37]). In the present work, we develop a micro-continuum95

modeling framework to model gas transport in organic-rich shale based on 3D digital images (obtained from96

micro-CT, nano-CT, or FIB-SEM; FIB-SEM images are used in our work). For pores that are resolved fully97

in the image, we model the gas flow with the Stokes equation. The unresolved regions, where the pore sizes98

are below the image resolution, are treated as a continuum (porous medium). For this nanoporous sub-99

resolution continuum, we develop an apparent permeability model that accounts for non-Darcy effects (i.e.,100

slip flow and Knudsen diffusion), adsorption/desorption, and surface diffusion. The specific model for the101

nano-porous region depends on the types of material constituents segmented from the image (see Figure 1).102

Here, the nano-porous region includes organic matter and clay; adsorption/desorption and surface diffusion103

are accounted for in the organic matter, but not in clay. The granular minerals, consisting of quartz, calcite,104

ankerite, albite, and pyrite for the sample we use, have negligible porosity and are considered impermeable105

[12].106

The paper is organized as follows. In section 2 we introduce the gas transport mechanisms and summarize107

current models for shale gas transport. Then, the micro-continuum framework is introduced. We apply the108

model to simulate a 3D FIB-SEM image (a subset of the image in Figure 1) to compute the apparent109

permeability. We then simulate the transient gas production process. Analysis of the numerical experiments110

is presented in section 4. Then, we discuss the implications of the analysis, the limitations of the model, and111

future directions in section 5. We close with concluding remarks in section 6.112

2. Physics and modeling of shale gas transport113

Gas transport in shale differs from that in conventional formations due to the extremely small (nanometer114

range) pores and the strong heterogeneity of organic-rich shale materials. Different mechanisms dominate115
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Full image  

Macro-pores Organic matter 

Clay minerals Granular minerals 

Figure 1: 3D shale image reconstructed from FIB-SEM [12]. The size of the image is: 7.22 µm × 5.11 µm × 6.82 µm; voxel

size: 10 nm × 10 nm × 20 nm. Four material constituents are segmented: red - macro-pores; blue - organic matter; pink - clay

minerals; green - granular minerals. The shale sample is from a core in the Haynesville-Bossier shale formation.

the transport in different materials. Thus, models with different physics need to be applied to different116

material constituents of shale rock. In this section, we summarize the models for gas transport in complex117

shale material constituents. Note that our paper considers only a single-component - methane, and the term118

‘gas’ refers to methane.119

2.1. Gas flow through straight tubes and idealized porous media120

We summarize models for the rarefied gas flow in straight tubes with radial and rectangular cross-sections,121

and then extend the simple tube models to gas flow in idealized nano-porous media using the bundle-of-tubes122

representation.123

2.1.1. Equation-of-state for free methane124

The density and viscoity of methane vary with pressure and temperature. The density of free methane125

(ρf ) can be expressed as126

ρf =
pfM

ZRT
, (1)

where pf is the pressure of free methane, M is the methane molecular weight, Z is the compressibility factor127

which equals to unity for ideal gas, R is the gas constant, and T is the absolute temperature. The subscript128

‘f ’ denotes free gas.129
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The compressibility factor, Z, as an empirical function of pressure and temperature has been developed130

in the literature, which gives equations of state for density. Models for the viscosity of methane also exist131

in the literature. In our paper, we use the equation of state proposed by Mahmoud [38] and the viscosity132

equation by Lee et al. [39]. These equations are presented in Appendix A.133

2.1.2. Flow of free gas134

Gas flow through nano- and micro-scale conduits leads to the so-called rarefaction effects, whereby the135

gas flow behavior deviates from the Navier-Stokes equations that are based on the continuum assumption.136

The deviation from the continuum approximation can be measured using the Knudsen number (Kn), which137

is the ratio between the mean free path (λ) and a characteristic length scale of the conduit (L) for free gas138

flow,139

Kn =
λ

L
, (2)

where the mean free path λ is the average distance traveled by the gas molecules between collisions and has140

the following expression141

λ =
µf
pf

√
πZRT

2M
, (3)

where µf is dynamic viscosity of free gas.142

As the Knudsen number increases, the rarefaction effects become more important, and the flow cannot143

be predicted by models based on the continuum hypothesis, i.e., Navier-Stokes equations. Different models144

should be applied for gas flow in different flow regimes, as discussed in the introduction (continuum flow:145

Kn . 0.001, slip flow: 0.001 < Kn . 0.1, transition flow: 0.1 < Kn . 10, free molecular flow: Kn > 10).146

Here, we consider gas flow through a straight tube with a radial, or rectangular, cross-section, and briefly147

introduce the BK model, the unified model from Beskok and Karniadakis [17], that is applicable to all flow148

regimes. In the BK model, the volumetric flux qf through a tube can be written as the Hagen-Poiseuille flux149

qH−P,f multiplied by a correction factor, namely,150

qf = f(Kn)qH−P,f , (4)

where the correction factor f(Kn) is a function of the Knudsen number and corrects for gas flow that deviates151

from continuum flow when Kn is large. For a radial tube, f(Kn) is given by152

f(Kn) = (1 + αKn)

(
1 +

4Kn

1− bKn

)
, (5)

while for a rectangular tube, the correction factor is153

f(Kn) = (1 + αKn)

(
1 +

6Kn

1− bKn

)
, (6)
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where Kn = λ/r for a radial tube with r being the radius; Kn =λ/h for a rectangular tube with h being154

the height; Cr(Kn) = 1 +αKn is the rarefaction coefficient that models the effect of reduced inter-molecular155

collisions with increased Kn; α is an coefficient that can be determined by experiments or from linearized156

Boltzmann solution; b is the slip coefficient and is determined as b = −1 for tube flow representing a157

second-order slip condition. For a radial tube, qH−P,f = πr4/8/µf , while for a rectangular tube, qH−P,f =158

C(AR)wh3/12/µf where w is the width of the rectangular cross-section and C(AR) is the correction factor159

for the geometry that is a function of the aspect ratio of the rectangular channel (AR = w/h) and is160

independent of Kn. Note that f(Kn)→ 1 as Kn→ 0, and qf recovers the Hagen-Poiseuille flux.161

By comparing the volumetric flux predicted by Equations (5) and (6) with the linearized Boltzmann162

solution, α is fitted as an empirical analytical function α = α0(2/π)tan−1(α1Knβ) with two free parameters163

α1 and β. α0 is determined by equating the flux predicted from Equations (5) and (6) to the free molecular164

rate (Knudsen diffusion) when Kn→∞.165

The BK model works well for rarefied gas flow in straight tubes for all flow regimes (0 6 Kn < ∞);166

however, a similar unified model has not been developed for complex natural porous media, which consist167

of many connected nano-scale pores and pore throats. Rarefied gas flow through porous medium with low168

permeability (tight rocks) was first systematically studied by Klinkenberg [15]. Klinkenberg [15] derived a169

model for gas flow through a straight capillary tube with a correction of the slip boundary condition. He170

then introduced the so-called apparent gas permeability for flow through an idealized porous medium that171

consists of a bundle of capillary tubes with the same diameter. The apparent permeability can be written172

as a correction factor multiplied by the intrinsic permeability, k, as follows:173

ka =

(
1 +

d

p̄

)
k, (7)

where d is a constant and p̄ is the reciprocal mean gas pressure.174

Civan [19] used the BK tube model and derived a unified apparent permeability model for an idealized175

porous medium blueconsisting of a bundle of tubes. Such model has a similar form as Equation (7) by176

replacing (1 + d/p̄) with f(Kn)177

ka = f(Kn)k, (8)

where again k is the intrinsic permeability of the porous medium, which was given by the Kozeny-Carman178

model in Civan [19].179

We note that the bundle-of-nano-tubes model from Civan [19] is a simplified apparent permeability model180

for a nano-porous medium and can overestimate the apparent permeability as reported by Landry et al. [27].181

