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Abstract

The retinal pigment epithelium (RPE) is the outermost cell layer of the retina. It

has several important physiological functions, among which is removal of excess fluid

from the sub-retinal space by pumping it isotonically towards the choroid. Failure

of this pumping leads to fluid accumulation, which is closely associated with several

pathological conditions, such as age-related macular degeneration, macular oedema

and retinal detachment. In the present work we study mechanisms responsible for fluid

transport across the RPE with the aim of understanding how fluid accumulation can be

prevented. We focus on two possible mechanisms, osmosis and electroosmosis, and

develop a spatially resolved mathematical model that couples fluid and ion transport

across the epithelium, accounting for the presence of Na+, K+ and Cl− ions. Our

model predicts spatial variability of ion concentrations and the electrical potential along

the cleft gap between two adjacent cells, which osmotically drives the flow across the

lateral membranes. This flow is directed from the sub-retinal space to the choroid and

has a magnitude close to measured values. Electroosmosis is subdominant by three

orders of magnitude to osmosis and has an opposite direction, suggesting that local

osmosis is the main driving mechanism for water transport across the RPE.
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electroosmosis, local osmosis

1. Introduction

The retina is a light-sensitive tissue approximately 0.5 mm thick, which is located

in the posterior part of the eye between the vitreous chamber and the choroid [1]. The

retinal pigment epithelium (RPE) is the outermost layer of the retina that separates

the photoreceptors from Bruch’s membrane and the choroidal blood supply [2]. The5

RPE is a monolayer of cuboidal epithelial cells, arranged as hexagonal tiles approxi-

mately 14 µm in diameter in the central retina. The epithelial cells are bound together

by junctional complexes with tight junctions, that separate the extracellular regions

into apical and basolateral [2] (see Fig.1). The basal side of the RPE faces Bruch’s

membrane, which is elastic and approximately 2 µm thick. The apical membrane bor-10

ders the sub-retinal space, the extracellular space surrounding the photoreceptor cells

[3]. This membrane forms long microvilli (5-7 µm long), that interdigitate the rod

outer segments. The main functions of the RPE include creating a barrier between the

choroid and retina, phagocytosing shed photoreceptor outer segments and transporting

water, ions and metabolites between the retina and the choroid [2]. In particular, a15

fundamental role of the RPE is the removal of excess fluid from the sub-retinal space

[3].

The RPE transports ions, the largest concentrations of which are Na+, K+, Cl− and

HCO−3 . The transepithelial transport of these ions has been studied in vitro in various

species and the mechanisms for this transport have been quantitatively identified, e.g.20

[4, 5, 6]. The route and mechanisms for the transepithelial water transport, on the other

hand, are less well understood [7]. The rate of transport has been estimated to range

from 1.4 to 11 µl/cm2/h and is hypothesised to follow a transcellular route, directed

from the apical to basolateral side, based on the fact that the RPE is a tight epithelium

[8].25

Under normal physiological conditions, fluid has to be pumped out of the sub-

retinal space. This process regulates normal retinal adhesion, helps recovery from

retinal detachment, and acts as one of the pathways for fluid outflow from the eye [4].
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Failure of the fluid pump leads to accumulation of fluid in the sub-retinal space, which

is closely associated with the formation and development of numerous pathological30

conditions, such as age-related macular degeneration, diabetic macular oedema and

retinal detachment [9]. Hence, quantifying and classifying the mechanisms that drive

fluid flow across the RPE is relevant to develop a predictive understanding of how fluid

accumulation may be ameliorated, motivating the present work.

RPE is an absorptive epithelium, where the water and salt are transported isoton-35

ically (i.e. without significant difference of the solution concentration in the apical

and basal sides) [10]. Due to the small geometrical scales, performing experimental

observations is challenging, motivating the application of mathematical modelling to

understand physiological transport in the RPE. For other epithelia several models have

been developed to describe isotonic transepithelial water transport [11, 7, 12, 13, 14],40

among which the most long-standing driving mechanism is considered to be flow due

to local osmosis in the narrow space between cells, induced by concentration gradients

in this space [15, 16]. The validity of the theory, however, has been criticised [17, 14],

mainly due to the use of questionable geometrical parameters and membrane hydrody-

namic permeabilities, which are governed by the presence of aquaporins (AQPs). In45

particular, it has been shown that knockout of AQPs in different epithelia in mice results

in a decrease of osmotic permeability, for example by a factor of between 0.11−0.22

for the murine proximal tubule, with about a 50% decrease in water transport [18].

The other mechanism, which has been extensively studied recently in other cell

layers, particularly in the corneal endothelium, is electroosmosis [19, 13, 20]. Elec-50

troosmosis occurs due to the interaction of an electric field with non-zero net charge

located in the Debye layer (i.e. the layer of positively charged species attracted to a

negatively charged cell membrane), which results in a Coulomb body force acting on

the fluid [21]. The transepithelial electrical potential (TEP) in the RPE has been mea-

sured to be around 5-15 mV (apical positive) [6], which indicates the possibility that the55

electric field drives an electroosmotic flow. To evaluate the prospect of electroosmotic

contributions to water transport in the RPE, and epithelia more generally, a model of

ion transport is required that can encompass both osmolarities and the possible gener-

ation of electric fields.
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Figure 1: Sketch of the RPE cell layer. Drawing by Federica Grillo.

In the present work we develop an integrated mathematical model based on elec-60

trodiffusion that captures both ion and fluid transport in the RPE, together with their

coupling, as detailed in Section 2. The first objective is to determine the relative impor-

tance of the mechanisms that drive water flow across the RPE with a further, more gen-

eral, aim of developing a framework for a spatially resolved system to model fluid and

ion transport in absorptive epithelia. The choice of the model parameters is described65

in the Section 3, the results of the model are reported in Section 4 and the discussion

and conclusions of the work are presented in Section 5. Mathematical details of the

model are reported in the Appendix.

