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Classifying blocks with abelian defect groups of rank 3 for the

prime 2 ∗

Charles Eaton†and Michael Livesey‡

3rd July 2018

Abstract

In this paper we classify all blocks with defect group C2n×C2×C2 up to Morita equivalence.
Together with a recent paper of Wu, Zhang and Zhou, this completes the classification of Morita
equivalence classes of 2-blocks with abelian defect groups of rank at most 3. The classification
holds for blocks over a suitable discrete valuation ring as well as for those over an algebraically
closed field. The case considered in this paper is significant because it involves comparison
of Morita equivalence classes between a group and a normal subgroup of index 2, so requires
novel reduction techniques which we hope will be of wider interest. We note that this also
completes the classification of blocks with abelian defect groups of order dividing 16 up to
Morita equivalence. A consequence is that Broue’s abelian defect group conjecture holds for
all blocks mentioned above.

1 Introduction

Let p be a prime and (K,O, k) a p-modular system with k algebraically closed. Let P be a finite
p-group. Donovan’s conjecture states that there are only finitely many Morita equivalence classes
amongst blocks of kG for finite groups G with defect groups isomorphic to P , and it is natural to
strengthen this conjecture to blocks with respect to O. Advances in our understanding of blocks of
finite groups of Lie type in non-defining characteristic open the possibility of using the classification
of finite simple groups to tackle this conjecture and further to classify Morita equivalence classes of
blocks. For p = 2 this process has been started in [10], where Donovan’s conjecture (with respect to
k) has been proved for all elementary abelian 2-groups. For elementary abelian 2-groups of order
at most 16 the Morita equivalence classes have further been classified, with respect to O (see [9]).
Abelian p-groups with a cyclic factor of order strictly greater than p present a significant problem to
the extension of these results. This is because the case of a group generated by a normal subgroup
and a defect group is especially difficult to study with respect to Morita equivalence, and required
the application of [16] which applies only to split extensions by a factor of the defect group, and
further only to blocks defined over k. In [11] a partial generalization of [16] was given (generalized
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further in Proposition 2.4 below) which was sufficient to work with the Loewy length of blocks with
arbitrary abelian defect groups. In this paper we combine this result with the existence of a certain
perfect isometry from [30] to prove Donovan’s conjecture for blocks (defined over O) with defect
groups C2n × C2 × C2 for n > 1 and further show that for each n there are precisely three Morita
equivalence classes of such blocks. This completes the classification of Morita equivalence classes of
blocks with abelian defect groups of order dividing 16 (see [20], [8] and [9] for the elementary abelian
2-groups and [10] for C4 × C4, noting that in all other cases Aut(D) is a 2-group and so all blocks
with that defect group are nilpotent). In [31] it is shown that for m,n ∈ N with n ≥ 2, if a block
has defect group D ∼= C2n ×C2n ×C2m , then it is Morita equivalent to its Brauer correspondent in
NG(P ) and so to one of OD, O(DoC3), O(DoC7) or O(Do (C7 oC3)). Hence the classification
of Morita equivalence classes of 2-blocks with abelian defect groups of rank at most 3 is complete.

We refer the reader to [9] for a survey of progress on the problem of classifying Morita equivalence
classes of blocks with a given defect group.

Recall the definition of the inertial quotient of a block B of OG with defect group D, where G is
a finite group. Let bD be a block of CG(D) with Brauer correspondent (bD)G = B. The stabilizer
of bD in NG(D) under conjugation is written NG(D, bD). Then E := NG(D, bD)/DCG(D) is a
p′-group, and is called the inertial quotient of B (unique up to isomorphism). |E| is called the
inertial index. (D, bD) is called a maximal B-subpair.

Lemma 1.1. Let G be a finite group and B be a block of OG with defect group D ∼= C2n ×C2×C2

for n > 1. There are two possible fusion systems for B, given by D and C2n × A4. In particular
the possible inertial quotients for B are 1 and C3.

Proof. We refer the reader to [4] for background on fusion systems. Since D is abelian, the fusion
systems on D are given by groups D o E, where E is an odd-order subgroup of Aut(D). Now
|Aut(D)| = 2n+4 · 3, so the possibilities are E = 1 or C3.

The main result is as follows (see Theorem 3.2):

Theorem. Let G be a finite group and B a block of OG with defect group D ∼= C2n ×C2 ×C2 for
n > 1. Then B is Morita equivalent to the principal block of O(C2n × C2 × C2), O(C2n × A4) or
O(C2n ×A5).

Combining with the results of [8], [10] and [31] we conclude:

Corollary. Let G be a finite group and B a block of OG with defect group D of 2-rank at most 3.
Then B is Morita equivalent to the principal block of one of:

(i) OD;
(ii) O(D o C3);
(iii) O(C2n ×A5) for n ≥ 0;
(iv) O(D o C7);
(v) OSL2(8);
(vi) O(D o (C7 o C3));
(vii) OJ1;
(viii) OAut(SL2(8)).

Observe that this means that every block with this defect group is Morita equivalent to a
principal block, and so in particular the Morita Frobenius number as defined in [13] is one. Note
that if B in the above Theorem is not nilpotent, then the number l(B) of irreducible Brauer
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characters of B is 3 and the number of irreducible characters k(B) = 2n+2 (by Proposition 2.13,
which does not use the classification of finite simple groups).

Another consequence of Theorem 3.2 is the following (see Corollary 3.3):

Corollary. Let G be a finite group and B a block of OG with defect group D ∼= C2n ×C2 ×C2 for
n > 1. Let b be the unique block of NG(D) with bG = B. Then B and b are derived equivalent.