More sophisticated models may be developed by considering the complex pore structures observed in natural182

shale formations.183
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2.1.3. Adsorption/desorption and surface diffusion of adsorbed gas184

The nano-tubes, or nano-porous materials, lead to extremely small pores and thus large surface areas on185

which gas can be adsorbed. The adsorbed gas may also migrate along the pore wall, which is often considered186

as a diffusion process that is named surface diffusion [40, 41]. The amount of adsorption depends on the187

pressure and temperature of the free gas, and is often modeled by an isotherm that relates the amount of188

adsorption to the pressure of the free gas at a constant temperature. We discuss the details of the models189

for adsorbed gas in the following section when we consider specific shale material constituents.190

2.2. Gas transport in shale191

Digital images of shale show strong heterogeneity of the different material constituents (e.g., Figure 1). In192

this section, based on the FIB-SEM images in Figure 1, we consider four material constituents: macro-pores,193

organic matter, clay minerals, and granular minerals, and we employ different models for each of them.194

Organic matter and clay both contain very small unresolved pores that are below the image resolution. In195

these sub-resolution pores, non-Darcy effects (i.e., slip flow and Knudsen diffusion), adsorption/desorption,196

and surface diffusion can play important roles. We consider these unresolved regions as nano-porous materials197

with connected sub-resolution pores and pore throats, and model the various gas transport mechanisms at the198

continuum scale. Here, we use the simple bundle-of-nano-tubes model for the unresolved nano-porous regions.199

The granular minerals have negligible porosity, allowing us to consider them as impermeable materials, i.e.,200

zero porosity and zero permeability. The macro-pores are pores that are fully resolved in the image; these201

macro-pores may belong to organic matter, clay minerals, or granular minerals. They can also bridge these202

three constituents. We model gas transport in macro-pores using the Stokes equation. This is justified based203

on the assumption that the macro-pores have large sizes such that that the flow is either in the continuum204

flow regime, or the slip flow regime, where the Navier-Stokes equations (with velocity slip conditions) are205

applicable.206

2.2.1. Gas transport in organic matter207

We consider the organic matter with sub-resolution pores as a nano-porous medium, and derive an208

apparent permeability model based on section 2.1. In addition, we consider gas adsorption and surface209

diffusion.210

Model for the Apparent Permeability211

The organic matter has mostly circular pores and pore throats (see for example the HIM images in Wu212

et al. [13]). For the apparent permeability, we use the correction function from the bundle-of-nano-tubes213

model derived from the BK model for radial tubes. Thus, we have214

f(Kn) = (1 + αomKn)

(
1 +

4Kn

1 + Kn

)
, (9)
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where αom = a0,om
2
π tan−1

(
α1,omKnβom

)
with a0,om = 64

15π , α1,om = 4.0, βom = 0.4. The subscript ‘om’215

denotes organic matter.216

Then, using the correction function, flow of free gas in the organic matter can be described by the217

Darcy-type equation with an apparent permeability ka,om as218

uf = −ka,om

µf
∇pf = −

(1 + αomKn)
(

1 + 4Kn
1+Kn

)
kom

µf
∇pf . (10)

Since the sub-resolution pores in the organic matter are not resolved in the image, we need to make219

approximations for the porosity, permeability, and the average pore radius. Some of the information can be220

estimated from higher resolution TEM, or HIM, images of the organic matter and the pore size distribution221

(PSD) measured from nitrogen adsorption. We obtain the Kn number based on the average radius and222

compute the intrinsic permeability kom using the Kozeny-Carman model using the estimated porosity.223

Experiments have shown that the Langmuir isotherm fits methane adsorption in organic-rich shale and224

isolated kerogen reasonably well [42, 43]. As a result, we use the Langmuir isotherm to model methane225

adsorption in the organic matter.226

nad = nmax
ad

Kpf
1 +Kpf

, (11)

where nad is the amount of adsorbed gas (mass per unit volume of porous material), nmax
ad is the maximum227

adsorption, K is the Langmuir coefficient, which is the inverse of the pressure at which half of the adsorption228

sites are occupied.229

Surface diffusion230

The adsorbed methane can migrate along the pore wall through a process referred to as surface diffusion231

[40, 41]. The volumetric flux of the adsorbed gas in organic matter due to surface diffusion can be written232

as233

uad = − 1

ρad
Ds∇nad = − 1

ρad
Ds∇

(
nmax

ad

Kpf
1 +Kpf

)
, (12)

where uad is the volumetric flow rate per unit area, ρad is the density of the adsorbed gas, Ds is the surface234

diffusivity. Note that we assume the diffusion is isotropic and thus Ds is a scalar.235

2.2.2. Gas transport in clay236

Here, we discuss the gas flow model in clay, which is also modeled as a nano-porous medium with sub-237

resolution pores. Gas adsorption in clay may be negligible due to the presence of water in natural shale238

formations [see 44, 43]. Thus, we do not consider gas adsorption effects in clay. When adsorption is considered239

in clay, swelling mechanisms may need to be modeled [e.g., 45]. Unlike the circular pores in organic matter,240

9
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clay has slit-like pores; as a result, we use the correction function from the bundle-of-nano-tubes model241

derived from the BK model for rectangular tubes. Namely,242

f(Kn) = (1 + αcKn)

(
1 +

6Kn

1 + Kn

)
. (13)

where αc follows the same empirical relation as in the radial tube case, with different coefficients α0,c, α1,c,243

and βc that change with the aspect ratio (AR = w/h) of the rectangular tube. The subscript ‘c’ represents244

clay.245

Then, the volumetric flux of free gas in clay becomes246

uf = −ka,c
µf
∇pf = −

(1 + αcKn)
(

1 + 6Kn
1+Kn

)
kc

µf
∇pf . (14)

where ka,c and kc are the apparent permeability and intrinsic permeability of clay, respectively.247

Similar to the organic matter, we obtain Kn using the estimated average pore thickness in clay. The248

intrinsic permeability kc of clay is approximated with the Kozeny-Carman model with estimated porosity.249

2.2.3. Gas transport in macro-pores250

We assume that the macro-pores have large sizes that the flow is either in the continuum flow regime, or251

the slip flow regime where the Navier-Stokes equations (with velocity slip conditions) are applicable. Shale252

is known to have very low permeability (from nanoDarcy to microDarcy); therefore, we neglect inertial253

effects and use the Stokes equation to model gas flow in the macro-pores. We use the following equation for254

compressible flow in the macropore (see Appendix B for a scaling argument).255

0 = −∇pf + ρfg +∇ · (µf∇uf ) +
1

3
∇ (µf∇ · uf ) . (15)

By considering appropriate velocity slip conditions at the wall of the macro-pores, the Stokes equation is256

applicable for both the continuum flow regime and the slip flow regime.257

3. Micro-continuum modeling framework258

We cast the models for gas transport in the different material constituents (organic matter, clay minerals,259

macro-pores, and granular minerals) into a micro-continuum modeling framework [34]. The micro-continuum260

framework allows us to solve Stokes flow in the macro-pores and continuum-scale flow in the nanoporous261

organic matter and clay without explicit coupling at the boundaries between the different constituents.262

It has been shown that the single-momentum equation approach is a good approximation of the explicit263

coupling between Stokes and Darcy equations using the Beavers-Joseph condition [46, 47]. We present the264

mathematical model and the numerical algorithm in the following.265
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3.1. Mathematical model266

