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Pore-scale insights into transport and mixing in

steady-state two-phase flow in porous media
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aSchool of Chemical Engineering and Analytical Science, University of Manchester,
Manchester, M13 9PL, United Kingdom

bCentre for Mathematical Modelling and Flow Analysis, Chester Street, Manchester
Metropolitan University, Manchester, M1 5GD, United Kingdom

Abstract

Hydrodynamic dispersion and mixing under two-phase flow can be found
in many natural, industrial, and engineering processes such as the modified
salinity water flooding (MSWF). In MSWF the injected water displaces the
formation brine and will interact with the crude oil and rock to improve
the oil recovery. We show throughout numerical simulations that access of
the injection water to the available pore space is not homogeneous, even in
homogeneous porous media, and it is controlled by the saturation topology
and pore-scale velocity field.

Under the steady-state two-phase flow in a homogeneous porous medium,
the velocity field has a bimodal distribution. The bimodal distribution of
pore-scale velocity dictates two different transport time scales spatially dis-
tributed over the stagnant and flowing regions at a given saturation topology.
These distinctly different transport time scales lead to a non-Fickian trans-
port, which cannot be captured using the conventional advection-dispersion
equation.

Using the volume-of-fluid method implemented in the OpenFOAM (ver.
4.0), we simulated pore-scale two-phase flow and the hydrodynamic trans-
port at different saturations. We have investigated the impact of stagnant
saturation and the tortuosity of flow pathways on the dispersion coefficient
and the mass exchange rate - as the two major parameters controlling trans-
port and mixing - under steady-state two-phase flow. At the Darcy scale,
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different theories such as the mobile-immobile (MIM) theory have been pro-
posed to capture the non-Fickian transport and mixing in two-phase flow
through porous media. Based on the simulation results, we assess the valid-
ity of the assumptions employed in MIM to define the stagnant saturation
and mass exchange rate coefficient. The results of this research provide fresh
insights into the potential impact of saturation topology on mixing between
the modified salinity water and the formation brine under steady-state flow
conditions, which has not been investigated and reported in the literature.

Keywords: Porous media, dispersion, two-phase flow, non-Fickian,
pore-scale, mixing

1. Introduction1

Hydrodynamic dispersion and mixing in two-phase flow through porous2

media are found in many natural, industrial, and engineering processes such3

as contaminant transport in the vadose zone where the infiltrated water car-4

ries the contaminants and mixes with the resident water, while air has filled5

some part of the pore space [37, 4, 23]. Another example is the modified-6

(or low-) salinity water flooding (MSWF) as one of the enhanced oil recovery7

techniques, in which injection water with a tuned chemical composition is8

injected into the reservoir filled originally with the formation brine and the9

crude oil [31, 1, 29, 42]. The performance of MSWF depends on many pore-10

scale physio-chemical factors such as crude oil chemistry, formation brine and11

injection water chemistry, temperature, and rock mineralogy, which have12

been extensively studied [33, 2, 25]. However, the larger-scale mechanical13

factors such as transport and mixing of the modified-salinity water have not14

been extensively studied.15

Under single-phase flow conditions, transport strongly depends on the16

Péclet number (ratio of the advective to the diffusive transport). However,17

under two-phase conditions, transport and mixing will change strongly with18

saturation in addition to the Péclet number [11]. While in a homogeneous19

saturated porous medium, a Fickian transport regime is expected, under two-20

phase flow conditions due to the presence of regions with distinctly different21

transport time scales, the transport becomes non-Fickian [17, 35, 21], which22

is saturation- and flow rate-dependent [26, 27].23

The void space filled by the carrier fluid (e.g. water) can be decomposed24

into the backbone, dead-end and disconnected regions[9, 11, 17, 37]. From25
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the hydrodynamic point-of-view, they are referred to as flowing (mobile),26

stagnant (immobile) and non-percolating regions, respectively[17, 27]. The27

flowing regions contribute to the hydrodynamic solute transport as well as28

the effective phase permeability, which is captured in the relative permeabil-29

ity curves. The hydrodynamically stagnant regions behave as a sink/source30

term for the transport process. They do not contribute to flow through a31

porous medium and consequently they do not contribute to the relative per-32

meability. Finally, the trapped regions contribute neither to transport nor33

to flow processes. Thus, the total water saturation (Sw) can be decomposed34

to the flowing saturation (Sfw), stagnant saturation (Ssw), and disconnected35

saturation (Sdw) such that Sw = Sfw + Ssw + Sdw. Additionally, while the36

transport in the flowing region is controlled by the advection, a mass exchange37

will occur between the flowing and stagnant regions, due to the concentration38

gradient across the interface between these two regions.39

To evaluate the transport parameters, namely dispersion coefficient, ef-40

fective pore velocity, stagnant saturation, and mass exchange rate coefficient,41

different models such as the dead-end pore (DEP)[9] and mobile-immobile42

(MIM)[17] models were proposed. Details of these proposed models can be43

found in the supplementary information section. Compared to the DEP44

model, MIM has clear advantages as it captures the non-Fickian behaviour45

using a non-equilibrium mass exchange between the flowing and stagnant46

regions [17, 35, 37]. Thus, in several studies the transport and mixing pa-47

rameters in column-scale two-phase flow experiments were determined using48

the inverse modelling of the MIM theory[12, 17, 5, 15, 13, 14, 35, 32]. Satis-49

factory results of the inverse modelling were interpreted as an indication of50

the validity of MIM, although unrealistic values (e.g. the stagnant saturation51

larger than 1) were reported [32].52

Recent direct analysis of micro-scale experiments showed that for a given53

saturation topology at different flow rates, the same stagnant saturation val-54

ues were obtained [27]. This is in contradiction with the MIM theory, in55

which different Péclet numbers would lead to different stagnant saturations,56

regardless of two-phase flow conditions. Another potential misconception in57

underlying assumptions employed in MIM is related to the non-equilibrium58

mass exchange, from inverse modeling a constant mass exchange rate coeffi-59

cient is obtained, expressed based on the following equation:60

Sswϕ
∂Csw
∂t

= γ(Cfw − Csw), (1)
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where Ssw, ϕ, Cfw, and Csw are stagnant saturation, porosity, average Darcy-61