Gathering together previous results, this completes the proof of Broué’s conjecture for 2-blocks
of defect at most 4 and also for those of rank at most 3 (see Corollaries 3.4 and 3.5).

The paper is structured as follows. In Section 2 we address the problem of lifting a Morita
equivalence from a normal subgroup of index 2. We obtain a perfect isometry from [30] and show
that this may be modified by a perfect self-isometry to produce a Morita equivalence using the
central unit described in [11]. In Section 3 we apply the classification in [10] to prove the main
theorem, using the results of Section 2 to help reduce to quasisimple groups.

2 Normal subgroups of index 2

We first introduce some notation.
Let G be a finite group and N � G. For a block B of OG and ψ ∈ Irr(N) we write Irr(B) for

the set of irreducible characters in B (with respect to K) and Irr(B,ψ) for the set of irreducible
characters in B covering ψ (that is, whose restriction has ψ as a summand). Write Gp′ for the set
of p-regular elements of G, IBr(B) for the set of irreducible Brauer characters of B and prj(B) for
the set characters of projective indecomposable B-modules.

Suppose B has defect group D. Let (D, bD) be a maximal B-subpair (see [1] for background
on subpairs). Note that all maximal B-subpairs are G-conjugate. If u ∈ D and bu is a block of
OCG(u) with (bD)DCG(u) = (bu)DCG(u), then we call (u, bu) a subsection in (D, bD), and write
(u, bu) ∈ (D, bD).

Definition 2.1 ([5]). Let G be a finite group and B a block of OG. We denote by CF(G,B,K) the
K-subspace of class functions on G spanned by Irr(B), by CF(G,B,O) the O-submodule

{φ ∈ CF(G,B,K) : φ(g) ∈ O for all g ∈ G}

of CF(G,B,K) and by CFp′(G,B,O) the O-submodule

{φ ∈ CF(G,B,O) : φ(g) = 0 for all g ∈ G\Gp′}

of CF(G,B,O).

Now in addition let H be a finite group and C a block of OH. A perfect isometry between
B and C is an isometry

I : ZIrr(B)→ ZIrr(C),

such that

IK := K ⊗Z I : KIrr(B)→ KIrr(C),

induces an O-module isomorphism between CF(G,B,O) and CF(H,C,O) and also between CFp′(G,B,O)
and CFp′(H,C,O). (Note that by an isometry we mean an isometry with respect to the usual inner
products on ZIrr(B) and ZIrr(C), so for all χ ∈ Irr(B), I(χ) = ±ψ for some ψ ∈ Irr(C)).
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Remark 2.2. An alternative way of phrasing the condition that IK induces an isomorphism between
CFp′(G,B,O) and CFp′(H,C,O) is that I induces an isomorphism Zprj(B) ∼= Zprj(C).

We will be using the following well-known result frequently, so we include a proof.

Lemma 2.3. Let G be a finite group and N a normal subgroup of G of index a power of p. Let B
be a block of OG with defect group D covering a block b of ON . Then B is the unique block of OG
covering b, D can be chosen such that D ∩N is a defect group for b and the stabilizer of b in G is
DN .

Proof. That B is the unique block of OG covering b is [12, V.3.5]. The rest follows from [1, 15.1],
noting that there is a one to one correspondence between blocks defined over k and blocks defined
over O.

Proposition 2.4. Let G be a finite group and N a normal subgroup of G of index p. Now let B be
a block of OG with abelian defect group D such that G = ND. Then there exists a block b of ON
with the same block idempotent as B and defect group D ∩N . Moreover there exists a G/N -graded

unit a ∈ Z(B), in particular B =
⊕p−1

j=0 a
jb.

Proof. By [11, Theorem 2.1] there exists a G/N -graded unit a ∈ Z(kB). Now as every element of
Z(kG) can be lifted to an element of Z(OG) we can lift a to a ∈ Z(B). As the block idempotent of
B lies in ON and Z(OG) is G/N -graded, then we can assume a is G/N -graded. Finally, as Z(B)
is a local ring and a certainly does not lie in its maximal ideal (a is a unit), we have that a is a
unit.

Remark 2.5. In the setting of the previous Proposition 2.4 we note that conjugation by G induces
only inner automorphisms of b, and so in particular Z(b) ⊆ Z(B).

Proposition 2.6. Let G, N , B and b be as in the Proposition 2.4. Then
(i) Every irreducible character of b is G-stable and extends to p distinct irreducible characters

of B.
(ii) Induction IndGN gives a bijection between the projective indecomposable b-modules and the

projective indecomposable B-modules.
(iii) Now let G′, N ′, B′ and b′ be another quadruple satisfying Proposition 2.4. For each

χ ∈ Irr(b) write Irr(B,χ) = {χ1, . . . , χp}.
Suppose I : ZIrr(B) → ZIrr(B′) is a perfect isometry such that for each χ ∈ Irr(b) there is

ψ ∈ Irr(b′) and εχ ∈ {±1} such that I(χi) = εχψi for i = 1, . . . , p where Irr(B′, ψ) = {ψ1, . . . , ψp}.
Then the isometry IN,N ′ : ZIrr(b)→ ZIrr(b′) defined by IN,N ′(χ) := εχψ is perfect.

Proof. (i) By Remark 2.5 every character χ of b is G-stable. Therefore, as G/N is cyclic, χ extends
to G. Taking the product with the p distinct linear characters of G/N inflated to G gives the p
extensions of χ to G. Now every constituent of an irreducible character of B restricted to N must
lie in b and so every irreducible character of B is the extension of some irreducible character of b.