The micro-continuum modeling framework is based on the Darcy-Brinkman-Stokes equations [35], which267

have been recently used to model fluid flow in conventional rocks at the pore-scale, such as carbonate [48, 34].268

We consider compressible flow using the equation of states from section 2.1.1. The mass balance equation269

for methane, including both the free and adsorbed phases, can be written as270

∂ (φρf )

∂t
+ δom(1− ρf

ρad
)
∂nad

∂t
+∇ · (ρfuf + δomρaduad) = 0 (16)

where φ is the porosity, which is between 0 and 1 in the region with sub-resolution pores (i.e., organic271

matter and clay). The porosity is zero in granular minerals and unity in macro-pores; δom is an indicator272

for the organic matter, δom = 1 when it is in the organic matter, otherwise δom = 0. We multiply the terms273

associated with adsorption by δom because we only consider adsorption/desorption in the organic matter.274

We note that the adsorbed gas occupies a fraction of the porosity that would otherwise be filled with free275

gas. The reduction of the porosity due to adsorption needs to be taken into account [42] by using the excess276

adsorption, (1− ρf
ρad

)nad, which is defined as the absolute adsorption nad subtracted by the mass of the free277

gas that is replaced by the adsorbed gas,
ρf
ρad
nad.278

For the momentum equation, we use the compressible Darcy-Brinkman-Stokes equation to link the models

for gas transport in the organic matter, clay, and macro-pores (see Equation (17)). Equation (17) recovers

Equation (15) in the macro-pores, and recovers the Darcy-type equation uf = − ka
µf
∇pf in the nano-porous

region with sub-resolution pores. We note that the permeability ka is not only a function of the pore

structure, it also depends on the flow properties, e.g., Kn number, and follows Equations (10) and (14) in

the organic matter and clay regions, respectively. We consider no-slip condition at the interface between the

macro-pores and the granular minerals.

0 = −∇pf + ρfg +
1

φ
∇ · (µf∇uf ) +

1

3φ
∇ (µf∇ · uf )− µfk−1

a uf . (17)

3.2. Numerical algorithm279

We implement and solve the set of equations for the micro-continuum framework (Equations (16) and280

(17)) in OpenFOAM R© based on the PIMPLE solver, which is a transient solver for the Navier-Stokes281

equations that merges the PISO (Pressure Implicit Splitting Operator) [49] and SIMPLE (Semi-Implicit282

Method of Pressure-Linked Equations) algorithms [50]. We present the details of the discretization and the283

PIMPLE algorithm to solve Equations (16) and (17) in Appendix C.284

4. Results and analysis285

Now, we use the micro-continuum pore-scale model to analyze how different physical transport mecha-286

nisms describe the overall transport in complex 3D models of shale based on high-resolution images of the287

shale pore structures and material constituents. We design two types of numerical experiments. One uses288
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Scenario 2: Gas ExpansionScenario 1: Periodic BCs

No flow
Fixed pressure

No flow

No flowCyclic
Cyclic

No flow

No flow

Red      
Blue      
Pink 
Green Granular minerals!

Clay minerals
Organic matter
Macro-pores

Figure 2: Sketches of two numerical experiments for simulating gas transport on a 3D FIB-SEM image. In both scenarios, left

and/or right boundaries are open for flow and the other four sizes are no-flow boundaries. The first scenario considers periodic

boundary conditions to compute an apparent permeability, and the second scenario only allows the right boundary to be open

at a fixed pressure (pf2 ) that is lower than the initial pressure in the sample (pf1 = pf2 + ∆p). The difference between the two

pressures is small, ∆p� pf2 .

periodic boundary conditions, where we are interested in computing the overall flow capacity of the sam-289

ple (i.e., the apparent permeability). The other setting uses Dirichlet boundary conditions to simulate the290

transient process of gas production. In both cases, the left and/or the right faces of the sample are open for291

flow and the other four sides of the sample are closed (see Figure 2). To analyze the importance of different292

physics or transport mechanisms, we consider four levels of model complexity:293

(1) Darcy+Stokes (DS): gas flow in organic matter and clay is modeled with Darcy’s law, and Stokes294

equation is used for flow in macro-pores;295

(2) Darcy+Stokes+adsorption/desorption (DSA): adsorption/desorption is considered in organic matter296

in addition to the DS model;297

(3) nonDarcy+Stokes+adsorption/desorption (NDSA): non-Darcy effects are included in both organic298

matter and clay, with everything else the same as the DSA model;299

(4) nonDarcy+Stokes+adsorption/desorption+surface diffusion (full model): this refers to the NDSA300

model with effects due to surface diffusion of the adsorbed methane.301

In the following subsections, we introduce the FIB-SEM images. Then we present the simulation results302

and analysis for the two numerical experiments and for all of the four models.303

4.1. FIB-SEM images used for the flow simulations304

We use a subset of the original image shown in Figure 1 for our pore-scale simulation. This is because305

using the original full image is computationally expensive and becomes prohibitive for our detailed analysis.306

The sub-image is cut with each dimension being about half of the original full image. The size of the sub-307

image is Lx = 3.56µm, Ly = 2.50µm, Lz = 3.36µm, and the voxel size is the same as the original full image308

(∆x = ∆y = 10 nm, ∆z = 20 nm). Figure 3 shows distributions of the four material constituents in the309

sub-image. We also identify the two largest connected macro-pore clusters in Figure 3(f), which shows that310

there is a macro-pore network (the largest cluster) connecting the left face to the right face of the image.311
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(a) (b) 

(c) (d) 

(e) (f) 

Macro-pores 

Organic matter Clay minerals 

Granular minerals 

Full image 
(subsample of Figure 1) 

Connected macro-pore networks 

Cluster #2 

Cluster #1 

Figure 3: A subsample of the full image in Figure 1. Size of the image: 3.56 µm × 2.50 µm × 3.36 µm. (a) shows the overall

image, and (b)-(e) show the distributions of the four material constituents: red - macro-pores, blue - organic matter, pink -

clay minerals, green - granular minerals; (f) shows the two largest connected macro-pore networks.

We will see later that this pore structure has a significant impact on the results of the simulations. The312

3D images were acquired in a Dual Beam FIB-SEM (Nova NanoLab 600i, FEI, Hillsboro, United States)313

and they were aligned and sheared as a series of block face images before segmentation. A band-pass filter,314

non-local means filter, sober filter and a top-hat filter were applied for the minerals, organic matter and315

pores segmentation. More details about the shale core sample, the acquisition procedures of the image, the316

image processing and other measurements can be found in [12]317

We discretize the image with the finite-volume scheme and solve Equations (16) and (17) subject to318

the boundary conditions of the two numerical experiments. The numerical grid cells have a one-to-one319

correspondence with the digital voxels of the image, which leads to 14, 952, 000 grid cells. Each voxel belongs320

to one of the four material constituents, and is given a porosity. Voxels with φ = 1 belong to macro-pores,321

φ = 0 belong to granular minerals, and φ ∈ (0, 1) represents organic matter and clay. δom = 1 when a voxel322

sits in organic matter, otherwise, δom = 0.323

4.2. 3D simulations with periodic BCs: computing apparent permeability324

In this section, we present the results and analysis of the first numerical experiment, which includes two325

parts. The first part computes and analyzes the apparent permeability of organic matter and clay, and the326

second part considers the apparent permeability of the 3D image.327

Here, we introduce the parameters we use for the simulation (see Table 1). The organic matter and the328
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Parameter Value

porosity of organic matter (φom) 0.1

porosity of clay (φc) 0.1

average pore size in organic matter 5 nm

average pore size in clay 5 nm

Langmuir coefficient (K) 4×10−8 Pa−1

maximum adsorption (nmax
ad ) 44.8 kg/m3

surface diffusion coefficient (Ds) see Table 2

density of adsorbed gas (ρad) 400 kg/m3

temperature 400 K

Table 1: Parameters used for the simulations. Note that organic matter is assumed to have radial pores and the average pore

size is the average pore radius; clay is assumed to have slit-like pores and the average pore size refers to the average pore

thickness.