scale concentrations of flowing and stagnant regions, respectively. In Equa-62

tion 1, the rate coefficient, γ is assumed to be a constant[17]. However, the63

first direct experimental analysis did not validate this assumption [26].64

Former experimental data [27] suggest a non-monotonic trend between65

the dispersion coefficient and total saturation, as well as the stagnant satu-66

ration versus the total saturation. Since the full computational fluid dynam-67

ics provides much more detailed information compared to the experiments68

(such as the detailed velocity field, streamlines and tortuosity), it can be69

used to evaluate the impact of the velocity field on the delineation of stag-70

nant saturation. Also, change of tortuosity as a function of saturation and its71

contribution to the transport can be investigated using the CFD simulations.72

Thus, we employed the direct numerical simulations of hydrodynamic disper-73

sion in two-phase flow through a two-dimensional porous medium using the74

volume of fluid method implemented in the OpenFOAM software (version75

4.0). Furthermore, we explored whether the water relative permeability (as76

a two-phase flow property) is related to the stagnant saturation.77

To achieve these objectives, first, we simulated different steady-state sat-78

uration states. Then, at each saturation, hydrodynamic transport at three79

different injection rates was simulated. Since the numerical grid resolution80

was much smaller than the smallest pore (15 cells in the smallest pore throat),81

it enabled us to simulate the detailed sub-pore-scale physics in contrast with82

the pore-network models where the sub-pore-scale mechanisms have been ig-83

nored. We simulated two-phase flow in a two-dimensional domain using the84

volume-of-fluid method implemented in OpenFOAM. Two-phase flow simu-85

lations were performed to establish different steady-state saturations, ranging86

from 0.34 to 1.0. At each saturation topology, we simulated the advection-87

diffusion transport at 3 different injection rates which provided three different88

macroscopic Péclet numbers of 7, 70, and 700. The Péclet number is defined89

at the pore scale as well as at the macro scale. At the pore scale, the Péclet90

number is defined as Pe = upR̄

Dm
, where up denotes the effective pore veloc-91

ity, R̄ is the mean pore radius, and Dm denotes the diffusion coefficient. At92

the macro scale the Péclet number is defined as P̃e = qL
Dm

, where q denotes93

the injection flow rate, L is the macroscopic characteristic length (averaging94

length), and Dm is the diffusion coefficient. For transport simulations, con-95

stant concentration and no diffusion boundary conditions were imposed at96

inlet and outlet, respectively.97
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We upscaled the pore-scale simulation results to calculate the relative98

permeability of the carrier fluid at each steady-state saturation. We also99

simulated the streamlines at each saturation to obtain the average tortuos-100

ity at each saturation. To obtain the dispersion coefficient (as a result of101

variable flow field), we used an analytical solution to fit the average resident102

concentration in the flowing region resulted from the pore-scale simulations.103

The fitting results were excellent with RMSE ranging from 10−7 to 10−5. All104

details covering the theoretical, and computational aspects of the methods,105

upscaling approach and curve fitting analysis are presented in the following106

subsections.107

1.1. Volume of Fluid Method108

We simulated immiscible and incompressible two-phase flow in porous109

media using VoF [40], implemented in OpenFOAM in a solver called inter-110

FOAM [43]. In the two-phase VoF method, each fluid phase is represented by111

its volume fraction, α. For example, value 1 represents water and value 0 rep-112

resents oil. In grid cells containing the intermediate values of α (0 < α < 1),113

the interface is constructed. The volume fraction α is transported using114

Equation (2):115

∂α

∂t
+∇ · (αu) +∇ · (α(1− α)ur) = 0, (2)

where u and ur are referred to as the velocity field and relative velocity116

between the two fluids (ur = u1 − u2), respectively.117

The partial time derivatives in Equation (2) were discretized using the118

Euler scheme (1st order bounded, implicit scheme). The second term in119

Equation (2) was interpolated using the van Leer flux limiter (2nd order120

accuracy and bounded) and the third term was linearly interpolated (2nd121

order accuracy) [43].122

The fluids density (ρ) and viscosity (µ) at the interface were calculated123

using the weighted averaging represented by ρ = ρ1α + (1 − α)ρ2 and µ =124

µ1α+(1−α)µ2. ρi and µi denote density and viscosity of fluid i, respectively.125

∂ρu

∂t
+∇ · (ρuu) = −∇p+

[
∇ ·
(
µ(∇u +∇uT )

)]
+ Fsa (3a)