(ii) Certainly every projective indecomposable B-module is a summand of some projective in-
decomposable b-module P induced to G and Green’s indecomposability ensures that IndGN (P ) is a
projective indecomposable B-module. To prove we have a bijection we need IndGN (P ) and IndGN (Q)
to be non-isomorphic for non-isomorphic projective indecomposable b-modules P and Q. However,
this is true since by 2.4, ResGN IndGN (P ) ∼= P⊕p.

(iii) For χ ∈ Irr(b) and ψ ∈ Irr(b′), write χ̃ =
∑p
i=1 χi and ψ̃ =

∑p
i=1 ψi.

4



Let

φ =
∑

χ∈Irr(b)

αχχ ∈ CF(N, b,O),

for some αχ ∈ K and consider

φ̃ :=
∑

χ∈Irr(b)

αχχ̃.

Note that φ̃(g) = pφ(g) for all g ∈ N and φ̃(g) = 0 for all g ∈ G\N , so φ̃ ∈ pCF(G,B,O). Now
note that

(IN,N ′)K(φ) =
∑

ψ∈Irr(b′)

βψψ,

where

IK(φ̃) =
∑

ψ∈Irr(b′)

βψψ̃.

As φ̃ ∈ pCF(G,B,O), we have IK(φ̃) ∈ pCF(G′, B′,O). Again IK(φ̃)(g) = p(IN,N ′)K(φ)(g) for all
g ∈ N ′ and so (IN,N ′)K(φ) ∈ CF(N ′, b′,O). So (IN,N ′)K(CF(N, b,O)) ⊆ CF(N ′, b′,O) and by an
identical argument (IN,N ′)

−1
K (CF(N ′, b′,O)) ⊆ CF(N, b,O).

Now suppose in addition that φ ∈ CFp′(N, b,O). Then φ̃(g) = pφ(g) = 0 for all g ∈ N\Np′
and φ̃(g) = 0 for all g ∈ G\N and so φ̃ ∈ CFp′(G,B,O). Therefore IK(φ̃) ∈ CFp′(G

′, B′,O) and
by the previous paragraph (IN,N ′)K(φ) ∈ CFp′(N

′, b′,O) and so (IN,N ′)K induces an isomorphism
between CFp′(N, b,O) and CFp′(N

′, b′,O) and hence it satisfies both the properties of a perfect
isometry.

Lemma 2.7. Let G and G′ be finite groups, B and B′ blocks of OG and OG′ respectively and
I : ZIrr(B)→ ZIrr(B′) a perfect isometry.

(i) The K-algebra isomorphism between Z(KB) and Z(KB′) given by the bijection of character
idempotents induced by I induces an O-algebra isomorphism φI : Z(B)→ Z(B′).

(ii) Suppose further that I satisfies the conditions of Proposition 2.6. Then φIN,N′ = φI |Z(b).

Proof. (i) This is proved in [5].
(ii) Let χ ∈ Irr(b) and ±I(χ) = ψ ∈ Irr(b′). Then, adopting the notation of Proposition 2.6, we

have that

eχ = eχ1 + · · ·+ eχp and eψ = eψ1 + · · ·+ eψp ,

where eϕ is the block idempotent of ϕ in the appropriate group algebra over K. The statement
now follows from the definitions of IN,N ′ and φI .

Let n be a positive integer. We now work towards constructing all the perfect self-isometries of
O(C2n ×A4). These will ultimately be used in Theorem 2.15. From now on we assume p = 2. Let
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ω ∈ K be a primitive 3rd root of unity. We recall the character table of A4, where we also set up
some labelling of characters.

() (12)(34) (123) (132)
χ1 1 1 1 1
χ2 1 1 ω ω2

χ3 1 1 ω2 ω
χ4 3 −1 0 0

Proposition 2.8. The perfect self-isometries of OA4 are precisely the isometries of the form:

Iσ,ε : ZIrr(A4)→ ZIrr(A4)

χj 7→ εδjδσ(j)χσ(j)

for 1 ≤ j ≤ 4, where σ ∈ S4, ε ∈ {±1} and δ1 = δ2 = δ3 = −δ4 = 1. Hence the group of perfect
self-isometries is isomorphic to C2 × S4.

Proof. We first note that

prj(OA4) = {χP1
, χP2

, χP3
}, where χPj

:= χj + χ4 for j = 1, 2, 3.

Therefore

Zprj(OA4) =


4∑
j=1

ajχj : aj ∈ Z,
3∑
j=1

aj = a4

 .

So the isometries ZIrr(OA4) → ZIrr(OA4) that leave Zprj(OA4) invariant are precisely the per-
mutations of {χ1, χ2, χ3,−χ4} together with their negatives. These are precisely the Iσ,ε’s.

We now describe CF(A4,OA4,O). Let
∑4
j=1 ajχj ∈ CF(A4,OA4,K). Now by evaluating at

various elements of A4 we get that
∑4
j=1 ajχj ∈ CF(A4,OA4,O) if and only if

a1 + a2 + a3 + 3a4 ∈ O,
a1 + a2 + a3 − a4 ∈ O,
a1 + ωa2 + ω2a3 ∈ O

and a1 + ω2a2 + ωa3 ∈ O.

These conditions are equivalent to

4a1 ∈ O, 4a2 ∈ O, 4a3 ∈ O, 4a4 ∈ O
and δjaj − δlal ∈ O for all 1 ≤ j, l ≤ 4.

One can now check that all the Iσ,ε’s leave CF(A4,OA4,O) invariant and the proposition is proved.