pf [MPa] 1 5 10 20 30 40 50

Ds [10−8 m2/s] 8.32× 10−1 9.52× 10−1 1.14 1.44 1.77 2.10 2.46

Table 2: Surface diffusion coefficient as function of gas pressure.

clay are assumed to be homogeneous with a porosity of 0.1. The organic matter has an average pore radius of329

5nm and the clay slit-pores have an average height of 5nm. The equation of state and the viscosity equation330

of methane give the density and viscosity range from p = 1MPa to p = 50MPa (see Figure 4). Details of331

the equation of state and viscosity equation are shown in Appendix A. We consider an isothermal system332

with a temperature of 400 K. As we can see, density of methane changes drastically from p = 1 MPa to333

p = 50MPa, while the viscosity has much less variation. The critical pressure of methane pcritical = 4.599MPa334

and the critical temperature Tcritical = 190.564 K. At T = 400 K, methane enters the supercritical phase335

when pressure is higher than the critical pressure pcritical = 4.599 MPa. The Langmuir coefficient, maximum336

adsorption, and density of adsorbed gas are typical parameters for isolated organic matter obtained from337

Rexer et al. [43]. The surface diffusion coefficient (Ds) is a function of the amount of adsorption, and338

therefore depends on pressure. Here we take typical values from Medveď and Černỳ [41] as shown in Table339

2. Ds = Ds0Ds/Ds0, where Ds0 = 8.00×10−9 m2/s, and the ratio Ds/Ds0 is taken from the Langmuir/HIO340

curve in the Figure 4 of Medveď and Černỳ [41]. We note that these parameters are typical parameters for341

surface diffusion in activated carbon obtained from the literature, though different parameters can be used,342

we do not expect that they change the qualitative behavior of the simulations.343
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Figure 4: Variations of density (a) and viscosity (b) of methane with gas pressure.

4.2.1. Apparent permeability of clay and organic matter344

The apparent permeability of organic matter and clay can be computed analytically from the models345

presented in section 2.2.346

The apparent permeability of clay can be obtained from Equation (14) as:347

ka,c = (1 + αcKn)

(
1 +

6Kn

1 + Kn

)
kc, (18)

where αc = α0,c
2
π tan−1

(
α1,cKnβc

)
with α0,c = 1.5272, α1,c = 2.5, βc = 0.5. The coefficients α0,c, α1,c, and348

βc are parameters for a rectangular tube with an aspect ratio of 4 (w/h = 4) [17]. Here, we assume the clay349

pores have an averaged aspect ratio of 4. Different aspect ratio leads to different coefficients, but only with a350

slight modification to αc. The intrinsic permeability of clay kc is obtained using the Kozeny-Carman model351

with an average porosity of 0.1. We recognize that the Kozeny-Carman model may not be applicable to the352

clay with slit-like pores, the idea here is to assign a reasonable intrinsic permeability to the clay minerals.353

A better intrinsic permeability may be assigned if higher resolution images of the nano-porous clay region354

are available.355

The apparent permeability of the organic matter is more complex, since it involves the flux of the356

adsorbed gas (surface diffusion). To include surface diffusion, we convert the mass flux of the adsorbed gas357

into volumetric flux of free gas and combine it with the free gas flux to obtain the apparent permeability358

ka,om = −
(
uf + uad

ρad

ρf

)
µf/∇pf = (1 + αomKn)

(
1 +

4Kn

1 + Kn

)
kom

+
1

ρf
µfDsn

max
ad

K

(1 +Kpf )
2 , (19)

where αom = α0,om
2
π tan−1

(
α1,omKnβom

)
with α0,om = 1.358, α1,om = 4.0, βom = 0.4 [17]. Similar to clay,359

the intrinsic permeability of organic matter kom is obtained with the Kozeny-Carman model with an average360

porosity of 0.1. Here we compute the apparent permeability of organic matter both with and without surface361

diffusion.362

From Equations (18) and (19), we plot the apparent permeability for clay and organic matter in Figure363
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Figure 5: Apparent permeability of organic matter and clay as a function of gas pressure.

5 as a function of gas pressure. The intrinsic permeabilities kc and kom are both 0.69 nD (nD denotes nano364

Darcy, which is 10−21 m2). The apparent permeabilities are a strong function of pressure that have arge365

values at pf = 1 MPa and then quickly decrease for higher pressures. At pf = 1 MPa, kc = 10.29 nD, kom =366

7.35 nD without surface diffusion, and kom = 50.28 nD when surface diffusion is included; at pf = 50 MPa,367

kc = 0.97nD, kom = 0.90nD without surface diffusion, and kom = 1.51nD when surface diffusion is included.368

We can see that surface diffusion significantly increases the apparent permeability of the organic matter at369

low pressure (∼ 7 times of the apparent permeability without surface diffusion at pf = 1 MPa); surface370

diffusion effects become less important for high pressures (∼ 1.7 times of the apparent permeability without371

surface diffusion at pf = 50 MPa).372

4.2.2. Apparent permeability of the 3D sample373

Now we take the image (Figure 3) and compute the apparent permeability of the entire sample using374

periodic boundary conditions shown in Figure 2. We include a body force in the momentum equation to375

impose a pressure gradient in x direction, and then solve Equations (16) and (17) subject to the periodic376

boundary conditions in x direction until it reaches steady state. The pressure gradient we assign is ∂pf/∂x =377

105 Pa/m. We use q to denote the volumetric flow rate through the y − z cross-section of the sample at378

steady state, which can be obtained as379

q =

∫
uxdydz. (20)

Then, the apparent permeability of the sample in x direction can be defined as

ka,sample,x = q/

[
(LyLz)µf

∂pf
∂x

]
. (21)

We assign a reference pressure to the domain to compute an apparent permeability for a given pressure.380

The reference pressure is set at the right boundary, and the maximum difference of the pressure in the381

domain relative to the reference pressure is negligibly small, Lx∂pf/∂x = 0.356Pa. We compute the apparent382

permeability for reference pressures pf = 1, 5, 10, 20, 30, 40, 50 MPa, for all of the four models (DS, DSA,383

NDSA, and full model). Note that q = qf for the first three models (DS, DSA, NDSA) where there is only384

free gas flux, while q = qf + qad
ρad
ρf

for the full model where surface diffusion is included.385
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Figure 6: Apparent permeability of the 3D image in x direction computed from the four models (DS, DSA, NDSA, and full

model) using periodic BCs for gas pressures pf = 1, 5, 10, 20, 30, 40, 50 MPa.