∇ · u = 0 (3b)
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Solving the coupled Navier-Stokes (3a) and continuity equations (3b),126

pressure (p) and velocity (u) were calculated. Fsa represents the body force,127

which includes interfacial forces. The second term on the rhs of Equation (3a)128

was interpolated using the 2nd order bounded self-filtering central differencing129

scheme. The second term on the lhs was interpolated using the linear scheme.130

The pressure field was solved using the bi-conjugate gradient method with a131

relative tolerance of 10−5. The velocity field was solved using smooth solver132

with the relative tolerance of 10−10. Coupling of pressure and velocity was133

done using the merged PISO-SIMPLE (PIMPLE) algorithm [40].134

The body force, Fsa, in Equation (3a) is defined as135

Fsa = ρg · nz +

∫
Γ

σκδ

(
x− xs

)
n̂dΓ

(
xs

)
, (4)

where Γ is the liquid-liquid interface, and δ(x−xs) is the Dirac delta function,136

κ is the curvature of interface, and σ is the interfacial tension between the137

two fluids. Curvature of the interface is κ = −∇·
(
∇α
|∇α|

)
and the unit vector138

n̂ is defined as n̂ = ∇α
|∇α| .139

The contact angle is defined at the solid boundaries, and is used to deter-140

mine the volume fraction gradient such that the contact angle satisfies the141

following equation:142

n̂ · n̂s = cos θ, (5)

where n̂ and n̂s are vectors normal to the interface and solid wall, respectively.143

The time step (δt) in simulations was determined such that Courant num-144

ber, defined as Co = δtU
δx

< 0.5. U denotes the magnitude of velocity, δx is145

the cell size. The time steps were around 10−6 s.146

1.2. Advection-Diffusion Transport147

Advection-diffusion of a tracer (passive scalar) within the carrier fluid was148

simulated using Equation (6), where C is the concentration of the tracer and149

Dm is the molecular diffusion coefficient, which is typically 10−9m2/s [10].150

∂C

∂t
+ u · ∇C −∇ · (Dm∇C) = 0 (6)

The steady-state velocity field at each saturation was used to simulate151

transient advection-diffusion in the domain using scalarTransportFoam solver.152
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Simulated concentration field at each time scale was averaged to obtained the153

Darcy-scale resident concentration curves. The resulted concentration-time154

curves were used to estimate the hydrodynamic dispersion and mass exchange155

rate of the domain.156

The advective term was interpolated using upwind (1st order, explicit)157

method and the diffusive term was discretized using Gaussian linear corrected158

scheme (2nd order). The time derivative (for concentration) was discretized159

using the Euler (1st order) scheme. The transport matrix was solved using160

smoothSolver due to the sharp gradient of concentration between stagnant161

and flowing saturation with the relative tolerance of 10−16.162

1.3. Numerical domain, boundary, and initial conditions163

The numerical domain had a square 2D geometry. The domain has been164

shown in Figure S1 in the Supporting Information. Since at each direc-165

tion there were more than 30 pores and the grains were homogeneously166

distributed, the domain is definitely larger than Representative Elementary167

Area (REA) [24]. Top and bottom boundaries shared no-flow conditions.168

The right boundary was at constant pressure with zero gradient of solute169

concentration normal to the boundary. The left boundary was at constant170

inlet injection velocity and constant dimensionless solute concentration. Ini-171

tially, the domain was fully saturated with the wetting phase (α = 0) with172

a contact angle of 140 degrees (measured through the non-wetting phase).173

The non-wetting phase (i.e. water in an oil-wet medium) was injected at a174

constant rate.175

The domain was meshed using the OpenFOAM utility snappyHexMesh.176

This tool allowed the refinement of grain edges to ensure a high-quality mesh177

in narrower pore throats. We performed the grid convergence analysis in a178

sub-section of the original domain (Figure S2 in the Supporting Information).179

Based on the grid convergence analysis, we chose a mesh with 3.6 million cells,180

which allows at least 15 cells in the narrowest pore throat. Different steady-181

state two-phase saturation topologies were established (ranged between 0.34-182

1) to be used for transport simulations.183

1.4. Material properties184

The density and viscosity of 998 (kgm−3) and 10−3 (kgm−1s−1), respec-185

tively, were assigned to the advancing fluid, which carried the solute. The186

receding fluid had the density and viscosity of 844 (kgm−3) and 1.910×10−2
187

(kgm−1s−1), respectively. The interfacial tension, σ, was 0.07 (kgs−2) and188
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the solid surface had affinity to the receding phase with a contact angle of189

140 degrees, measured through the advancing phase. The diffusion coefficient190

(Dm) of 10−9 (m2s−1) was assumed [10]. The concentration reported in the191

study is dimensionless, therefore the maximum value is 1 and minimum is 0.192

1.5. Upscaling the simulation results193

The MIM theory is a Darcy-scale model, while the numerical results are194

defined in grid cells much smaller than a pore. To evaluate the parameters at195

the Darcy scale, it is essential to upscale (average) the sub-pore-scale entities.196

We averaged the grid-based results to estimate the transport parameters at197

the Representative Elementary Area (REA) scale, which represents the Darcy198

scale.199

1.5.1. Dispersion coefficient of the flowing network200

Combined effects of heterogeneous velocity distribution and tortuosity201

lead to the hydrodynamic dispersion. It is known that the hydrodynamic202

dispersion is strongly flow-rate dependent [38]. To obtain the hydrodynamic203

dispersion either the method of moments [6] or fitting the data to the an-204

alytical solutions [3] can be used. For the Dirichlet boundary condition of205

our simulations, the one-dimensional analytical solution developed by Ogata206

and Banks was used [34]. This equation is originally developed for the single-207

phase flow in semi-infinite domain. There is a complicated analytical solution208

for finite domain as discussed in the literature [16]. However, breakthrough209

analysis shown in the literature illustrate that the results of the complicated210

analytical solution for a finite domain will be identical to the results of the211