2. Methods

2.1. Model setup70

We model the RPE cell layer as a two-dimensional row of rectangles with length

L and width H as in Fig. 2, separated by a distance 2h, which constitutes the cleft

gap. As schematically shown in Fig. 1, the apical membrane of the cells is highly
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Figure 2: Sketch of the idealised geometry of the RPE. Cells have height L, width H and the thickness of the
cleft gap is 2h. Left panel: transepithelial transport of ions considered in the model and ion concentrations.
The apical membrane has Na+/K+-ATPases (depicted in green), K+ channels (purple) and Na+/K+/2Cl−co-
transporters (red). Cl−(light blue) and K+ (purple) channels are present in the basolateral membrane. The
tight junction is permeable to K+. The values of concentration and electrical potential in the cell and extra-
cellular space are shown. The values computed from the model are [Na+]i, [K+]i, [Cl−]i, φ i, φ a (reported in
purple) and other values are prescribed (in black). Right panel: the coordinate system used in the model and
water fluxes directions. The dashed box represents the ‘reference’ frame. The arrows represent schematically
the directions and magnitude of the fluid flow across the membranes. Qs (s ∈ {a,b,g, t j}) denotes the flux
through the membrane s. t j denotes the tight junction. The sketch is not to scale.

folded, having a surface area approximately 30 times larger than the basolateral one

in amphibians [22] and 10 times in mammals [23]. We neglect this folding in the75

geometrical domain, but consider its effect on the transport properties of the membrane

via geometrical adjustments to permeability coefficients for water and ions.

In our model we consider four different regions: apical (or sub-retinal space) (a),

intracellular space (i), the basal (or Bruch’s membrane) (b) and the cleft gap between

two cells (or paracellular space) (g) (see Figure 2). Every extracellular region is sep-80

arated from the cell by a membrane that we name according to the respective region

(a,b,g). The apical region is separated from the cleft gap by a tight junction (t j), while

the basal one is directly connected to the cleft gap.

We consider that RPE cells are located in a physiological solution of NaCl and

KCl, which dissociate into Na+, K+and Cl− ions. We neglect the presence of HCO−385

and H+, because Na+, K+ and Cl− represent the major ion fluxes across the RPE [24].

Thus, Cl− is the only anion accounted for in the extracellular space. The cell however,
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a,b,g, i values of s labelling apical, basal, cleft gap and intracellular regions respectively
ns

k concentration of ion k in region s (mM) such that ns
0 =[Na+]s,

ns
1 =[K+]s and ns

2 =[Cl−]s

X concentration of non-diffusible anions in the cell (mM)
zk valence and charge (‘+’ or ‘-’) of ion k
zX average valence of non-diffusible anions in the cell
φ s electrical potential in region s (V)
ρs volume charge density in region s (C/m3)
σ0 surface charge density of the cell membrane (C/m2)
js
k flux of ion k per unit area in region s (mol/m2/s)

Ism
k electric current of ion k per unit area from region s to region m (A/m2)

Qs water flux per unit area through the membrane s (m2/s)
P flux through the membrane due to Na+-K+ATPase (mol/m2/s)
M flux through the membrane due to NKCC co-transporter (mol/m2/s)
J sm

k diffusive flux of ion k from region s to region m (mol/m2/s)
u = (u,v) fluid velocity field in the cleft gap (m/s)
p fluid pressure in the cleft gap (Pa).

Table 1: A list of parameters and variables used in the model, together with their units.

has an anion gap due to the presence of large non-diffusible molecules, the concen-

tration of which we denote with X and the corresponding fixed negative charge with

X i := zX X , where zX is the mean valence of these molecules. We account for active and90

passive ion transport across the cell membranes. In particular, on the apical membrane

we consider the presence of Na+-K+ATPases (active transport), the channels which co-

transport Na+, K+ and two Cl−(the NKCC channel) and K+ channels (see Figure 2).

The basolateral membrane is assumed to have K+ and Cl− channels [25, 6]. The tight

junction is considered to be potassium selective [26]. As possible mechanisms that95

drive water flow across the RPE we consider transcellular osmosis and electroosmosis

along the cleft gap.

Throughout the paper we adopt the notation presented in Table 1. Unless stated

otherwise, we use superscripts to label regions and subscripts to label ions.

The modelling procedure is split into several steps. Although fluid and ion transport100

are fully coupled, we present the corresponding models individually and simplify them

using asymptotic expansions. First we construct the model for ion transport, accounting

for the spatial variability of the electrical field and species concentrations. Due to

the possibility of electroosmosis, we also need to resolve the Debye layer at the cell
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membrane in the cleft gap and, in particular, predict its surface charge. We therefore105

develop a solution in the double layer, which is relevant for the fluid flow in the cleft.

Then, we model the fluid flow in the cleft. Ion and fluid transport are fully coupled

because of the appearance of an advective term in ion fluxes and also because osmotic

water fluxes are based on jumps of ion concentration across the membranes.

2.2. Ion transport110

Since we are interested in studying water transport across the RPE we do not need

to consider transient variations of the ion concentrations and the electrical potential,

induced for instance by response to variations in light conditions, and look instead for

steady-state solutions. The ion transport model in region s consists of the conservation

of fluxes for each ion k (Nernst-Plank equations) and the Poisson equation for the115

electrical potential [21]

∇ · js
k = 0, js

k =−Dk

(
∇ns

k +
zkF
RT

ns
k∇φ

s
)
+uns

k, k ∈ {0,1,2}, (1a)

∇
2
φ

s =−ρs

ε
, ρ

s = F
(
∑zkns

k−X s) , s ∈ {a,b, i,g}, (1b)

where X i = XzX > 0 is a fixed negative charge in the cell and is assumed constant,

and X s is zero in all other regions (s 6= i). For simplicity, we assume that the diffusion

coefficient Dk of all considered ions is the same, and is denoted as D below. All other

variables and parameters are defined in Table 1 and 2. It can be verified a posteriori120

that the Péclet number of the flow is typically small (Pe ≈ 0.04 ) and thus it might be

tempting to drop advection from ion transport (the term uns
k in (1a)). However, the