We summarize the computed apparent permeabilities in Figure 6, from which we can make several386

observations. First, because of the connected macro-pore network (Figure 3(f)), the permeability of the387

sample from the DS model (kDS = 272.98 nD) is much larger than the intrinsic permeability of clay and388

organic matter (0.69 nD). Second, kDSA = kDS since adsorption does not change permeability at steady389

state. Third, apparent permeabilities from the NDSA model and full model are higher, especially at low390

pressure, kNDSA = 307.38 nD and kfull model = 396.41 nD at pf = 1 MPa. However, the increase relative to391

the DS permeability (less than ∼ 1.5 times of kDS) is much smaller compared to the increase of the apparent392

permeability of clay and organic matter relative to their intrinsic permeability (see Figure 5). This again393

shows that the connected macro-pore network completely dominates the permeability of the sample, which394

undermines the enhancement of flow capacity from non-Darcy effects and surface diffusion.395

4.3. 3D simulations of gas expansion: simulating gas production396

In this section, we present the second numerical experiment where we model gas expansion to simulate397

gas production. Before we show the simulation results, we introduce a simplified one-dimensional (1D) model398

for our system, which will be used to interpret the results of the 3D simulations.399

4.3.1. One-dimensional model for gas expansion400

Because only the right boundary of the domain is open for flow in our gas expansion system, it may be401

reasonable to approximate gas production as a 1D problem. This 1D model is similar to the flow model for402

pressure-pulse decay method [51, 52, 53]. For simplicity, we assume homogeneous properties of the domain.403

The porosity of the sample is φ̄ and the volume fraction of organic matter is γ̄om. The sample has an apparent404

permeability k̄a when surface diffusion is not included. Here we consider surface diffusion separately. Then,405

the mass balance equation of the 1D model can be written as406

∂
(
φ̄ρf

)

∂t
+ γ̄om

∂nad

∂t

(
1− ρf

ρad

)
+
∂ (ρfuf,x + γ̄omρaduad,x)

∂x
= 0. (22)

The pressure boundary condition only introduces a small pressure perturbation to the domain (∆p =407

pf1 − pf2 � pf2), so that Equation (22) can be considered as a linear equation. Rearranging Equation (22),408
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we obtain a linear 1D diffusion equation409

∂pf
∂t

= k̂
∂2pf
∂x2

, (23)

where410

k̂ =

[
ρf
k̄a
µf

+ γ̄omDsn
max
ad

K

(1 +Kpf )
2

]
/

[
φ̄
∂ρf
∂pf

+ γ̄om

(
1− ρf

ρad

)
nmax

ad

K

(1 +Kpf )
2

]
. (24)

The initial and boundary conditions are411

pf (x, t = 0) = pf1 , (25)

∂pf
∂x

(x = 0, t) = 0, (26)

pf (x = Lx, t) = pf2 . (27)

The details of the derivations from Equation (22) to Equation (23) are presented in Appendix D.412

Now, we cast Equation (23) in dimensionless form by defining Pf =
pf−pf2
pf1
−pf2

, X = x/Lx, T = t/
(
L2
x/k̂DS

)
,413

where k̂DS is the diffusivity from Equation (23) when the DS model is considered (i.e., neglecting non-Darcy414

effects, adsorption/desorption, and surface diffusion), which has the following form415

k̂DS =
ρf

kDS

µf

φ̄
∂ρf
∂pf

. (28)

Substitution of the dimensionless variables into Equation (23) gives416

∂Pf
∂T

=
k̂

k̂DS

∂2Pf
∂X2

. (29)

The corresponding dimensionless boundary conditions become417

Pf (X,T = 0) = 1, (30)

∂Pf
∂X

(X = 0, T ) = 0, (31)

Pf (X = 1, T ) = 0. (32)

For a small pressure perturbation at the right boundary, k̂

k̂DS

can be considered as a constant, then418

Equation (29) subject to the initial and boundary conditions (30)-(32) can be solved analytically419

Pf =
∞∑

n=0

2

(n+ 1/2)π
sin [(n+ 1/2)π (1−X)] e

−(n+1/2)2π2 k̂
k̂
DS
T
. (33)
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Approximating Pf using the first term of the series solution (33) gives420

Pf =
4

π
sin

(
1

2
π (1−X)

)
e
− 1

4π
2 k̂

k̂
DS
T
. (34)

From the pressure solution Equation (34), we can derive the expression for the outlet mass flow rate421

(production rate) at the right boundary. We nondimensionalize the outlet mass flow rate by ṁDS =422

−ρf kDS

µf

pf2−pf1
Lx

, the characteristic outlet mass flow rate from the DS model, and obtain the dimensionless423

outlet mass flow rate (not including surface diffusion) as424

Ṁ = ṁ/ṁDS = − k̄a
kDS

∂Pf
∂X
|X=1 = 2

k̄a
kDS

e
− 1

4π
2 k̂

k̂
DS
T
. (35)

When surface diffusion is included, the dimensionless outlet mass flow rate becomes425

Ṁ = ṁ/ṁc

=
[ρfuf,x + ρaduad,x] |X=1

ṁc

= 2

[
k̄a
kDS

+ γ̄omDsn
max
ad

Kµf

ρfkDS (1 +Kpf )
2

]
e
− 1

4π
2 k̂

k̂DS
T
. (36)

Equations (35) and (36) show that the dimensionless outlet mass flow rate declines exponentially with426

dimensionless time, T . ln Ṁ ∼ T with the slope − 1
4π

2 k̂
k̂DS

representing the flow capacity of the shale sample.427

In the following section, we use the results and analysis of the 1D model to interpret the production decline428

results from the 3D simulations of gas production.429

4.3.2. Production decline430

We simulate gas production for pf = 1 MPa and pf = 50 MPa, representing low and high pressures,431

respectively. Pressure pf refers to the gas pressure at the right boundary pf2 . The difference between432

the initial pressure (pf1) in the domain and the boundary pressure (pf2) is kept as ∆p = 100 Pa � pf .433

Integrating the mass flux across the right boundary, we obtain the outlet mass flow rate. We normalize the434

mass flow rate using the characteristic mass flow rate from the DS model, ṁDS, introduced in section 4.3.1,435

and nondimensionalize the time scale using the characteristic time scale from the DS model, TDS = L2
x/k̂DS.436

Then, we plot the dimensionless mass flow rate with the dimensionless time on a semi-log scale, for both437

early time (0 < T < 0.1) and late time (0 < T < 10) (see Figure 7).438

Now we analyze the 3D gas production decline results using the 1D model in section 4.3.1. We first look439

at the early time behavior. At pf = 1 MPa, starting from T ≈ 0.05, the production rates decline linearly440

in the semi-log scale and follow a similar slope in all of the four models (see Figure 7 (a)), despite their441

very different model complexities. This is primarily due to the macro-pore network in the 3D image which442

connects the left boundary to the right boundary of the image, as shown in Figure 3(f). The macro-pore443

network dominates gas production in early time, in which gas flow follows Stokes equation in any of the four444
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Figure 7: Simulation of gas production decline on the 3D image using the four models (DS, DSA, NDSA, and full model). (a)

and (c) are early and late time decline for a low gas pressure (pf = 1 MPa), and (b) and (d) are early and late time decline for

a high gas pressure (pf = 50 MPa).

models. Therefore, the four models share a similar slope in early time even though they have very different445

physics. We note that the gas production rates do not decline linearly in the very beginning up to T ≈ 0.05.446

This is because the pressure signal at the right boundary has not reached the left boundary yet, and the447

system transits from a ‘semi-infinite’ like domain to a finite domain, which does not follow the exponential448

scaling derived from the 1D model in section 4.3.1. At pf = 50 MPa, the production decline curves follow449

the same slope starting from T ≈ 0.05 (see Figure 7(b)). In addition, the production rates from the four450

models almost overlap with each other. We note that the production decline curves from the DS model for451

pf = 1 MPa and pf = 50 MPa are almost identical, which shows that the impact from compressibility is452

eliminated through the nondimensionalization.453

In late time, the production decline curves from low and high gas pressures are quite different (see Figure454

7 (b) and (d)). At pf = 1 MPa, the production rates from the four models diverge and follow very different455

decline slopes. The DS and DSA models have similar slopes with the DSA slope being slightly smaller. The456