Ogata-Bank equation for Péclet numbers larger than 5 [16]. Therefore, given212

the simplicity and better convergence of the Ogata-Banks equation for curve213

fitting and since the macroscopic Péclet number is much larger than 5 in our214

simulations, we performed the curve fitting using the Ogata-Banks equation.215

Under two-phase flow, this equation can only be used to estimate the dis-216

persion coefficient of the flowing network, as the flowing network in a fixed217

saturation topology obeys the Fickian transport [17, 11, 26]. Note that due218

to the injection of the solute from the whole cross section and no-flow side219

boundaries, the lateral dispersion was negligible.220
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(7a)

〈Cf (t)〉 =
1

L

∫
Cf (x, t)dx221

= 0.5
1

L

[((
2
√
Dt√
π

(e−Λ2
2 − e−Λ2

1)

)
+ (tū) erfc[−Λ2]222

+ (L− tū) erfc[Λ1]

)
+

(
D

ū

(
erf[Λ2] + erf[Λ1]− erfc[Λ2]223

+ e
Lū
D erfc[Λ3]

))]
, x224

∈ ΩSf
225

(7b)Λ1 =
L− tū
2
√
Dt

;226

(7c)Λ2 =
tū

2
√
Dt

;227

(7d)Λ3 =
L+ tū

2
√
Dt

228

This analytical equation captures the Fickian spatio-temporal evolution229

of the resident concentration and in order to avoid the uncertainty of the230

fitting results in early times, we used the analytical solution integrated over231

the domain (L). Since the resulted equation can only capture the Fickian232

transport, it is only applicable to the transport in flowing regions. Thus,233

the average resident concentration in the flowing regions, 〈Cf (t)〉, was cal-234

culated from the simulation results using the cell area-weighted averaging.235

〈Cf (t)〉 = Σ(Ci(t)Ai)/ΣAi, Ai ∈ Ωf . Ci is the concentration in cell i with the236

surface area of Ai. Ωf represents the domain of flowing regions. By fitting237

the 〈Cf (t)〉 using Equation (7), effective pore velocity, ū, and dispersion238

coefficient, D, were obtained.239

In all cases, the curve fitting results were excellent with RMSE ranging240

from 10−7-10−5. Two examples of the curve fitting at two different satura-241

tions at the Pećlet number of 700 are shown in Figure S3 of the Supporting242

Information.243

1.5.2. Relative permeability of the carrier fluid244

Since the stagnant regions do not contribute to flow, the relative perme-245

ability curves capture the net contribution of the flowing regions. Hence,246
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relative permeability curves potentially carry important information about247

the stagnant saturations.248

The relative permeability, kr, is defined as the ratio of the effective per-
meability at a given saturation keff (S) to that of a fully-saturated network,
as shown in Equation (8). The effective permeability was calculated using
Darcy’s law, as follows

kr(S) =
keff (S)

k∗eff
=

Q(S)A∗(Pin − Pout)
Q∗A(S)(P ∗in − P ∗out),

(8)

where * denotes the values calculated/used under the fully-saturated con-249

ditions and A refers to the cross-sectional area at the inlet filled with the250

invading fluid. Inlet and outlet pressures are denoted by Pin and Pout, re-251

spectively. Total flow rate is illustrated by Q. Note that since the relative252

permeability was calculated under steady-state conditions, no dynamic effect253

was included.254

1.5.3. Tortuosity255

Tortuosity is a measure of the sinuosity of flowing network pathways. To256

calculate the tortuosity at steady-state saturations, the steady-state velocity257

field within the carrier (invading) fluid was used to construct the streamlines258

(following the streamline equation dx
ux

= dy
uy

in a 2D velocity field u = (ux, uy)).259

The total number of streamlines (N= 5000) was fixed for the fully saturated260

case. Based on the value of N for the fully saturated case, the density of261

streamlines was calculated. Then using the same density, number of stream-262

lines was scaled for each saturation case. The tortuosity at each saturation263

was calculated as the average length of all streamlines divided by the do-264

main length. Sensitivity analysis was performed by increasing the density of265

streamlines in the inlet, which did not show any impact on the results.266

2. Results and discussion267

Figure 1 visualises simulation results at 4 different saturations. This figure268

matrix shows the Péclet number fields, stagnant and flowing regions, stagnant269

and total saturation, streamlines and tortuosity, and transient concentration270

fields at 4 different saturation topologies. Rows 1 and 2 show the amount271

of total and stagnant saturation, respectively. The method to estimate the272

stagnant saturation will be explained later in detail. Row 3 shows the spa-273

tial distribution of the pore-scale Péclet number. It is clearly visible that the274
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Figure 1: Simulation results for 4 different saturation topologies. Row 1: values of the
total water saturation (Sw). Row 2: stagnant water saturation (Ssw). Row 3: topology
of the two fluid phases (black: receding fluid) and the local Péclet number distribution
in water phase shown by the logarithmic-scale colour coding. Row 4: concentration fields
at the total resident concentration of 0.5 and the macro-scale Péclet number of 700. Row
5: the concentration profile at the moment of the full development of the concentration
field in the flowing network at the Péclet number of 700. Stagnant and flowing regions
are shown in red and blue, respectively. Row 6: streamlines within the water phase. The
values under the visualisation of streamlines show the corresponding average tortuosity
values.
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pore-scale Péclet number (and the velocity field) spatially varies by orders275