Péclet number might be a slightly misleading estimate of the importance of advection

over diffusion when the concentration drop is small with respect to the concentration

itself, which is the case in this model, in particular for Na+. Advective terms are found125

to play non-negligible role and are thus retained in the model.
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Parameter Value Source
Geometry

Length of the cell, L 10 µm [27]
Height of the cell, H 10 µm [27]
Width of the cleft, 2h 20 nm
Debye length, λD 1.8 nm
Aspect ratio of the cleft, δ = h/L 0.001
Aspect ratio of the EDL, λ = λD/L 1.8·10−4

Thermodynamics
Ideal gas constant, R 8.314 J/K/mol
Temperature, T 310 K
Faraday constant, F 96485 C/mol
Electric permittivity of fluid, ε 73 ·8.854 ·10−12 F/m [28]

Ion transport
Diffusion coefficient (K+ in water), D 1.7·10−9 m2/s [22]
Electric capacitance of the cell membrane, Cm 10−2 F/m2 [29]
Area factor of apical membrane folding, A f 10 [23]
Average valence of fixed negative charge inside the cell, zX 1.5
Maximum flux through the Na/K pump, P 10−6 mol/m2/s [30]
Na/K/Cl co-transporter coefficient, M 3·10−6 mol/m2/s

Permeability of membrane s to ion k, Ps
k m/s

s a b t j
Na+ 0 0 0
K+ 5 ·10−7 1.5 ·10−7 10−6

Cl− 0 0.8 ·10−8 0

Concentration of ion k in region s, ns
k, mM

k Na+ K+ Cl−

a 120 5 125
b 120 5 125

Fluid dynamics
Volume flow through the RPE, V 4-10 µl/hour/cm2 [31], [32]
Hydrodynamic permeability of the membrane, km 1.28 ·10−12 m/s/Pa [33]
Hydrodynamic permeability of the tight junction, kt j 1.28 ·10−10 m/s/Pa
Dynamic viscosity, µ 0.75 ·10−3 Pa/s water at 35◦C

Table 2: Model reference parameters; please refer to the text for further details on their motivation.
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2.2.1. The bulk

We assume that the solution in the bulk of each region is electroneutral, which

implies

∑
k=0,1,2

zkns
k = X s, s ∈ {a,b, i,g}. (2)

This does not need to hold within a few Debye lengths of the cell membranes, which130

have a lengthscale of nanometres [34, 35]. The use of (2) is justified by the observa-

tion that cellular systems will relax to electroneutrality in the bulk on a timescale of

nanoseconds [34, 35] and we neglect such fast dynamics.

Eq. (1b) cannot be used together with the electroneutrality assumption [21] as they

are not independent. Instead, following the approach of Mori et al. [36, 37], given135

electroneutrality in the bulk of each region, we can weight the equations (1a) for ion k

by zk, sum them over the species and use (2) to obtain the following equation for the

electrical potential

∇ ·

([
2

∑
k=0

ns
k

]
∇φ

s

)
= 0. (3)

We finally eliminate chloride concentration ns
2 as a variable using (2). Therefore, in the

bulk of every region we have three unknowns, ns
0, ns

1 and φ s, and the corresponding two140

second-order conservation Eqs. (1a) (for k = 0,1) and (3) for the electrical potential.

All the membranes and the tight junction are subject to membrane-type conditions.

At the membrane between the generic regions s and m, we impose the conservation of

ion fluxes for each species k, which is implemented by imposing that the ion current

Ism
k on the s side of the membrane equals the flux of charge due to the movement of145

species k passing from s to m,

Fzknsm · js
k = Ism

k , (4)

where nsm is the unit normal pointing from region s to region m. The current Ism
k is

prescribed to account for all passive and active flows of ion k due to channels and

pumps on the corresponding membrane and it is a nonlinear function of concentrations

and potential on both sides of the membrane. The choice of constitutive relations for150
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these currents is described in Section 2.2.2. Note that the above membrane conditions

‘jump’ across the Debye layers and involve only the values of the variables in the bulk.

Noting that Cl− concentrations are no longer independent variables due to their

elimination via electroneutrality (2), it is convenient to implement a summation over

the species, giving a condition in the terms of the potential; in particular rather than the155

chloride boundary condition we use

∑
k

Fzknsm · js
k = ∑

k
Ism
k . (5)

To close the system, we have Dirichlet and symmetry conditions at the outer bound-

aries of the domain

na
k(x = L+q) = Na

k , nb
k(x =−q) = Nb

k , k ∈ {0,1}, (6a)

φ
b(x =−q) = 0, (6b)

∂φ
s/∂y = ∂ns

k/∂y = 0 at y = 0, y = h+H/2, (6c)

where q is the thickness of the apical and the basal regions (see Figure 2) and Na
k , Nb

k , k∈

{0,1,2} are the imposed ion concentrations at the top of the apical and the bottom of160

the basal regions, respectively. We wish to predict the value of TEP for the comparison

of the model results with in-vitro experimental measurements. In particular, TEP is nor-

mally determined experimentally with open circuit conditions, i.e. by imposing zero

transepithelial current [38]. This can be achieved by imposing a Neumann condition of

zero electrical current, which we set at the top of apical region, so that165

∂φ a

∂x
= 0, at x = L+q. (6d)

At the boundary between the basal region and the cleft gap we impose continuity of

variables and fluxes.