NDSA model has a larger slope, and the full model has the largest slope. This is because gas production in457

late time is dominated by gas transport in the sub-resolution nano-porous region. The DS and DSA models458

both use Darcy’s law in the nano-porous region. The DSA model includes adsorption which gives a smaller459

diffusivity k̂ in the 1D model, then a flatter slope − 1
4π

2 k̂
k̂DS

. NDSA considers non-Darcy effects in both460

organic matter and clay, and therefore has a larger apparent permeability k̄a, which leads to a faster decline461

in production. In addition to the non-Darcy effects, the full model includes surface diffusion which further462

enhances gas transport in nano-porous region, as shown by the steepest decline curve. At pf = 50 MPa, the463

production decline curves from the four models are almost indistinguishable. The full model has a slightly464

larger slope, while the DSA model has the smallest slope. This implies that the non-Darcy effects and465
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Figure 8: Simulation of cumulative gas production using the full model. (a) is for low pressure (pf = 1 MPa), and (b) is for

high pressure (pf = 50 MPa). Total production as well as mass loss of gas in macro-pores, organic matter, and clay are shown.

surface diffusion are negligible at high pressures, which is consistent with our observation in the periodic466

BCs numerical experiment (Figure 5). Again, we note that the production decline curves from the DS model467

for pf = 1 MPa and pf = 50 MPa are almost identical.468

Finally, we point out that the transient analysis of gas production appears to be much more informative469

than the steady-state apparent permeability computed in section 4.2. The apparent permeability can be470

considered as a lumped average of the flow capacity of the sample over time, while the transient gas production471

process reveals the dependence of the flow capacity of the sample on time scales.472

4.3.3. Cumulative gas production473

The 3D simulations allow us to investigate the cumulative gas production. The simulation gives the gas474

density and pressure at each voxel of the image during gas production. Therefore, we can compute how much475

gas is produced from the entire domain, as well as, from each of the four material constituents (macro-pores,476

organic matter, clay, and granular minerals). We compute the theoretical total gas production of the sample477

as if the gas pressure drops from pf1 to pf2 at every voxel in the image (considering desorption), and use478

this theoretical total production to normalize the cumulative production rates. Figure 8 shows the results479

from the full model, where we plot the cumulative production from the entire sample and the loss of gas480

from each of the four material constituents. The results for all of the four models are presented in Figures481

9 and 10.482

Analysis of the results in Figure 8 leads to two observations. First, the overall gas production is slightly483

less than unity, which means that there is gas in the domain that cannot be produced from the right boundary.484

This ‘trapped’ gas may stay in macro-pores, organic matter, or clay regions, isolated by the impermeable485

granular minerals not accessible from the right boundary. In fact, the second largest macro-pores cluster486

shown in Figure 3 is isolated by granular minerals, and the gas cannot be produced. Second, production from487

organic matter contributes the most at low pressure (pf = 1 MPa), while production from the macro-pores488
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Figure 9: Simulation of cumulative gas production at low pressure (pf = 1 MPa) using the four models (DS, DSA, NDSA, and

full model). (a) shows the total gas production, and (b)-(d) represent the mass loss in the sample from macro-pores, organic

matter, and clay, over time.

10-3 10-2 10-1 1 10 50
T

0

0.2

0.4

0.6

0.8

1

C
la

y 
m

as
s 

lo
ss

 [-
] DS

DSA
NDSA
Full model

10-3 10-2 10-1 1 10 50
T

0

0.2

0.4

0.6

0.8

1

O
M

 m
as

s 
lo

ss
 [-

]

DS
DSA
NDSA
Full model

10-3 10-2 10-1 1 10 50
T

0

0.2

0.4

0.6

0.8

1

C
um

ul
at

iv
e 

pr
od

uc
tio

n 
[-] DS

DSA
NDSA
Full model

10-3 10-2 10-1 1 10 50
0

0.2

0.4

0.6

0.8

1

M
ac

ro
po

re
 m

as
s 

lo
ss

 [-
]

DS
DSA
NDSA
Full model

(b)

(d)

Cumulative production Macropore mass loss

OM mass loss Clay mass loss

(a)

(c)

Figure 10: Simulation of cumulative gas production at high pressure (pf = 50 MPa) using the four models (DS, DSA, NDSA,

and full model). (a) shows the total gas production, and (b)-(d) represent the mass loss in the sample from macro-pores, organic

matter, and clay, over time.
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Figure 11: Absolute (black dashed line) and excess (blue dashed line) adsorbed mass per cubic meter of organic matter as a

function of gas pressure for methane using typical parameters for isolated organic matter from organic-rich shale (Rexer et al.

[43]).

dominates at high pressure (pf = 50 MPa). This is because the density contrast between the free-gas and489

the adsorbed gas is large at low pressure (ρad = 400 kg/m3 and ρf = 4.84 kg/m3 at pf = 1 MPa), where490

production from desorbed gas can be significant. The contribution from desorption is less at high pressure491

as the density contrast is much smaller (ρad = 400 kg/m3 and ρf = 214.74 kg/m3 at pf = 50 MPa).492

Among the four models, DSA, NDSA, and the full model have the same total production for both low and493

high pressures. The total production from the DS model is less for low pressure, but more for high pressure494

(see Figures 9 and 10). This is because the excess adsorption changes from monotonically increasing at495

pf = 1MPa to monotonically decreasing at pf = 50MPa, as shown in Figure 11. Therefore, compared to the496

case with no adsorption/desorption (i.e., the DS model), adsorption/desorption leads to more production497

at low pressure, while less production at high pressure. At low pressure (Figure 9), we observe that as498

additional physical mechanisms are included, gas production is accelerated. Production from organic matter499

has the largest acceleration. However, acceleration of gas production becomes negligible at high pressure as500

indicated in Figure 10, where cumulative production curves from the four models are almost identical. This501

confirms that the non-Darcy effects and surface diffusion become negligible for high gas pressures.502

The 3D simulations also allow us to visualize the gas production process at different simulation times.503

In Figure 12, we take the low pressure case pf = 1 MPa from the full model as an example to visualize504

gas production in 3D. We present the evolution of remaining producible gas over dimensionless time (T =505

0, 0.01, 0.1, 1, 50) during production. The producible gas is defined as the amount of gas that should be506

produced at each image voxel if gas pressure drops from pf1 to pf2 . At T = 0, the macro-pores have the507

highest producible gas density (mass of producible gas per voxel) indicated by the red colour. The green508

colour represents the producible gas density in the organic matter, while light blue indicates the producible509

gas in clay. The 3D visualization confirms our observations in Figure 7 that gas production is limited by510

the macro-pore network before T = 0.1, while the nano-porous organic matter and clay become dominant511

in late time after T = 1. Also, from T = 0 to T = 50, we can see that there is gas in domain (e.g., the red512

region at T = 50) that is not accessible from the right boundary and cannot be produced.513

23



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Δ𝜌

0

𝑇 = 0

x
yz

𝑇 = 50

𝑇 = 0.01 𝑇 = 0.1

𝑇 = 1

Figure 12: 3D visualization of gas production at T = 0, 0.01, 0.1, 1, 50 for low pressure (p = 1 MPa) using the full model. The

colour represents the remaining producible gas per voxel due to pressure change at the right boundary. Note that the producible

gas in organic matter includes both free gas and adsorbed gas.