Let ζ ∈ K be a primitive (2n)th root of unity.
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Lemma 2.9. Let m be a positive integer and suppose
∑2m−1
i=0 ζli ∈ 2mO, where li ∈ Z for 0 ≤ i <

2m. Then either ζl0 = · · · = ζl2m−1 or
∑2m−1
i=0 ζli = 0.

Proof. We consider Q as embedded in K. First note that

∏
σ∈Gal(Q(ζ)/Q)

(
σ

(
2m−1∑
i=0

ζli

))
∈ 2m|Gal(Q(ζ)/Q)|O ∩ Z = 2m|Gal(Q(ζ)/Q)|Z.

However, for each σ ∈ Gal(Q(ζ)/Q) we have∣∣∣∣∣σ
(

2m−1∑
i=0

ζli

)∣∣∣∣∣ ≤ 2m

with equality if and only if ζl0 = · · · = ζl2m−1 , where | | denotes the usual norm in K. The claim
now follows.

Let x be a generator of C2n . For 0 ≤ i < 2n we define θi ∈ Irr(C2n) by θi(x) = ζi.

Proposition 2.10. The perfect self-isometries of OC2n are precisely the isometries of the form:

Ij,l,ε : ZIrr(C2n)→ ZIrr(C2n)

θi 7→ εθji+l

for 0 ≤ i < 2n, where 0 ≤ j, l < 2n with j odd, ε ∈ {±1} and i + l is considered modulo 2n.

Moreover each Ij,l,1 is induced by the O-algebra automorphism x 7→ ζ−lx
1
j . Hence the group of

perfect self-isometries is isomorphic to C2 × [(Z/2n)× n (Z/2n)], where the action of (Z/2n)× on
Z/2n is given by multiplication.

Proof. We know prj(OC2n) =
{∑2n−1

i=0 θi

}
so any perfect isometry I : ZIrr(OC2n) → ZIrr(OC2n)

must have all signs the same. Therefore we need only check what permutations of the θi’s leave
CF(C2n ,OC2n ,O) invariant. We first note that

2n−1∑
i=0

ζ−iθi(g) =

{
2n if g = x,

0 if g 6= x,

for all g ∈ C2n . So 1
2n

∑2n−1
i=0 ζ−iθi ∈ CF(C2n ,OC2n ,O). Now consider a perfect isometry induced

by σ, a permutation of {0, 1, . . . , 2n−1}. Then we must have 1
2n

∑2n−1
i=0 ζ−iθσ(i) ∈ CF(C2n ,OC2nO).

So

2n−1∑
i=0

ζ−iθσ(i)(g) ∈ 2nO,

for all g ∈ C2n . Therefore, by Lemma 2.9, we have that for each g ∈ C2n that this sum is either
zero or all the ζ−iθσ(i)(x)’s are equal. Certainly they can’t all be zero, as we have a non-zero linear
combination of characters. Therefore there exists y ∈ C2n such that

θσ(0)(y) = ζ−1θσ(1)(y) = · · · = ζ−(2
n−1)θσ(2n−1)(y).
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Certainly y must generate C2n as it takes 2n distinct values on the elements of C2n . Define 0 ≤
j, l < 2n by x = yj and θσ(0)(y) = ζl and note that j must be odd. Then

θjm+l(x) = ζj(m+l) = [ζmθσ(0)(y)]j = [θσ(m)(y)]j = θσ(m)(y
j) = θσ(m)(x),

for all 0 ≤ m < 2n. Therefore, θσ(m) = θjm+l. Finally we note that the isometry θm 7→ θjm+l is

induced by the O-algebra automorphism x 7→ ζ−lx
1
j and so is indeed a perfect isometry and the

proof is complete.

For the following theorem we adopt the notation of Propositions 2.8 and 2.10.

Theorem 2.11. Every perfect self-isometry of O(C2n ×A4) is of the form

(Ij,l,1, Iσ,ε) : (ZIrr(OC2n)⊗Z ZIrr(OA4))→ (ZIrr(OC2n)⊗Z ZIrr(OA4)),

where σ ∈ S4, ε ∈ {±1} and 0 ≤ j, l < 2n with j odd.

Proof. The projective indecomposable characters are

prj(O(C2n ×A4)) = {χP1 , χP2 , χP3}, where χPj =

(
2n−1∑
i=0

θi

)
⊗ (χj + χ4) .

Let I be a perfect self-isometry of O(C2n ×A4). By counting constituents we see that

I(χPl
) = ±χP1

,±χP2
,±χP3

,±(χP1
− χP2

),±(χP1
− χP3

) or ± (χP2
− χP3

), (1)

for 1 ≤ l ≤ 3. Consider the set

Xm :=

{
j
∣∣〈θl ⊗ χj , I ((2n−1∑

i=0

θi

)
⊗ χm

)〉
6= 0, for some l

}
,

for 1 ≤ m ≤ 4. By (1) we have shown that |Xm| = 1 or 2 for every 1 ≤ m ≤ 4. If |X1| = 2, then
by considering (1) for l = 1 we see that X4 = X1. Similarly by considering I(χP2

), we get that
X2 = X4. This is now a contradiction as then

I

((
2n−1∑
i=0

θi

)
⊗ (χ1 + χ2 + χ4)

)

has at most 2.2n constituents with non-zero multiplicity. Therefore |X1| = 1 and so by considering
I(χP1

) we get that |X4| = 1 and then by considering I(χP2
) and I(χP3

) we get that |X2| =
|X3| = 1. Moreover, X1, X2, X3, X4 must all be disjoint. By composing I with the perfect isometry
(I1,1,1, Iσ,1), for some appropriately chosen σ ∈ S4, we may assume Xm = {m} for all 1 ≤ m ≤ 4.
Therefore I(χPl