To summarise, in every region s= a,b, i,g there are three equations, (1a) for Na+and

K+ (k = 0,1) and (3) for the electrical potential. Noting the geometry of Fig. 2 we have

at every side of the membrane and the tight junction the membrane conditions (4) for170
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k = 0,1 and (5), making 24 conditions in total. We also have 5 Dirichlet (6a)–(6b), one

Neumann (6d) and 18 symmetry conditions (6c) at the outer boundaries of the domain

and 6 conditions at the boundary between the basal region and the cleft gap. Therefore

in total we have 54 conditions. However, the lower boundary of the apical region x = L

consists of the boundary with the tight junction for 0 ≤ y < h and with the cell for175

h ≤ y ≤ H/2+h, and we can describe the conditions on the corresponding regions as

a single y-dependent boundary condition at x = L. This merging allows us to reduce

the number of effective boundary conditions to 51. The same argument is valid at the

basal region for the boundary x = 0, reducing the number of boundary conditions to 48.

Finally, we have a second order problem in four rectangles, having a single condition180

at each side of the rectangle, leading to a well defined system of 12 nonlinear coupled

second order PDEs for 12 unknowns in the regions with four boundaries, and also 48

boundary conditions. The chloride concentration ns
2 is found from the electroneutrality

condition (2).

2.2.2. Ion fluxes through cell membranes185

In this section we describe the choice of constitutive relations for the currents across

the cell membranes. We consider the components for the ion transport across the RPE

as shown in Fig. 2 and discussed in Section 2.1. Ion fluxes through the membranes take

into account both active and passive currents. We model the diffusive fluxes through

the k ion channel across the membrane from region s to region m with the Goldman-190

Hodgkin-Katz (GHK) flux equation [39]

J sm
k = zkPs

k
F

RT
V sm ns

k−nm
k exp(− zkFV sm

RT )

1− exp(− zkFV sm

RT )
, (7)

where V sm = φ s−φ m is the potential across membrane s; for the meaning and values

of all constants please refer to Table 2.

To model the Na+/K+-ATPase and Na+/K+/2 Cl− co-transporter fluxes through

the apical membrane we use relations as in the work of Strieter et al [40]. The flux195
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from Na+/K+-ATPase is given by

P = P
(

ni
0

KNa +ni
0

)3( na
1

KK +na
1

)2

, (8)

where KNa = 0.2(1+ni
1/8.33) mM and KK = 0.1(1+na

0/18.5) mM are apparent Na+

and K+ dissociation constants (see [40]) and P is the maximum flux through the pumps.

The model for NKCC co-transporter flux can be linked to free energy as described

in [40]. This approach has an advantage with respect to kinetic models, as the only200

parameter to estimate is the co-transporter coefficient M. The flux through NKCC

channels has the following expression

M = M log
ni

0ni
1(n

i
2)

2

na
0na

1(n
a
2)

2 . (9)

The fluxes through the membranes for every ion can therefore be rewritten as fol-

lows

Jia
0 = 3P +M , Jib

0 = 0, (10a, b)

Jia
1 = J ia

1 −2P +M , Jib
1 = J ib

1 , (10c, d)

Jia
2 = 2M , Jib

2 = J ib
2 , (10e, f)

where b denotes both basal and lateral membranes. The tight junction is modelled as a

membrane which is permeable only to K+ and the fluxes are modelled using the GHK

model205

Jag
1 = J ag

1 . (11)

Finally, the current of ion k at the membrane between the regions s and m is given by

the expression Ism
k = zkFJsm

k .

2.2.3. Model reduction

To simplify the system we take advantage of the fact that the cleft gap has a very

small aspect ratio δ = h/L≈ 0.001. This allows us to make some assumptions that are210

all verified a posteriori with a direct numerical solution in Comsol Multiphysics [41].
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The first simplification of the system (1a), (3)–(6c) is to neglect all the spatial vari-

ations in the apical and basal regions. This is not obviously true in the vicinity of

the tight junction in the apical region and the boundary with the cleft gap in the basal

one. However, the numerical simulations in Comsol Multiphysics show that the rela-215

tive deviations of concentrations and the potential in the apical and basal regions from

the imposed values at x = −q and x = L+ q are of the order of 1-2%. We, therefore,

consider all the model variables in the apical and basal region to be uniform and equal

to the values at the boundaries (6a), (6b) and impose the zero current condition at the

apical membrane, so that it reads220

P +J ia
1 +2δJ ga

1 = 0. (12)

Since water transport across the RPE is isotonic [10] we assume that there is no concen-

tration jump across the epithelium, and thus osmotic flux can occur only due to local

osmosis through the cleft gap, implying that the lateral fluxes of water and ions have

the same order of magnitude as the fluxes through the cell. This in turn means that the

flux per unit area emerging from the cleft is 1/δ times larger than the one supported225

by the cell. This implies that the spatial variability in the cell is negligible compared to

the cleft (diffusion being strong enough to suppress ionic concentration gradients) and

suggests that all intracellular variables can be considered as uniform and can be found

by solving a spatially averaged problem. In fact, a posteriori estimates show that the

potential and concentration changes in the cell have an order of magnitude of less than230

1% of the corresponding average values. Following the above reasoning, the flux bal-

ance Eq. (1a) for Na+and K+ and the equation for electrical potential (3) in the cell are

simplified to a set of algebraic equations for the averaged quantities (see Appendix A

for the derivation)

3P +M = 0, (13a)

J ia
1 −2P +M +J ib

1 +
2
H

∫ L

0
J ig

1 dx = 0, (13b)

P +J ia
1 +J ib

1 −J ib
2 +

2
H

∫ L

0

(
J ig

1 −J ig
2

)
dx = 0. (13c)

13



For the meaning of all other symbols and variables refer to Table 1 and 2.235

Taking advantage of the fact that the cleft is long and thin, the equations there can

also be simplified by using an asymptotic expansion in terms of δ , which leads to a set

of three coupled ODEs (derived in Appendix B)

D
(

d2ng
0

dx2 +
d
dx

(
F

RT
ng

0
dφ g

dx

))
−
(

q
dng

0
dx
−Qgng

0

)
= 0, (14a)

D
(

d2ng
1

dx2 +
d
dx

(
F

RT
ng

1
dφ g

dx

))
−
(

q
dng

1
dx
−Qgng

1

)
+J ig

1 = 0, (14b)

2
DF
RT

d
dx

((
ng

0 +ng
1

) dφ g

dx

)
+J ig

1 −J ig
2 = 0, (14c)

where q = 1
2h
∫ 2h

0 udy is depth-averaged velocity and Qg is the water flux per unit sur-

face area through the lateral membrane, defined in terms of osmotically driven and240

pressure driven fluxes, as specified in Section 2.3. The equations governing the veloc-

ity field u = (u,v) are also described in Section 2.3.