5. Discussions514

The simulation results from the micro-continuum model consider both the steady-state apparent per-515

meability and the transient gas production process. The apparent permeability for shale has been a focus516

of many recent experimental and modeling work. Pressure pulse-decay method, a technique designed to517

measure permeability of tight rocks [51, 52, 54], has been used to measure the apparent permeability of shale518

core plugs [e.g., 53, 55, 56]. This is done by fitting a 1D model (similar to the 1D model in section 4.3.1519

when non-Darcy effects, adsorption/desorption, and surface diffusion are not included) to the pressure curve520

from the dynamically changing flow due to the pressure pulse. The pressure pulse-decay method works well521

for conventional tight rocks, but whether it can be directly applied to the much more complex organic-rich522

shale is still an open question [53, 57]. Various models have been developed to understand how the transport523

mechanisms (non-Darcy effects, adsorption/desorption, surface diffusion) control the apparent permeability524

of shale. For example, bundle-of-tubes models [e.g., 19, 24]), pore network models (PNM) [e.g., 58, 59],525

and lattice Boltzmann simulations [e.g., 33]. These models either consider idealized or approximated pore526

structures (bundle-of-tubes model and PNM models) or only consider the resolved pores and neglect the527

sub-resolution nano-pore structures (LBM simulations). Our micro-continuum model offers a direct refer-528

ence solution of gas transport in 3D real digital images of shale that considers both the resolved macro-pores529

and sub-resolution pore structures. Demonstrated by the two numerical experiments, the micro-continuum530

model can be used to compute the steady-state apparent permeability as well as analyze the transient be-531
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havior of gas transport using a pressure decay setup. The direct reference solutions of gas transport in 3D532

shale images may provide new insights into the interpretation of pressure pulse-decay experiments shown by533

the transient analysis in the second numerical experiment.534

The micro-continuum modeling framework is able to model gas transport on a high-resolution 3D digital535

shale image including non-Darcy effects, adsorption/desorption, which offers a quantitative tool to analyze536

the transport properties of shale. Nevertheless, there are a few challenges that need to be addressed to537

improve the modeling framework. For example, higher resolution images that can resolve the pores in the sub-538

resolution nano-porous regions can be helpful to better estimate the intrinsic and apparent permeabilities of539

the organic matter and clay. When the Stokes flow in macro-pores falls into the slip flow regime, appropriate540

velocity slip conditions at the wall needs to be developed. The current model has non-zero velocities at the541

boundaries between macro-pores and the nano-porous regions (organic matter and clay), but the boundaries542

between macro-pores and the granular minerals are considered as no-slip. Finally, the current computational543

algorithm based on the Darcy-Brinkman-Stokes framework turns out to be very computationally expensive,544

which forces us to use a subset of the original full image to reduce the computational cost. Even for the545

sub-image, it takes a few days to a week to finish one simulation using about 100 processors on a computer546

cluster. It is therefore desirable to speed up the micro-continuum model, e.g., by developing multiscale547

algorithms, which is part of our ongoing research.548

6. Conclusion549

We have developed a micro-continuum pore-scale modeling framework for gas transport in organic-rich550

shale using high-resolution 3D digital images. We model flow in the resolved macro-pores using the Stokes551

equation; we consider the sub-resolution nano-porous region (organic matter or clay) as a continuum, and552

develop an apparent permeability model to include the non-Darcy effects (e.g., slip flow and Knudsen diffu-553

sion). Adsorption/desorption and surface diffusion are included in the sub-resolution organic matter region.554

This modeling framework allows us to investigate the complex transport mechanisms involved in organic-rich555

shale formations. We apply the micro-continuum model to simulate a 3D FIB-SEM image using two different556

settings. The first setting allows for computing an apparent permeability, and the other setting simulates557

the transient gas production process. Our simulation results show that non-Darcy and surface diffusion558

effects are important at low gas pressure (1 MPa); these mechanisms become negligible at high pressure559

(50 MPa). Our gas production analysis indicates that a simple pressure dependent apparent permeability560

may not represent the transport properties of organic-rich shale. Depending on the pore structures of the561

shale image, different time scales may need to be introduced to better describe the transport properties of562

shale at a fixed gas pressure.563
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Appendix A. Equation-of-state and viscosity equation for methane571

We use the empirical correlation from Mahmoud [38] as the equation of state for methane, and follow the572

empirical equation from Lee et al. [39] to compute viscosity. The empirical correlation from Mahmoud [38]573

is derived using the compressibility factor approach. Here, we outline the empirical equations for density574

and viscosity respectively.575

We rescale the pressure and temperature by the critical pressure and temperature and define the dimen-576

sionless reduced pressure and temperature577

pf,r =
pf

pf,critical
, (A.1)

Tr =
T

Tcritical
, (A.2)

where pf and T are the absolute pressure and temperature of free methane; pf,crtical and Tcritical are the578

critical pressure and temperature. Then, the empirical correlation for the compressibility factor, Z, has the579

following form580

Z = 0.702e−2.5Tf,rp2
f,r − 5.524e−2.5Tf,rpf,r + 0.044T 2

f,r − 0.164Tf,r + 1.15. (A.3)

Substituting Z to Equation (1) gives the density of methane. After we obtain density, we can compute581

viscosity using the equations from Lee et al. [39].582

µf = 10−7SeX(0.001ρf )Y , (A.4)

where583

S =
(9.379 + 0.0160M)(1.8T )1.5

209.2 + 19.26M + 1.8T
, (A.5)

X = 3.448 +
986.4

1.8T
+ 0.01009M, (A.6)
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Y = 2.4− 0.2X. (A.7)

µf , ρf , M , T in Equations (A.4), (A.5) and (A.6) all have SI base units. Note: (1) some of the coefficient584

constants in Equations (A.4), (A.5) and (A.6) are modified from Lee et al. [39] based on Equation (62) in585

Mahmoud [38]; (2) the temperature in Lee et al. [39] is in Rankine scale (◦R) and we converted it to Kelvin586

scale (K) by multiplying by 1.8. We have compared the density and viscosity of free methane with the587

methane density and viscosity from the NIST fluid database [60], and we observe a maximum relative error588

less than 5%.589

Appendix B. Scaling arguments for Equation (15)590

Here we present a scaling argument to show that the momentum equation for compressible flow can be591

simplified to the form of Equation (15). We define the following dimensionless variables and groups592

x̃ =
x

lc
, t̃ =

t

tc
, ũf =

uf
lc/tc

, p̃f =
pf

µcuc/lc
, g̃ =

g

g
, ρ̃f =

ρf
ρf,c

, µ̃f =
µf
µf,c

, (B.1)

Re =
ρf,cuf,clc
µf,c

, Fr =
glc
u2
f,c

, (B.2)

where uf,c, pf,c are characteristic velocity and pressure; lc and tc are characteristic length and time593

scales; µf,c and ρf,c are characteristic viscosity and density; Re is the Reynolds number and Fr is the Froude594

number that defines the relative importance of gravity and viscosity effects.595

Substituting the nondimensionalized variables to Equation (2.15) with the time derivative term, we obtain596

Re
∂ (ρ̃f ũf )

∂t̃
= −∇p̃f +

Re

Fr
ρ̃f g̃ +∇ · (µ̃f∇ũf ) +

1

3
∇ (µ̃f∇ · ũf ) . (B.3)

For the extremely tight shale rock with nanometer-scale pore structures, the Reynolds number Re� 1,597

which means that the time derivative term is eligible compared to the terms related to the pressure gradient598

and the viscous forces.599

Appendix C. Numerical algorithm for the micro-continuum model600

We introduce the numerical algorithm to solve Equations (16) and (17) based on the PIMPLE algorithm601

in OpenFOAM. Discretization of the equations here follows in part chapter 3 of Jasak [61], which presents602

discretizations of the Navier-Stokes equations for incompressible flow.603
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Discretization604

The PIMPLE algorithm solves velocity and pressure implicitly through sequentially coupling. Here, we605

derive the discretized forms of the momentum and pressure equations.606

Discretizing the integral form of the momentum Equation (17) over a control volume V with backward607