of magnitude in steady-state two-phase flow. Row 4 shows the snapshots of276

concentration field when the total resident concentration is 0.5. The figures277

qualitatively show that under two-phase flow conditions the spatial distri-278

bution of concentration is more heterogeneous compared to the single-phase279

flow condition. The stagnant and flowing regions are shown in the 5th row.280

The dead-end pores, which do not contribute to the flow and have null con-281

centration, are diffusion-controlled and are shown in red and the flowing re-282

gions are shown in blue. Finally, the row 6 shows the streamlines at different283

saturations and the average tortuosity has been shown for each saturation.284

2.1. Stagnant saturation as a hydrodynamic entity285

In previous macroscopic experimental studies [32, 35, 19, 5], the stagnant286

saturation was estimated by fitting the resident or breakthrough concentra-287

tion time series to the MIM model. Note that in the MIM model if the288

flow rate is very small, the concentration profile does not show significant289

non-Fickian behaviour. Thus, the MIM fitting results will indicate a very290

small or zero stagnant saturation. However, by increasing the flow rate at291

the same steady-state saturation topology, the difference between the trans-292

port time scales in the flowing and stagnant regions will increase. This can293

be interpreted as a flaw, since as long as the saturation topology does not294

change, the stagnant saturation should not change. This has been verified295

in a recent experiment[27]. That is potentially the cause of the significant296

data scattering in the relation between the stagnant saturation and the total297

saturation (see Fig.5 in the reference [26]). Additionally, it has been proven298

experimentally that for a given saturation, different saturation topologies are299

possible [18], which can lead to different stagnant saturation values.300

To estimate the stagnant saturation at a given saturation topology, we301

have simulated the velocity field under the steady-state two-phase flow. The302

probability distributions of the pore-scale Péclet numbers (for the macro303

scale Péclet number of 700) at 6 different saturation topologies are shown in304

Figure 2a and the corresponding cumulative probability distributions have305

been shown in Figure 2b. These distributions are fundamentally different306

as they show a single-mode distribution under single-phase flow (Figure 2a-307

b) and bimodal distributions in the steady-state two-phase flow (two peaks308

in Figure 2a. The second mode with very small Péclet numbers represents309

the hydrodynamically stagnant regions (the lhs peak on Figure 2a). Tak-310

ing the saturation of 0.34 as an example, there are two large peaks, which311
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clearly show dual transport time scales. The bimodal velocity field indicates312

that some parts of the pore space filled with water (belonging to the flowing313

domain Ωfw) are highly advective and some other parts belonging to the314

stagnant regions (Ωsw) are diffusion-controlled, which leads to an upscaled315

non-Fickian transport process. Single-phase transport experimental and com-316

putational data show that the Péclet number of 0.01 to 0.1 is the threshold317

above which the advective transport starts to be pronounced [3]. Thus, we318

chose 0.1 as the threshold to differentiate the flowing and stagnant regions.319

Note that under the steady-state two-phase flow, the difference between320

transport time scales in these two regions increases with the increase of flow321

rate; as the stagnant regions are always diffusion controlled and the transport322

time scale in the flowing regions becomes smaller with the increase of flow323

rate.324

The relation between the stagnant saturation and total saturation for325

three different injection rates is shown in Figure 3a. These results are in qual-326

itative agreement with former studies, which showed the stagnant saturation327

increased with the decrease of the carrier fluid’s saturation [21, 15, 13, 19].328

However, unlike the experimental data by [26, 27] which showed a non-329

monotonic trend, no non-monotonic trend is observed in the numerical sim-330

ulations. This can be due to the fact that in the micromodel experiments331

[26, 27], the smallest percolating water saturation was 0.2. However, in our332

simulations, the smallest percolating saturation is about 0.34. This signif-333

icant difference between the smallest possible percolating saturations may334

have potentially led to the difference in trends.335

Since the stagnant saturation does not contribute to flow, its signature336

should be visible in two-phase flow relative permeability curves. To exam-337

ine the correlation between the stagnant saturation and relative permeability,338

the steady-state water relative permeability-saturation curve has been shown339

in Figure 3b. Also, an additional case with the saturation of 0.54 was simu-340

lated. Although saturations 0.53 and 0.54 are very similar, their saturation341

topologies are different. Hence, the relative permeabilities of saturations 0.53342

and 0.54 are significantly different, as shown in red and orange circles in Fig-343

ure 3b, respectively. Also, their stagnant saturations and the streamlines are344

significantly different (Figure 3c-f). The water relative permeability of the345

saturation 0.54 is smaller than the water saturation of the case 0.53. Accord-346

ingly the stagnant saturation is larger for the case of saturation 0.54 (0.102347

versus 0.078, Figure 3a). The topology and streamlines of both cases are348

shown in Figures 3c-f. As shown in those Figures, the saturation topology is349
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very important and this indicates the reason for non-unique relation between350

the stagnant saturation and total saturation which has been shown in the351

literature[26].352

Our results suggest that the two-phase transport modelling can be in-353

tegrated with the two-phase flow modelling by establishment of a relation354

between the stagnant saturation and the water relative permeability. This is355

an important concept in the modelling as currently the two-phase flow sim-356

ulations and the solute transport simulations do not communicate with each357

other through a physically-consistent concept; models such as MIM do not358

capture any parts of two-phase flow in their formulations. Further research is359

required to develop full understanding of the correlation between the relative360

permeability and stagnant saturation and direct estimation of the stagnant361

saturation from the two-phase flow data.362

16



2.2. Evolution of the longitudinal dispersion coefficient in the flowing network363
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Figure 4: a) Dispersion coefficient (D) of the flowing network plotted against saturation
for the macro scale Péclet numbers of 700, 70 and 7. b) Dispersion coefficient (D) for
flowing network plotted against the pore velocity (ū) at different saturations. The yellow
circles in figures a and b indicate the case of saturation of 0.54.
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By decomposing the water saturation to the flowing and stagnant regions,364

the transport in the flowing regions follows the Fickian transport. Thus,365

the dispersion coefficient and pore velocity can be obtained by the conven-366

tional curve fitting to the advection-dispersion equation, as discussed in the367