For boundary conditions at the tight junction (x = L) we impose the influx of K+

with zero-flux for other ions

D
(

dng
0

dx
+

F
RT

ng
0

dφ g

dx

)
−Qt jng

0 = 0, (15a)

D
(

dng
1

dx
+

F
RT

ng
1

dφ g

dx

)
−Qt jng

1 = J ag
1 , (15b)

2DF
RT

(ng
0 +ng

1)
dφ g

dx
= J ag

1 at x = L, (15c)

where Qt j is the water flux per unit surface through the tight junction. At the border

with the basal region (x= 0) we prescribe Dirichlet conditions, ng
k(x= 0)=Nb

k , k = 0,1

and φ g(x = 0) = 0. The Cl− concentration can be found from the electroneutrality245

condition (2). For the definition and meaning of all the symbols please refer to Table 2.

We therefore have reduced the nonlinear coupled system (1a), (3)– (6d) to a system

of algebraic equations (12)–(13) for the variables in the cell and T EP, coupled with

three ODEs (14) for Na+, K+ concentrations and the potential in the cleft gap. In the

above set of equations the concentration of fixed negative charge X i is unknown and is a250

surrogate for the unknown cell volume; to determine it we need to impose an additional
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equation, which comes from water balance and will be discussed in Section 2.4). This

model of ion transport is the basis to model osmotic flow. However, more information

is needed to model electroosmosis, as we need to resolve the Debye layers in the cleft

gap.255

2.2.4. The electrical double layer

In the electrical double layer (EDL), electroneutrality is not valid and the full sys-

tem (1) in the gap (s = g) has to be solved. The boundary conditions (4) for the bulk

variables are unchanged. However, we need an additional condition at the membrane

for the electrical potential. This condition imposes that the component of the electri-260

cal field normal to the membrane equals the surface charge density over the dielectric

permittivity
∂φ EDL

∂y
=

Cm(φ
g−φ i)−σ0

ε
at y = h, x ∈ [0,L]. (16)

In the above expression Cm(φ
g−φ i) is the Debye layer stored charge associated with

capacitance and σ0 is the wall charge. The former is related to the electrical potential

difference between the bulk of the cell and cleft via the membrane capacitance per unit265

area, Cm, while the latter is the fixed charge due to the presence of charged membrane

proteins.

At the boundary of the EDL and the bulk of the cleft we match the solution with

the corresponding values in the bulk.

The model can be simplified due to the small aspect ratio between the electrical270

double layer and the cleft gap length, λ = λD/L ≈ 1.8 · 10−4, using an asymptotic

expansion in terms of λ ; the analytical solution for the leading-order problem, in terms

of the ion concentrations nEDL
k , k = 0,1,2 and the potential φ EDL in the EDL is derived

in Appendix C. We note that at the leading order the advection is subdominant in the

EDL and is thus neglected. This solution allows us to estimate the value of the slip275

velocity for the electroosmotic flux in the cleft, as discussed in the following section.

2.3. Flow in the cleft gap

We finally investigate water flow in the cleft gap driven by electroosmosis, osmotic

and mechanical pressure differences. The solution is constructed by using a boundary-
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layer theory, with the inner region corresponding to the EDL (similar to the works of280

[42, 43]) and the outer one, the bulk of the cleft gap. The analysis requires separation

of scales between the thickness of the cleft gap and the EDL, i.e. λ/δ � 1. This

ratio is 0.18, which, given that the quantities in the EDL are decaying exponentially

fast (as in (C.9)), is sufficiently accurate for our objectives. Moreover, the error of this

approximation is (λ/δ )2 ≈ 0.03. Matching between the solutions in the two regions285

provides us with an expression for the slip velocity to be used later as a boundary

condition in the outer problem.

In the inner region (the EDL), the presence of non-zero net charge density is ac-

counted for in the context of fluid mechanics as a body force in the inertialess fluid

momentum balance. Therefore the problem is governed by the following system290

−∇p+µ∇
2u+ ε

(
∇

2
Φ
)

∇Φ = 0, (17a)

∇ ·u = 0, (17b)

where u = (u,v) is fluid velocity, p is pressure and Φ is the potential in the cleft gap,

obtained as a composite solution by matching the potential in the EDL and in the bulk.

The problem in the outer region (the bulk of the cleft gap, away from the cell

membrane) is governed by the standard Stokes equations, i.e. (17a), (17b) without the

body force term. The matching procedure is reported in Appendix D and results in the295

following expression for the slip velocity at the boundary between the EDL and the

bulk of the cleft:

uslip =−κε
Cm(φ

g−φ i)−σ0

µ
√

C(x)

∂φ g

∂x
−κ

2
εC′(x)

(Cm(φ
g−φ i)−σ0)

2

8µC2(x)
, (18)

where C(x) = ∑
2
k=0 ng

k and κ =
√

RT/εF2. The first term of the above expression

is analogous to the standard Helmholtz–Smoluchovsky slip velocity [21] for variable

electric field and zeta potential; the second term appears due to the fact that the con-300

centrations in the bulk of the cleft are non-uniform.