) = ±χPl
for 1 ≤ l ≤ 3 and by considering

I

((
2n−1∑
i=0

θi

)
⊗ χ4

)
,
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we see that in fact all these signs are the same and we may assume, possibly by composing I with
(I1,1,1, I1,ε), that

I

((
2n−1∑
i=0

θi

)
⊗ χm

)
=

(
2n−1∑
i=0

θi

)
⊗ χm,

for 1 ≤ m ≤ 4. Next we note that

1

12
θj ⊗ (χ1 + χ2 + χ3 + 3χ4) ∈ CF(C2n ×A4,O(C2n ×A4),O),

for 0 ≤ j < 2n. As 3 is invertible in O, this implies

θj ⊗

(
4∑

m=1

δmχm

)
∈ 4CF(C2n ×A4,O(C2n ×A4),O),

where the δm’s are defined in Proposition 2.8. So

I

(
θj ⊗

(
4∑

m=1

δmχm

))
∈ 4CF(C2n ×A4,O(C2n ×A4),O), (2)

for 0 ≤ j < 2n. Now set θjm ⊗χm := I(θj ⊗χm), for 1 ≤ m ≤ 4. Evaluating (2) at (x, 1), (x, (123))
and (x, (132)) gives

ζj1 + ζj2 + ζj3 + ζj4 ∈ 4O, (3)

ζj1 + ωζj2 + ω2ζj3 ∈ 4O, (4)

ζj1 + ω2ζj2 + ωζj3 ∈ 4O. (5)

Adding (3), (4) and (5) gives 3ζj1 + ζj4 ∈ 4O. Now Lemma 2.9 tells us that ζj1 = ζj4 as certainly
3ζj1 + ζj4 6= 0. Therefore, by (3), ζj2 + ζj3 ∈ 2O. So again by Lemma 2.9 ζj2 = ζj3 as ζj2 = −ζj3
is prohibited by (3). Substituting into (4) gives ζj1 − ζj2 ∈ 4O. A final use of Lemma 2.9 tells us
that ζj1 = ±ζj2 but 2ζj1 /∈ 4O and so we must have ζj1 = ζj2 = ζj3 = ζj4 .

We have shown that we may assume I is of the form

I(θj ⊗ χm) 7→ θσ(j) ⊗ χm,

for 0 ≤ j < 2n and 1 ≤ m ≤ 4, where σ is a permutation of {0, 1, . . . , 2n − 1}. In particu-
lar the O-algebra automorphism of Z(O(C2n × A4)) induced by I leaves OC2n invariant. Using
Proposition 2.10 we can compose I with (Is,t,1, I1,1) for appropriately chosen s and t so that the
automorphism induced on OC2n is the identity. Therefore σ is the identity permutation, I is the
identity perfect isometry and the theorem is proved.

Lemma 2.12. Let B be a block of OG for a finite group G with normal defect group D ∼= C2n ×
C2 × C2 for some n > 1. Then B is Morita equivalent to OD or O(C2n ×A4).

Proof. By Lemma 1.1 the possible inertial quotients are 1 and C3. Since in either case the inertial
quotient is cyclic the result follows from the main result of [17].
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The following appears as [28, Theorem 15], but we include it here for completeness.

Proposition 2.13. Let G be a finite group and B a block of OG with defect group D ∼= C2n×C2×C2

for n > 1. Then either B is nilpotent or l(B) = 3. Let G′ = C2n × A4 and B′ = OG′. If B is not
nilpotent then there is a perfect isometry between B and B′.

Proof. Write E for the inertial quotient of B. If E = 1, then B is nilpotent and the result holds.
Hence we may assume |E| = 3. We must first show that l(B) = 3, and we do this by adapting a
method used in [19]. We proceed by induction on n. Assume that l(B′) = 3 whenever B′ is a block
with defect group C2m ×C2 ×C2 for m ≥ 1 and inertial index 3, and observe that this is known to
hold for m = 1 by [14].

By [15] every irreducible character of B has height zero, and so by [26, 1.2(ii)] we have k(B) ≤
|D|. Let (D, bD) be a maximal B-subpair. Since D is abelian, NG(D, bD) controls fusion of B-
subpairs in (D, bD). If u ∈ D, then let bu be the unique block of CG(u) such that (u, bu) ∈
(D, bD). Write D = 〈x, y1, y2〉, where y has order 2n and y1, y2 are involutions. Then X :=
{(1, B), (xi, bxi), (xjy1, bxjy1) : 1 ≤ i ≤ 2n − 1, 0 ≤ j ≤ 2n − 1} form a complete set of G-conjugacy
class representatives of subsections in B. By a well known reformulation of [22, 5.12] (see exercise
5.7 of [22]) we then have

2n+2 ≥ k(B) =
∑

(u,bu)∈X

l(bu).

Now since D is abelian, each block b in the above summation may be chosen to have defect group
D. First let 1 6= u = xi for some i. Then bu has inertial index 3. Now CG(u) has a non-trivial
central 2-subgroup Zu ≤ 〈x〉. The unique block b̄u of CG(u)/Zu corresponding to bu has inertial
index 3 and by induction 3 = l(b̄u) = l(bu). Now let u = xjy1 for some j. Then bu has inertial
index 1 and so is nilpotent, hence l(bu) = 1. Substituting, we have l(B) + 2n+2− 3 = k(B) ≤ 2n+2,
so l(B) ≤ 3.