Supplementary Information. Figure 4a shows that under fixed flow bound-368

ary conditions, two-phase dispersion coefficient can be orders of magnitude369

larger than the dispersion coefficient in a fully-saturated system. Although370

all former studies indicate that the dispersion coefficient under two-phase371

flow conditions is larger than that under single-phase flow conditions, there372

is no clear agreement in the literature on factors controlling the dispersion373

coefficient. Some former studies reported that dispersion coefficient decreases374

as stagnant saturation increases [15, 22], while some other studies speculated375

that dispersion coefficient increases under two-phase conditions due to the376

presence of stagnant regions [14, 30, 20]. There are studies which suggest377

a non-monotonic relationship between the dispersion coefficient and satura-378

tion [41, 26, 27] and conjectured that the non-monotonicity in the stagnant379

saturation caused the non-monotonicity in the dispersion coefficient. This380

can also be seen in Figure1, row 4, where the concentration fields at different381

saturations are shown under the transient condition. The longitudinal disper-382

sion varies significantly between saturation 1 and 0.34. Stagnant saturation383

is monotonically increasing with decrease of the carrier fluid’s saturation.384

However, there is a slight non-monotonicity in the dispersion coefficient-385

saturation relation (Figure 4a).386

Increase of the dispersion coefficient of the flowing region under two-phase387

conditions compared to the single-phase case is due to increase of the tor-388

tuosity as well as the increase in the stagnant saturation. Tortuosity of the389

water-filled area will change significantly as a function of saturation topology390

as shown in Figure 5 and Figure 1, row 6. In contrast to the stagnant satu-391

ration, which is monotonically changing with saturation in our simulations,392

the tortuosity is a non-monotonic function of saturation and it may explain393

the slight non-monotonicity in the dispersion coefficient-saturation relation.394

With decrease of the flowing saturation, not only the tortuosity increased395

(Figure 5) but also the available flowing path (i.e. relative permeability)396

decreases, which leads to a large dispersion coefficient of the flowing region.397

This is in agreement with the work of Sahimi et al. [37]. The flowing path-398

ways are shown with snapshot of streamlines of water saturation in Figure399

1, row 6. The decrease of flowing pathways can clearly be seen in Figure 1,400

row 6 between water saturation 0.42 and 0.34. If only the number of flowing401
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Figure 5: Variation of the average tortuosity with total saturation. The solid circle shows
the tortuosity for the case of saturation of 0.54, respectively.

pathways affects dispersion coefficient, we would expect an increase of the402

dispersion coefficient between water saturation of 0.42 and 0.32. However we403

observe a decrease in dispersion coefficient. This is because even though the404

number of pathways are decreasing, the tortuosity of water pathways are405

also decreasing, which results in a small decrease in dispersion coefficient in406

Figure 4a. Note that there is not necessarily a relation between the relative407

permeability and tortuosity. As shown in Figure 5, for the saturation range408

of 0.7 to 1, the tortuosity is almost constant while the relative permeability409

(Figure 3) drops significantly in the same range of saturation. That indicates410

that some of the main flow paths have been completely lost by the decrease411

of saturation from 1 to 0.7, while their loss does not impact the tortuosity of412

the remaining flow paths. The trend of tortuosity is our simulation results413

is fundamentally different from the tortuosity-saturation relation proposed414

by Burdine [8]. Burdine proposed a linear relation between tortuosity and415

saturation following the same trend as relative permeability, which does not416

seem to be correct.417

The dispersion coefficient has always been reported to have a linear rela-418

tion with the pore velocity, regardless of saturation in literature [26, 32, 12,419

15, 22, 30, 20, 38, 28, 44, 39, 36, 7]. As shown in Figure 4b, we have got similar420

trends between the hydrodynamic dispersion and the effective pore velocity421

at each given saturation. However, the relation is saturation-dependent and422
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non-universal.423

2.3. Mass exchange rate coefficient424

As discussed earlier, during the transport process, the injected fluid mixes425

with the resident fluid. This mixing in two-phase flow is a function of satura-426

tion as the stagnant saturation varies significantly with the total saturation.427

The mass exchange rate coefficient (γ) as defined in Equation (1) is an im-428

portant parameter that controls the mixing between the stagnant and flowing429

regions [17].430

Using the detailed numerical results, we evaluated the functionality of431

γ at different saturations. Knowing the temporal evolution of the resident432

concentration in the flowing and stagnant regions and the amount of the433

stagnant saturation, we calculated the mass exchange rate coefficient γ ver-434

sus time using Equation 1. The results are shown in the inset Figure 6c435

for four different saturations. Figures 6 a and b show the total residence436

concentration (C) (blue dashed curve), average resident concentration in the437

stagnant regions, Csw (yellow dashed curve) and flowing regions, Cfw (red438

dashed curve). The concentrations have been plotted against the dimension-439

less time (defined as total fluid volume injected by a given time divided by440

total volume of the carrier fluid in the domain, t̄ = Qwt
VpSw

) in a logarithmic441

scale. The plots show that the concentration in the flowing regions reach442

the inlet concentration in a short time (in the order of 2 pore volumes) and443

follows a Fickian regime. However, the concentration in stagnant regions444

(yellow dashed curves in Figures 6a and b) build up very slowly that leads445

to a long tailing (non-Fickian behaviour) in the total concentration profile446

(dashed blue curve in figure 6a-b). This slow development of concentration447

in stagnant regions, which is controlled by diffusion, is due to the exchange448

between the flowing and stagnant region interface. Exchange rate coefficients449

(γ) calculated for four different saturations, are shown in 6c for the Péclet450

number 700.451

Our results clearly shows that γ versus time is not constant, opposed to452

the assumption of MIM. γ exhibits two stages with time. Stage 1, before the453

full development of the concentration field in the flowing network: γ increases454