Euler time stepping gives608

an+1
P un+1

P =
∑

NP

an+1
NP un+1

NP −∇pn+1 + ρn+1
f g, (C.1)

where both sides of the equation are divided by the control volume V . uP is the cell-centered velocity609

of the current cell, and uNP denotes the cell-centered velocity of the neighbouring cells; subscripts ‘P ’ and610

‘NP ’ denote the current cell and neighbouring cells, respectively. an+1
P consists coefficients contributed by611

the divergence term (∇ ·
(
µf

φ ∇uf
)

) and the apparent Darcy term µfk
−1
a uf , while an+1

NP only has coefficients612

from the divergence term. The superscript ‘n’ and ‘n + 1’ denote time steps. We note that the pressure613

gradient term and the gravity term are not discretized in space at this stage.614

Now we formulate the pressure equation based on the semi-discretized form of the momentum Equation615

(C.1). We divide both sizes of Equation (C.1) by aP and interpolate the equation at the cell face, and obtain616

(
un+1
P

)
face

=

(
1

an+1
P

)

face

(∑

NP

an+1
NP un+1

NP

)

face

−
(

1

an+1
P

)

face

(
∇pn+1

)
face

+

(
1

an+1
P

)

face

(
ρn+1
f g

)
face

. (C.2)

Substituting Equation (C.2) into the integral form of the mass balance Equation (16), we obtain the617

pressure equation618

An+1
1

pn+1 − pn

∆t
−
∑

face

S ·
[
An+1

2

(
∇pn+1

)
face

]
+

∑

face

S ·
[
An+1

3

(∑

NP

an+1
NP un+1

NP

)

face

]

+
∑

face

S ·
[
An+1

3

(
ρn+1
f g

)
face

]
= 0, (C.3)

where S is the area of the cell face, A1 = φ∂ρ∂p + δom

(
1− ρf

ρad

)
nmax

ad
K

(1+Kp)2
, A2 = (ρf )face

(
1
aP

)
face

+619

(
δomDsn

max
ad

K
(1+Kp)2

)
face

, A3 = (ρf )face

(
1
aP

)
face

.620

Now we need to solve the discretized momentum Equation (C.1) and pressure Equation (C.3).621

Solution procedure622

We introduce the solution procedure to solve the discrete momentum and pressure Equations (C.1) and623

(C.3) following the PIMPLE algorithm. The momentum and pressure equations are solved sequentially in624

PIMPLE, and iterations are required between the velocity and pressure solutions within one time step to625

reach convergence before moving on to the next time step. The momentum-pressure iterations are similar626
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to the SIMPLE algorithm, and are referred to as outer correction loops. Within each momentum-pressure627

correction loop, pressure can be solved multiple times followed by explicit velocity corrections after the628

implicit solution of the momentum equation. The pressure and velocity corrections within a momentum-629

pressure correction loop are referred to as inner corrections, which is similar to the PISO algorithm. Here630

we outline the solution procedure from time step n to time step n + 1, and from outer correction loop i to631

i + 1. The inner corrections are described in words.632

1. Solve momentum Equation (C.1). This step is called momentum predictor. The pressure gradient is633

computed using pressure distribution from the outer correction loop i, and the velocity is under-relaxed in634

an implicit manner as the following635

an+1,i
P un+1,i+1,∗

P +
1− αu
αu

un+1,i+1,∗
P =

∑

NP

an+1,i
NP un+1,i+1,∗

NP −∇pn+1,i + ρfg

+
1− αu
αu

an+1,i
P un+1,i

P , (C.4)

where αu is the under-relaxation factor for velocity. We denote the updated velocity with a superscript636

‘*’ because it is an approximation with the pressure field from the previous outer correction loop.637

2. Solve pressure Equation (C.3) with updated velocity un+1,i+1,∗ from step 1. Then update velocity638

in an explicit manner following Equation (C.2) using the new pressure, and solve pressure Equation (C.3)639

again. This is called inner correction. We repeat the inner correction until we reach the specified number of640

inner corrections.641

3. Under relax the pressure solution based on Equation (C.5)642

pn+1,i+1 = pn+1,i + αp
(
pn+1,i+1,∗ − pn+1,i

)
, (C.5)

where pn+1,i is the pressure from the previous outer correction loop i, pn+1,i+1,∗ is the pressure obtained643

after step 2, pn+1,i+1 is the pressure that will be used in the next momentum predictor to start the next644

outer correction loop, and αp is the under-relaxation factor for pressure.645

4. Repeat steps 1-3 for the next outer correction loop until reaching a specified number of outer correction646

loops or specified residual tolerance for velocity and pressure.647

5. Repeat steps 1-4 for the next time step until reaching the end of the simulation time.648

Appendix D. Derivations of the 1D model in section 4.3.1649

Here we present the details to derive Equation (23) from Equation (22).650

The first term of Equation (22)651

∂
(
φ̄ρf

)

∂t
= φ̄

∂ρf
∂t

= φ̄
∂ρf
∂pf

∂pf
∂t

. (D.1)
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The second term of Equation (22)652

γ̄om
∂nad

∂t

(
1− ρf

ρad

)
= γ̄omn

max
ad

K

(1 +Kpf )
2

(
1− ρf

ρad

)
∂pf
∂t

. (D.2)

The third term of Equation (22)653

∂ (ρfuf,x + γ̄omρaduad,x)

∂x
=

∂ (ρfuf,x)

∂x
+
∂ (γ̄omρaduad,x )

∂x

= −ρf
k̄a
µf

∂2pf
∂x2

− γ̄omρadDsn
max
ad

∂

∂x

[
K

(1 +Kpf )
2

∂pf
∂x

]

= −ρf
k̄a
µf

∂2pf
∂x2

−γ̄omρadDsn
max
ad

K

(1 +Kpf )
2

∂2pf
∂x2

−γ̄omρadDsn
max
ad

2K2

(1 +Kpf )
3

(
∂pf
∂x

)2

. (D.3)

Now we show that 2K2

(1+Kpf )3

(
∂pf
∂x

)2

� K
(1+Kpf )2

∂2pf
∂x2 . These two terms have the following scaling654

2K2

(1 +Kpf )
3

(
∂pf
∂x

)2

∼ 2K2

(1 +Kpf )
3

(
∆p

Lx

)2

, (D.4)

K

(1 +Kpf )
2

∂2pf
∂x2

∼ K

(1 +Kpf )
2

∆p

L2
x

. (D.5)

We take a ratio of the two terms, and obtain

[
2K2

(1+Kpf )3

(
∆p
Lx

)2
]
/
[

K
(1+Kpf )2

∆p
L2

x

]
= 2K∆p

1+Kpf
< 2K∆p =655

8 × 10−6 � 1. Therefore, 2K2

(1+Kpf )3

(
∂pf
∂x

)2

can be neglected, so the third term of Equation (22) can be656

approximated as657

∂ (ρfuf,x + γ̄omρaduad,x)

∂x
≈ −ρf

k̄a
µf

∂2pf
∂x2

− γ̄omρadDsn
max
ad

K

(1 +Kpf )
2

∂2pf
∂x2

. (D.6)

Putting together all three terms of Equation (22), we get658

(
φ̄
∂ρf
∂pf

+ γ̄omn
max
ad

K

(1 +Kpf )
2

(
1− ρf

ρad

))
∂pf
∂t

=

(
ρf
k̄a
µf

+ γ̄omρadDsn
max
ad

K

(1 +Kpf )
2

)
∂2pf
∂x2

. (D.7)

Rearranging Equation (D.7) gives the Equation (23).659
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