We use this velocity as the slip boundary condition at the lateral walls to solve

the problem in the bulk. We assume that hydrostatic pressure difference across the cell
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layer and across cell membranes (but not tight junctions) is negligible [10]. Thus, with-

out loss of generality, we can set p equal to zero in the cell, apical and basal regions,305

and hence p measures the pressure relative to its average values in these regions. We

consider the presence of osmotic and pressure-driven fluxes through the tight junction

Qt j and lateral membranes Qg, which are given by the following expressions

Qg(x) = km

[
RT

(
2

∑
k=0

(ni
k−ng

k(x))+X

)
+ p(x)

]
, (19)

Qt j = kt j

[
RT

2

∑
k=0

(na
k−ng

k(L))+ p(L)

]
, (20)

where km and kt j are the hydrodynamic permeabilities of the cell membrane and the

tight junction respectively. Note that all reflection coefficients in this and following310

similar expressions are taken to be unity as is reported to be typical in the context of

ion transport for animal cell homoeostasis [34]. Eq. (17) is, therefore, reduced using

lubrication theory, to give the water velocity in the bulk as

u =
1

2µ

∂ p
∂x

(y2−h2)+uslip, −h≤ y≤ h, 0≤ x≤ L (21)

(the trans-cleft coordinate y is illustrated in Fig. 2). The equation for the pressure is

obtained by integrating the continuity equation, to give315

− h3

3µ

d2 p
dx2 +h

duslip

dx
=−Qg, (22a)

subject to boundary conditions

p = 0 at x = 0, (22b)

− h3

3µ

d p
dx

+huslip = Qt j at x = L. (22c)

Equation (22a) balances the gradient of fluid flux along the cleft with osmotic transport

driven by pressure differences across the lateral walls. Finally, the y-component of

the velocity v can be obtained from (17b). The derivation of the above expressions is
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reported in Appendix D.320

2.4. Coupling between ion and fluid flow

We now have a model for ion and fluid transport. To couple the two we write the

flux-balance equation in the cell as

∫ H

0
Qa dy+

∫ H

0
Qb dy+2

∫ L

0
Qg dx = 0, (23)

where the fluid fluxes Qa, Qb are defined as

Qa = A f kmRT
(
∑

2
k=0(n

i
k−na

k)+X
)
, Qb = kmRT

(
∑

2
k=0(n

i
k−nb

k)+X
)
. (24)

This balance is required for the volume of the cell to remain constant. It provides the325

additional equation needed to determine the concentration of large negatively charged

molecules in the cell X , and in turn gives a feedback to ion concentrations and the

potential through the electroneutrality condition (2). Moreover, the lateral flux Qg in

(23) depends on the mechanical pressure p(x) that is governed by fluid flow in the cleft.

This equation therefore provides an additional coupling between the fluid flow and ion330

transport.

2.5. Solving the fully coupled problem

We proceed to summarise how ion and fluid dynamics are coupled in our model

and how the solution, including the water balance constraint, is obtained.

The first step of the model is to solve the problem for ion transport in the cell335

numerically (13), imposing an initial value of X , to obtain values for T EP, φ i, ni
0

and ni
1. These quantities appear in boundary conditions for the problem in the cleft

and, therefore, also in Eqs. (14). Resolving the double layer is essential to obtain the

expression for the slip velocity (18), which appears in the problem for the fluid in the

cleft (22). The slip velocity depends on the bulk concentrations and the potential in340

the cleft gap. The problem for ion transport in the cleft (14) is thus coupled with fluid

transport (22) via advection, osmotic water fluxes and the slip velocity. They are solved
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numerically together to obtain the profiles of concentrations ng
k , k = 0,1, the potential

φ g in the bulk of the cleft, fluid velocity u and pressure p.

The last step of the solution is to enforce water flux balance in the cell, which is345

given by equation (23). This condition is satisfied by recalculating the value of X and

setting up an iterative procedure with respect to X , until water balance is enforced with

the required precision. This is implemented by the following steps:

1. For a given value of X , denoted Xprior, we solve the spatially-averaged problem

for ion transport (13) for the unknowns T EP, φ i, ni
0 and ni

1 in the cell.350

2. We solve the problem for fluid and ion transport in the bulk of the cleft (14), (22)

to find the distributions of potential φ g, concentrations ng
0 and ng

1, fluid pressure

p and velocity u, using the expression for the slip velocity (18).

3. We find the fluxes Qs, s ∈ {a,b,g, t j} and use (23) to solve for the iteration

update of X , that is Xupdate.355

4. We go to step 1 with the updated value of X , now resetting Xprior = Xupdate, for

the next iteration until the condition (23) is satisfied with Xprior for a desired

tolerance.

This solution procedure was implemented in Matlab to obtain all the results re-

ported in Section 4.360

3. Choice of the parameter values

The choice of parameters is very challenging due to the lack of clinical measure-

ments on human RPE. Some data on ion fluxes and membrane permeabilities have

been reported for other species, such as frog and cow, but to our knowledge, no such

measurements are available for humans. We thus were forced to make assumptions on365

some of the parameter values. As a general rule, we tried to use data from the literature

whenever possible and attempted to reproduce with the model concentrations of the

various species and TEP close to measured values. Since the model is a simplification

of the real system and not all ingredients are considered, the values of some parameters

we use might need adjustment in more refined models. The list of reference parameters370

used in the model is reported in Table 2 and their choice is discussed below.
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3.1. Geometry

We consider the RPE as a monolayer of rectangular cells with thickness H and

length L. The typical RPE length varies from 10 to 60 µm [27], with the lower value at

the macula. The diameter of the RPE cells is ≈ 14 µm [2]. In our model we consider375

L = H = 10 µm. The reference width of the cleft gap h is fixed to be 20 nm, noting

that the resulting prediction for the net water flux with the other reference parameters

matches observed values of≈ 10−8 m/s [31]. The apical membrane of the RPE cell has

long microvilli [2], and the folding factor A f was estimated by Adijanto et al. [23] in

human cells to have the value of 10, based on CO2 transport. We therefore set A f = 10.380

3.2. Ion transport

We consider the RPE to be in a bath of 120 mM NaCl and 5 mM KCl solution,

giving a total osmolarity of 250 mM. Therefore, ion concentrations in the apical and

basal regions are Ns
0 = 120 mM, Ns

1 = 5 mM and Ns
2 = 125 mM, s∈{a,b}. In our model

we neglect the presence of HCO−3 and all the active and passive transport associated385

with it, such as the Na+−HCO−3 co-transporter and HCO−3 −Cl− exchanger in the

basolateral one. Since we do not consider passive transport of Na+ across membranes

and Cl− across the apical membrane, the corresponding permeabilities are set to be

zero, Pa
0 = Pb

0 = Pa
2 = 0.