We have a subsection (u, bu) with defect group D and l(bu) = 1. By [27, 1.37], the diagonal
entries of the contribution matrix of B (with rows labelled by Irr(B)) are odd squares, and the
trace of the contribution matrix is |D|. Hence 2n+2 is a sum of k(B) odd squares, which cannot
happen if k(B) = 2n+2 − 1 or k(B) = 2n+2 − 2. Hence l(B) = 3.

Let C be the unique block of NG(D) with CG = B. By [30] there is a perfect isometry between
B and C ′. By Lemma 2.12 C and B′ are Morita equivalent, so there is a perfect isometry between
B′ and C, and we are done.

Remark 2.14. In the above, the perfect isometry constructed in [30] is additionally compatible
with the ∗ construction in [6] and so could be shown to satisfy the hypotheses of Proposition 2.6(iii).
However this can also be shown using the machinery of perfect self-isometry groups developed earlier
in this section, and this is what we do in the first part of the proof of the following Theorem.

Theorem 2.15. Let G, N , B, b and D be as in Proposition 2.4. Suppose further that D ∼=
C2n×C2×C2, for some n > 1, D∩N ∼= C2n−1×C2×C2 and b is Morita equivalent to the principal
block of O(C2n−1 ×A4) (respectively O(C2n−1 ×A5)). Then B is Morita equivalent to the principal
block of O(C2n ×A4) (respectively O(C2n ×A5)).

Proof. First suppose that b is Morita equivalent to O(C2n−1 ×A4).
By Proposition 2.6(ii) l(B) = 3 and so by Proposition 2.13 there exists a perfect isometry

I : ZIrr(B)→ ZIrr(O(C2n ×A4)).
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Now I induces an isomorphism of the groups of perfect self-isometries of B and of O(C2n ×A4) via
α 7→ I ◦α ◦ I−1 for α any perfect self-isometry of O(C2n ×A4), and we denote this isomorphism by
IPI. Consider the perfect self-isometry

J : ZIrr(B)→ ZIrr(B)

χ 7→ sgnGN .χ,

where sgnGN is the linear character of G with kernel N , so for each irreducible character θ of b, J
swaps the two extensions of θ to G. We know that J is indeed a perfect isometry as it is induced
by the O-algebra automorphism of OG given by g 7→ sgnGN (g)g for all g ∈ G.

Note that J is a perfect self-isometry of order 2 and that it induces the trivial k-algebra auto-
morphism on Z(kB). Furthermore by Proposition 2.6(i) and (ii) every character in prj(B) is fixed
under multiplication by sgnGN and so J is the identity on Zprj(B). Therefore IPI(J) must be of
order 2, induce the identity k-algebra automorphism on Z(k(C2n × A4)) and be the identity on
Zprj(O(C2n ×A4)).

Adopting the notation of Theorem 2.11, set IPI(J) = (Ij,l,1, Iσ,ε), where σ ∈ S4, ε ∈ {±1} and
0 ≤ j, l < 2n with j odd. Then the fact that IPI(J) is the identity on Zprj(O(C2n × A4)) forces
σ to be the identity permutation and ε = 1, the fact that IPI(J) induces the identity k-algebra
automorphism on Z(k(C2n ×A4)) forces j = 1 and the fact that IPI(J) has order 2 forces l = 2n−1.
In other words IPI(J) is induced by the O-algebra automorphism

O(C2n ×A4)→ O(C2n ×A4)

x⊗ y 7→ −x⊗ y,

for all y ∈ OA4, where x is a fixed generator of C2n . We have shown that

I(sgnGN .χ) = sgnG
′

N ′ .I(χ),

for all χ ∈ Irr(B), where G′ := C2n ×A4, N ′ := C2n−1 ×A4. Therefore I satisfies the hypotheses of
Proposition 2.6(iii), where B′ := O(C2n × A4) and b′ := O(C2n−1 × A4). Let IN,N ′ be the perfect
isometry between b and b′ induced by I as in Proposition 2.6 and IMor the perfect isometry induced
by the Morita equivalence between b and b′. Write IN,N ′ ◦ I−1Mor = (Is,t,1, Iτ,δ) in the notation of
Theorem 2.11 applied to O(C2n−1 × A4), where τ ∈ S4, δ ∈ {±1} and 0 ≤ s, t < 2n−1 with s odd.
By composing I with the perfect self-isometry (I1,1,1, Iτ,δ)

−1 of B′ and composing the Morita equi-

valence b ∼Mor b
′ with that induced by the O-algebra automorphism of b′ defined by x 7→ ζ−tx

1
s ,

we may assume that IN,N ′ = IMor.

Let φI : Z(B) → Z(B′) be the isomorphism of centres from Lemma 2.7 and let M be the b′-b-
bimodule inducing the Morita equivalence b ∼Mor b

′. Since IN,N ′ = IMor and by Lemma 2.7(ii)
we have that φI |Z(b) = φIN,N′ : Z(b)→ Z(b′) is the isomorphism of centres induced by the Morita
equivalence. In other words

φI(α)m = mα, for all α ∈ b,m ∈M. (6)

Let a ∈ B be a graded unit as described in Proposition 2.4 and set a′ := φI(a). Since φI respects
the G/N and G′/N ′-gradings, a′ is also a graded unit. We now give M the structure of a module
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for

(b′ ⊗O bop)⊕ (a′−1b′ ⊗O (ab)op)

by defining a′−1.m.a = m, for all m ∈M , where (6) ensures that this does indeed define a module.
Now by [21, Theorem 3.4] we have proved that B is Morita equivalent to O(C2n ×A4).