as the mixing line between the flowing and stagnant regions is increasing.455

Stage 2, after the full development of the concentration field in the flowing456

saturation, γ decreases gradually due to the depleting concentration gradient457

across the interface between the flowing and stagnant regions. Consequently,458
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Figure 6: a, b) Temporal evolution of total (blue dashed curve), flowing (red dashed curve)
and stagnant (yellow dashed curve) concentrations at the macro-scale Péclet number of
700 at saturations of 0.34 and 0.58, respectively. c) Resident concentration in the stagnant
regions against the total concentration at four different saturations for the macro-scale
Péclet number of 700. The inset plot shows the mass exchange rate coefficient against
the dimensionless time at four different saturations and the macro-scale Péclet number of
700. The dimensionless time was defined as total fluid volume injected by a given time
divided by total volume of the carrier fluid in the domain. The mass exchange rate has
been calculated using Equation 1.
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the ever-decreasing γ prolongs the mixing that indicates the overestimation459

of mass exchange rate in the MIM model.460

The variable rate coefficient was also reported in the experimental results461

[26], although the experiments did not capture the long-term behaviour of462

the mass exchange due to the short duration of the experiments. Our results463

support the experimental study and clearly shows that exchange rate varies464

with time and saturation.465

Our results imply that the existing mass exchange models do not capture466

the long term behaviour of mixing in two-phase flow. This understanding467

has direct implications for modified salinity water flooding (MSWF) tech-468

nique. While the injected water can replace the formation brine resident in469

the flowing regions at a short time scale, the stagnant regions will remain470

filled by the formation brine for a much longer time. The high salinity water471

in the stagnant regions will be gradually diluted with the injected modified472

salinity water, which is controlled by the mass exchange rate. As our results473

show, the mass exchange rate coefficient decreases with time, which can pos-474

sibly deplete the MSWF performance at much longer time scales. Moreover,475

since the amount of stagnant saturation varies with total saturation, it is476

speculated that the performance of wettability alteration would significantly477

change at different saturations.478

3. Conclusions479

Understanding and modelling of hydrodynamic transport and mixing in480

two-phase flow through porous media are important for many natural, indus-481

trial and engineering applications, such as modified salinity water flooding482

for enhanced oil recovery. Our results and former studies in the literature483

show that under steady-state two-phase conditions (even in homogeneous484

porous media), the void space filled by the carrier fluid (e.g. water) will485

have two hydrodynamically different regions; stagnant regions and flowing486

regions. These two regions have two different transport time scales that487

can lead to a non-Fickian transport regime. The stagnant regions are dif-488

fusion controlled, while the flowing regions are advection-controlled. Thus,489

increase of the injection rate will make the transport in the flowing regions490

faster. Consequently, the non-Fickian behaviour becomes more pronounced491

with the increase of injection rate.492

Moreover, the stagnant saturation varies with total saturation, which493

means the non-Fickian behaviour strongly depends on saturation.494
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The existing models for transport under two-phase flow conditions such495

as the Mobile-Immobile (MIM) model do not incorporate any two-phase flow496

property in their formulations and make some assumptions and their validity497

has not been addressed in the literature. Our results show that stagnant498

saturation is inversely proportional to the relative permeability. This implies499

that a relation should be established to estimate the stagnant saturation from500

the relative permeability, which allows coupling two-phase flow and transport501

in a physically-consistent way. This is absolutely absent in the MIM or other502

transport models.503

Moreover, our results challenge the assumptions related to the stagnant504

saturation and mass exchange rate coefficient incorporated in MIM. MIM for-505

mulations allow having different stagnant saturations for a given saturation506

topology at two different Pećlet numbers, which contradicts the hydrody-507

namic definition of the stagnant saturation. Experimental data[27] and our508

numerical simulations indicate that as long as the saturation topology does509

not change, the stagnant saturation should not change.510

Additionally, MIM assumes a linear non-equilibrium mass exchange be-511

tween the flowing and stagnant regions with a constant mass exchange rate512

coefficient. Our results did not support the MIM’s assumptions as the rate513

coefficients were variable with time. Two stages were identified in rate co-514

efficients. In the early times, the rate coefficient increased with time until515

the concentration field in the flowing network was fully developed. Then, it516

gradually decreased with time. The results showed that the mass exchange517

rate coefficient in stage 1 was highly dependent on the stagnant saturation’s518

geometrical and topological distribution. But, after full development of the519

concentration fields in the flowing regions, the trend mass transfer rate coef-520

ficients at different saturations were not very different.521

While our results provide fresh insights into the potential mixing and522

transport processes which are applicable to the modified salinity water flood-523

ing, we have not yet incorporated the wettability alteration or other induced524

mechanisms in our model. Transport and mixing under dynamic two-phase525

flow are integral aspects of modified salinity water flooding, which will be526

investigated in future publications.527
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Simulation details

The numerical domain is shown in Figure S1. The mean grain size is 50µm
and the porosity is 52%. The circle packing was generated such that no dead-end
pore to be created. the top and bottom boundaries are no-flow boundaries and
the inlet and outlet are situated in the left and right, respectively. The porosity
analysis has been done to determine the REA size. The selected domain size is
roughly 2 REA at each direction (4REAs in total). Only steady-state primary
drainage simulations were performed to create the saturation topology.