K+ channels in the apical membrane were studied by Kusaka et al. [44] in the390

rat RPE, who found the ratio between conductance and cell capacitance to be ga
1/Cm ≈

0.14 nS/pF, from which we can compute, using the value of Cm reported in Table 2, ga
1≈

1.4 S/m2. Using linear expression for the current, one would write Iai
1 = ga

1
(
φ a−φ i +RT/F ln(na

1/ni
1)
)
.

However, we use the GHK model for the current (7) and estimate the order of magni-

tude of membrane permeability Pa
1 , we match the two expressions for the following395

values of potential and concentrations: ni
1 = 120 mM, φ i =−75 mV and φ a = 15 mV,

and obtain 2.5 · 10−8 m/s. To account for apical membrane folding this value has to

be multiplied by 10. In the following we use Pa
1 ≈ 5 · 10−7 m/s. In our framework,

increasing this permeability does not cause significant change of ion concentrations in

the cell, but results in a depolarization of the apical membrane, thus decreasing TEP.400
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The basolateral membrane permeability to Cl−, Pb
2 , is controlled by the presence of

Cl− channels [6]. The conductance of this membrane was estimated in the frog RPE

by La Cour [45] to be ≈ 5.9 S/m2. The value refers to the whole epithelium rather

than the membrane itself, and thus the presence of lateral membranes is incorporated

into this value, which leads to an estimate of the permeability ≈ 2.7 · 10−8 m/s via405

similar calculation as for Pa
1 with ni

2 = 50 mM. Increasing Pb
2 results in depolarisation

of basolateral membrane, elevation of ni
0, decrease of ni

1 and ni
2 and the increase of

water flux. To ensure the TEP is within the range of observed values [6] we have fixed

Pb
2 = 0.8 · 10−8 m/s. For same reasons, the basolateral permeability to K+, Pb

1 , was

fixed to be Pb
1 = 1.5 · 10−7 m/s. Increasing permeability Pb

1 results in polarisation of410

the basolateral membrane and decrease f TEP.

We consider tight junctions to be permeable to K+, based on the observations of

Peng et al. [26]. The value of this permeability Pt j is unknown, we therefore investigate

the effect of variation of this parameter in the Section 4 (see Figs. 4, 6(a)) and take the

reference value for the permeability to be Pt j = 10−6 m/s.415

The order of magnitude for the amplitude of the Na+-K+ pump, P, has been chosen

based on the work of McLaughlin & Mathias [30], where they estimated the current

from Na+-K+ATPase to be 10 µA/cm2. We fix the maximum value of the pump to

correspond to this current, P≈ 10−6 mol/m2/s. Increasing the pump rate results in the

elevation of TEP and the increase of water flux across the RPE.420

In equation (9), the co-transporter coefficient, M, is assumed to be triple that of

the pump, M = P · 3 ≈ 3 · 10−6 mol/m2/s to obtain a Cl− concentration in cell in the

range of observed values in frog and bovine RPE [46, 47]. Increasing M results in

depolarisation of the basolateral membrane.

The average valence of negatively charged large molecules in the cell, zX , differs425

among cells and species. Lew et al. [48] calculated it to be 1.85 with parameters from

amphibian skin and urinary bladder. In this work we fix zX = 1.5.

Finally, for the solution in the EDL we need to fix the surface charge due to proteins,

σ0. We fix it to correspond to a zeta potential of −10 mV, which is in the range of

standard values for the cell membrane [49].430
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3.3. Fluid dynamics

We consider intracellular and extracellular fluid to have the properties of water.

The electric permittivity ε is used for 250 mM NaCl solution at 35◦C [28]. Water is

transported across the cell membrane through a lipid bilayer, which has low perme-

ability, and water channels, aquaporins AQP1 [50] (and other AQPs [51]), that elevate435

the hydrodynamic permeability. In fact, for some epithelia, the water velocity scale

across the membrane can be elevated from 10−4 cm/s to 10−2 cm/s by aquaporins

[14]. In our model we consider the reference value for membrane permeability to be

km = 1.28 · 10−12 m/s/Pa [33] and study the dependence of fluxes on its variation in

Fig. 7.440

The hydrodynamic permeability of the tight junction is chosen to be 100 times

that of the reference value for the membrane permeability, km, so that kt j = 1.28 ·

10−10 m/s/Pa. The variation of this parameter is also shown in Fig. 7.

4. Results

Throughout this section we use, as baseline, the parameter values reported in Ta-445

ble 2, unless otherwise specified. As discussed in section 2, the concentration of all

species in the cell are assumed to be spatially uniform. The values predicted by the

ion transport model (13) under open circuit condition (12) are shown in Fig. 2 (left

panel) in purple. The values of the concentrations in the apical and the basal regions

Ns
k , k = 0,1,2, s ∈ {a,b} are prescribed and are reported in the figure in black. The450

concentrations predicted for Na+, K+and Cl−are ni
0 = 18.5 mM, ni

1 = 121.5 mM and

ni
2 = 51 mM, respectively. All calculated values are close to those observed in the RPE

[23, 6, 8]. The existing measurements of Cl− concentration provide values varying in

a relatively wide range, from 62 mM in the bovine RPE [47] to approximately 20 mM

in the toad and chick RPE [46, 52]. We note that the Cl− values reported are high455

compared to the other mammalian cell types.