For the A5 case we note that the principal blocks of OA4 and OA5 are perfectly isometric by [5,
A1.3]. The proof now proceeds exactly as above by replacing the principal block of OA4 everywhere
with that of OA5 (note that we can replace the principal block of OA4 with that of OA5 in Theorem
2.11).

3 Proof of the main theorem and corollaries

Proposition 3.1. Let B be a block of OG for a finite group G with defect group D ∼= C2n×C2×C2

for some n > 1. Let N � G be of odd prime index w and let b be a G-stable block of ON covered
by B, so that D is also a defect group for b. If b is not nilpotent, then either B is nilpotent or
B ∼Mor b.

Proof. By Proposition 2.13 we have l(b) = 3 and either B is nilpotent (with l(B) = 1) or l(B) =
3. The normal subgroup G[b] of G is defined to be the group of elements of G acting as inner
automorphisms on b ⊗O k. Let B′ be a block of OG[b] covered by B. Then b is source algebra
equivalent to B′, and in particular has isomorphic inertial quotient by [14, 2.2], noting that a source
algebra equivalence over k implies one over O by [23, 7.8]. Hence we may assume that G[b] = N .
Then B is the unique block of G covering B′ by [7, 3.5].

Now consider the action of G on the IBr(b). If w > 3, then every ϕ ∈ IBr(b) is fixed and extends
to w distinct elements of IBr(G). Since B is the unique block of G covering b these all lie in B.
Hence l(B) = 3w > 3, a contradiction. Hence w = 3. Then either every element of IBr(b) is fixed,
in which case l(B) = 3w > 3, a contradiction, or they are permuted in a single orbit, in which case
l(B) = 1 and B is nilpotent.

In the following write rkp(Q) for the rank of a p-group Q, that is, prkp(Q) is the size of the largest
elementary abelian subgroup of Q.

Theorem 3.2. Let G be a finite group and B a block of OG with defect group D ∼= C2n ×C2 ×C2

for n > 1. Then B is Morita equivalent to the principal block of OD, O(C2n ×A4) or O(C2n ×A5).

Proof. Let B be a block of OG for a finite group G with [G : O2′(Z(G))] minimised subject to
the condition that B has defect group D ∼= C2n × C2 × C2 for some n > 1 and B is not Morita
equivalent to the principal block of OD, O(C2n ×A4) or O(C2n ×A5).

Suppose that N � G and b is a block of ON covered by B. Write I = IG(b) for the stabilizer
of b in G, and BI for the Fong-Reynolds correspondent. Now BI is Morita equivalent to B and
they have isomorphic defect groups. We have O2′(Z(G)) ≤ O2′(Z(I)), and if I 6= G, then [I :
O2′(Z(I))] < [G : O2′(Z(G))]. Hence by minimality I = G.

Now suppose that b is nilpotent. Let b′ be a block of OZ(G)N covered by B and covering
b. By the above argument applied to Z(G)N and b′, b′ is G-stable. Note that b′ must also be
nilpotent. Using the results of [18], as outlined in [10, Proposition 2.2], B is Morita equivalent to
a block B̃ of a central extension L̃ of a finite group L by a 2′-group such that there is an M � L
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with M ∼= D ∩ (Z(G)N), G/Z(G)N ∼= L/M , and B̃ has defect group isomorphic to D. Note that
[L̃ : O2′(Z(L̃))] ≤ |L| = [G : Z(G)N ]|D ∩ (Z(G)N)| ≤ [G : O2′(Z(G))] and that equality only
occurs when N ≤ Z(G)O2(G). Hence by minimality N ≤ Z(G)O2(G).

We conclude that B is quasiprimitive, that is, every block of every normal subgroup covered
by B is G-stable, and that if B covers a nilpotent block of a normal subgroup N of G, then
N ≤ Z(G)O2(G).

We claim that O2(G) = G. Suppose otherwise, and let N � G be a subgroup of index 2.
Let b be the unique block of N covered by B. Then by Lemma 2.3 B is the unique block of G
covering b since G/N is a 2-group, G = ND and b has defect group D ∩ N . Let bD be a block
of CG(D) with (bD)G = B. Since B has inertial quotient C3 and NG(D, bD) controls fusion in D,
the inertial quotient of b is C3 (if it were 1, then b would be nilpotent and so G = Z(G)O2(G), a
contradiction by Lemma 2.12). If D ∩ N ∼= C2n × C2, then Aut(D ∩ N) is a 2-group and so b is
nilpotent, a contradiction. If D ∩ N ∼= (C2)3, then by [8] b is Morita equivalent to the principal
block of O(C2 × A4) or O(C2 × A5) and so Theorem 2.15 gives a contradiction. Otherwise, since
[N : O2′(Z(N))] < [G : O2′(Z(G))] by minimality we also have a contradiction by Theorem 2.15.
Hence O2(G) = G.

Before proceeding we recall the definition and some properties of the generalized Fitting sub-
group F ∗(G) of a finite group G. Details may be found in [3]. A component of G is a subnormal
quasisimple subgroup of G. The components of G commute, and we define the layer E(G) of G
to be the normal subgroup of G generated by the components. It is a central product of the com-
ponents. The Fitting subgroup F (G) is the largest nilpotent normal subgroup of G, and this is the
direct product of Or(G) for all primes r dividing |G|. The generalized Fitting subgroup F ∗(G) is
E(G)F (G). A crucial property of F ∗(G) is that CG(F ∗(G)) ≤ F ∗(G), so in particular G/F ∗(G)
may be viewed as a subgroup of Out(F ∗(G)).