We performed the grid convergence analysis in a sub-section of the original
domain. The grid convergence was done based on the mass balance analysis in
a two-phase flow. For different grid resolutions we simulated two-phase flow at
the same injection rate on the same domain using the same numerical schemes.
We quantified the change of saturation from the simulation results before the
breakthrough, referred to as Ei. Also, since the boundary condition was fixed
flow rate, we easily calculated the change of saturation before breakthrough
based on the injection rate, referred to as E. The relative error (%) at each

Direction of Flow
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C· n = 0

= 1

u = u0
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Figure S1: 2D demonstration of the numerical domain, α and C are initially set to zero in
internal domain.
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Figure S2: Grid convergence analysis based on the mass balance in a two-phase flow before
breakthrough.

simulation case was calculated as ABS(E −Ei)/E × 100. Results are shown in
Figure S2.

Based on the grid convergence analysis shown in Figure S2, the error mini-
mized after 300,000 grid size. Therefore, we selected this mesh size to perform
all our simulations. Maintaining the same grid resolution for the whole domain
(δx/L ≈ 0.0003), our final mesh contained 3.6 million cells. This resolution
provided at least 15 cells in the narrowest pore throat which ensured the sharp
changes in volume fraction were captured accurately.

Curve fitting to estimate the dispersion coefficient D and effective pore velocity
v

We established steady-state two-phase saturations, ranging between 0.34−1
to be used for transport simulations. We then calculated the resident concen-
tration in the flowing regions and produced the time series of concentration
profiles at different Péclet numbers and saturations, which followed the Fickian
transport.

To obtain the dispersion coefficient and the effective pore velocity, the resi-
dent concentration profiles in the flowing regions were fitted using Equation 7.
The curve fitting results were excellent with RMSE ranging from 10−7-10−5.
Two examples of the curve fitting at two different saturation at Pećlet number
of 700 are shown in Figure S3.
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Figure S3: Curve fitting of the resident concentration in the flowing region at saturations of
0.34 and 0.76 at Pećlet number of 700.

Dead-End Pore (DEP) and Mobile-Immobile (MIM) models

The dead-end pore (DEP) [1] and the mobile-immobile model (MIM) [2] are
the two notable Darcy-scale models to estimate transport parameters as well as
stagnant saturation in two-phase flow. The differences between the two models
are highlighted below.

The DEP model uses the following equations to simulate transport in two-
phase flow.

Sfw
∂C

∂t
+ Ssw

∂Csw

∂t
= D

∂2C

∂x2
− v

∂C

∂x
(S1)

Ssw
∂C

∂t
= γdep(C − Csw) (S2)

In Equation S1, Sfw is saturation of the flowing water, C is the total con-
centration in water, t is time, Ssw is saturation of the stagnant water, Csw is
the concentration in the stagnant water, D is the longitudinal dispersion coef-
ficient, v is the effective pore velocity and x is the direction parallel to flow.
To account for mixing, γdep (exchange rate coefficient) was introduced. Ssw, v,
D and γdep were estimated using curve fitting to match the experimental data.
Note that the exchange rate is introduced between the total concentration and
the stagnant concentration.

In the MIM model, the authors improved equations of the DEP model by
decoupling the water domain to the immobile (stagnant) and mobile (flowing)
regions. They clearly distinguished the concentration in the flowing (Cfw) and
stagnant regions (Csw). The equations for MIM are given as follows:

Sfw
∂Cfw

∂t
+ Ssw

∂Csw

∂t
= SfwD

∂2Cfw

∂x2
− vSfw

∂Cfw

∂x
(S3)

Sswϕ
∂Csw

∂t
= γ(Cfw − Csw) (S4)
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In literature, either the resident or breakthrough concentration profiles were
fitted using the MIM model to estimate Ssw, γ, v, and D and none of these
parameters were directly estimated for laboratorial experiments.

-There are two main drawbacks in the DEP and MIM models, which are
explained here. If the flow rate is at the same scale of diffusion in experimental
data (i.e. Pe is small), the curve fitting will result a small dispersion coefficient
and smaller stagnant saturation. This implies that for the same saturation topol-
ogy, Pe is controlling the stagnant saturation and not the saturation topology.
We interpret this as a main flaw in the MIM model, as the stagnant saturation
should not change as long as the saturation topology does not change. Also, the
MIM model does not have any link with the two-phase flow properties and it
does not explain how the transport properties are changing as a consequence of
two-phase flow properties. Our results clearly highlight the first drawback that
the stagnant saturation is a function of saturation topology and as long as the
saturation does not change the stagnant saturation should not change with Pe

number. Regarding the second drawback, we have shown that there is a corre-
lation between the relative permeability curves and the stagnant saturation.

References

[1] Coats, K.H., Smith, B.D., 1964. Dead-end pore volume and dispersion in
porous media. SPE Journal 4, 78–84. doi:10.2118/647-PA.

[2] van Genuchten, M., Wierenga, P., 1976. Mass transfer studies in sorbing
porous media. i. analytical solutions. Soil Science Society of America Journal
, 473–480.

1

http://dx.doi.org/10.2118/647-PA