Write L1, . . . , Lt for the components of G, so E(G) = L1 · · ·Lt �G. Note that G permutes the
Li. There must be at least one component, since otherwise the block b′ of F ∗(G) covered by B
is nilpotent and so F ∗(G) = Z(G)O2(G). But O2(G) ≤ D and D is abelian, so we would have
D ≤ CG(F ∗(G)) ≤ F ∗(G) = Z(G)O2(G), so that D �G, a contradiction by Lemma 2.12.

We claim that O2(G) ≤ Z(G). Write N = CG(O2(G)) and b for the unique block of N covered
by B. Note that D ≤ CG(D) ≤ N �G. Let bD be a block of CG(D) = CN (D) with (bD)N = b (and
(bD)G = B). Since D is abelian and CG(O2(G)) = N (so (N, b) is a B-subpair), by [2, 4.21, 4.24]
G = NG(D, bD)N . Hence G/N ∼= NG(D, bD)/NN (D, bD) and, as CG(D) ≤ N and B has inertial
index 3, we have [G : N ]|3. Then by Proposition 3.1 and minimality (noting that Z(G) ≤ N) we
again have G = N , so O2(G) ≤ Z(G) as claimed.

We have shown that F ∗(G) = E(G)Z(G). We next show that t = 1, that is, E(G) is quasisimple.
Write bE for the unique block of E(G) covered by B and b̄E for the unique block of E(G) :=
E(G)O2(G)/O2(G) corresponding to bE . Writing M := L1×· · ·×Lt, where Li := LiO2(G)/O2(G),
there is W ≤ Z(M) (a 2′-group) and a block bM of M with W in its kernel such that E(G) = M/W
and bM is isomorphic to b̄E . Then D∩E(G) is a defect group for bE , (D∩E(G))O2(G)/O2(G) is a
defect group for b̄E and bM has defect groups isomorphic to (D∩E(G))O2(G)/O2(G). Write bi for
the unique block of Li covered by bE and b̄i for the unique block of L̄i corresponding to bi. Then
b̄i has defect group Di = ((D ∩E(G))O2(G)/O2(G))∩ L̄i. We have that bM = b̄1⊗ · · · ⊗ b̄t and bM
has defect group D1 × · · · × Dt. Suppose rk2(Dj) ≤ 1 for some j. Let J ⊆ {1, . . . , t} correspond
to the orbit of Lj under the permutation action of G on the components. Then rk2(Di) = rk2(Dj)
for each i ∈ J . Define LJ � G to be the product of the Li for i ∈ J , and write bJ for the
unique block of LJ covered by bE . For i ∈ J , since b̄i has cyclic defect group it is nilpotent.
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Hence so is the unique block b̄J of LJO2(G)/O2(G) corresponding to bJ (to see this, observe that
as above LJO2(G)/O2(G) is the quotient of Xi∈J L̄i by a central 2′-group and that products of
nilpotent blocks are nilpotent). It follows that bJ is nilpotent by [29] (where the result is stated
over k, but follows over O immediately), a contradiction. Hence rk2(Di) ≥ 2 for each i, and since∑t
i=1 rk2(Di) ≤ rk2(D) = 3 we have t = 1.
Now by the Schreier conjecture G/F ∗(G) is solvable. Suppose that G 6= F ∗(G). Since O2(G) =

G there is N �G of odd prime index. Let b be the unique block of N covered by G. Note that we
may assume Z(G) ≤ N , as otherwise B and b are Morita equivalent by [14, 2.2] and we may replace
G and B by N and b. Therefore we have [N : O2′(Z(N))] < [G : O2′(Z(G))] and so Proposition
3.1 leads to a contradiction. Hence we may assume G = F ∗(G) and so G = L1Z(G). Further
application of Proposition 3.1 and Theorem 2.15 allows us to assume that G = L1. Applying [10,
6.1], one of the following occurs, both leading to a contradiction, and we are done:

(i) B is Morita equivalent to a block C of OH for a finite group H with H = H0 × H1 such
that H0 is abelian with Sylow 2-subgroup C2n and the block of H1 covered by C has defect groups
C2 ×C2. In this case it follows from [20] that B is Morita equivalent to the principal block of OD,
O(C2n ×A4) or O(C2n ×A5), a contradiction.

(ii) There is a finite group H with G�H and B is covered by a nilpotent block of OH. In this
case by [24, 4.3] B is Morita equivalent to the unique block of NG(D) with Brauer correspondent
B, a contradiction by Lemma 2.12.

Corollary 3.3. Let G be a finite group and B a block of OG with defect group D ∼= C2n ×C2×C2

for n > 1. Let b be the unique block of NG(D) with bG = B. Then B and b are derived equivalent.

Proof. By [25, §3] the principal blocks of OA4 and OA5 are derived equivalent, and so the same is
true of O(C2n×A4) and O(C2n×A5). Hence by Theorem 3.2 there are only two derived equivalence
classes of blocks with defect group C2n × C2 × C2, and we are done.

Corollary 3.4. Let G be a finite group and B a block of OG with defect group D of order dividing
16. Let b be the unique block of NG(D) with bG = B. Then B and b are derived equivalent.

Proof. If D is elementary abelian, then this is by [20], [8] and [9]. If D ∼= C4 × C4, then see [10]
where it is shown that there are only two Morita equivalence classes. If D ∼= C4 × C2 × C2, then
this is Corollary 3.3. In all other cases Aut(D) is a 2-group and so all blocks with that defect group
are nilpotent.

Corollary 3.5. Let G be a finite group and B a block of OG with defect group D of 2-rank at most
three. Let b be the unique block of NG(D) with bG = B. Then B and b are derived equivalent.

Proof. This follows immediately from the above corollaries, [10, 1.1] and [31].
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