In Fig. 2 we also report the predicted values of the potential in all regions. The

potential is, without loss of generality, imposed in the basal region (reported in black)

and computed in the other two (interior of the cell and the apical region). The transep-
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Figure 3: (a) Deviation of the ion concentrations along the cleft from those in the basal region. The x - axis
goes along the symmetry midline (y = 0) of the cleft from the basal region to the tight junction, as shown in
Figure 2. (b) The electrical potential along the cleft. Pt j = 10−6 m/s, δ = 10−3. All other parameters are
given in Table 2.

ithelial potential T EP = φ a−φ b is positive and equal to ≈ 14.6 mV, which is within460

the range of values observed in different species, from 2.2 mV to 15 mV [6, 53, 54].

Under open circuit condition, K+ and Cl− fluxes are about 2.96 · 10−6 mol/m2/s.

There is no net Na+ transport, since we do not consider the Na+- HCO3
− co-transporter

in the basolateral membrane [10]. The value of Cl− flux predicted by our model

is larger than the one measured by La Cour [45] in the frog RPE, which was ≈ 2 ·465

10−6 mol/m2/s, but has the same order of magnitude.

Ion fluxes occur from the cell both to the basal region and the cleft gap. The flux

through the lateral wall has to be balanced by a flux along the cleft, which is supported

by ion concentration and electrical potential gradients. In Fig. 3(a) we plot the de-

parture of the concentration of all species from their basal values along the cleft. K+
470

and Cl− concentrations increase towards the tight junction. The Na+ concentration,

on the other hand, is decreasing and, since lateral membranes are impermeable to it,

the behaviour is governed by electroneutrality. The variation of concentration has the

same order of magnitude for all species. The potential along the cleft gap is shown

in Fig. 3(b). The figure shows that the potential decreases from zero at the basal re-475

gion to a negative value at the tight junction, despite the fact that the apical potential

is positive. This implies that the potential drop across the tight junction has a larger

magnitude than the TEP.
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Figure 4: Differences in ion concentrations (a) and the potential (b) between model predictions in the cleft
at the boundary with the tight junction and at the basal region, as a function of tight junction permeability to
K+, Pt j . All other parameters are given in Table 2.

The value of tight-junction permeability to K+, Pt j, appearing in the Eq. (11), is un-

known in the RPE, and in other epithelia it could vary over several orders of magnitude,480

depending whether the epithelium is leaky or tight [55]. The drop of ion concentra-

tions and of the potential in the cleft is shown in Fig. 4. We vary Pt j from 1.5 ·10−8 to

1.5 ·10−4 m/s. Within this range (4 orders of magnitude) the concentrations and the po-

tential remain almost constant, implying our lack of knowledge about the permeability

of the tight junction does not significantly affect the model results.485

The concentration variation of all species in the cleft, along with the fact that the

concentrations in the cell are not spatially variable, implies that an osmotic flux is

generated across the cell lateral membrane. Such a flux is directed from the cell to

the cleft, since the osmolarity in the cleft is larger than in the cell. Moreover, the

existence of an electrical field along the cleft generates an electroosmotic flow. Since490

electroosmotic flow follows the potential gradient, it is directed from the basal to the

apical region and therefore competes with the osmotic flux.

The velocity field in the cleft is shown in Fig. 5(a). The effect of the slip velocity

can be seen through the circulation next to the walls, close to the boundaries of the cleft

with the basal region. The slip velocity is directed from the basal to the apical region,495

which is a consequence of the negative sign of the potential gradient along the cleft.

However, water flow is mostly due to the lateral osmotic fluxes. The inflow from the
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Figure 5: (a) The velocity vectors in the cleft. The x-axis spans from basal to apical region, the y-axis spans
across the cleft. The cleft thickness is magnified for clearer visualisation. The maximum velocity magnitude
is 5.2 µm/s. (b) Fluid pressure along the cleft. Parameters are reported in Table 2 with Pt j = 10−6 m/s,
δ = 10−3, kt j = 1.28 ·10−10 m/s/Pa.

tight junction is barely visible in the plot because its magnitude is much smaller than

the one from the lateral walls.

Figure 5(b) shows the pressure along the cleft gap relative to the pressure in the cell,500

which we assume to be constant and equal to zero. The maximum value is close to the

tight junction and is about 4 mmHg. We note that in reality the cleft gap is compliant

and such pressure values might induce an increase of its thickness. Introducing this

effect to the model would add extra complexity and additional unknown parameters

(see [11]), without qualitatively changing the results. For instance, for a cleft gap 5505

times thicker, h = 50 nm, the maximum pressure value drops to 0.025 mmHg, but the

water flux reduces only by a factor of 1.5. Therefore, similarly to what has been im-

plemented in various other works on epithelial transport (e.g. [56]), we do not account

for the compliance in the present model.

The contribution of the electroosmotic flux in the cleft FEO to the total flow is510

computed via FEO = FTOT −FO, where FTOT is the transepithelial flux per unit sur-

face and FO is the flux, driven only by osmosis, obtained by solving (22), with zero

slip velocity uslip = 0 (thus ’switching off’ electroosmosis). The model predicts, that

FEO ≈ 0.9 ·10−11 m/s and FO ≈ 0.7 ·10−8 m/s, indicating that osmosis dominates elec-

troosmosis. The overall flux is therefore directed towards the basal region. In Fig. 2515
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Figure 6: (a) Ratio between predicted electroosmotic and osmotic fluxes across the RPE as a function of
tight junction permeability Pt j with δ = 10−3. (b) Osmotic flux FO and electroosmotic flux FEO magnitudes
as a function of aspect ratio of the cleft δ = h/L with Pt j = 10−6 m/s. The black dashed line corresponds
to the measured value of transepithelial water transport 4 µl/h/cm2 ≈ 1.1 · 10−8 m/s [32]. In both figures
kt j = 1.28 ·10−10 m/s/Pa. All other parameters are given in Table 2.

we show the direction of water fluxes predicted by the model. The length of the arrows

schematically indicates the magnitude of the corresponding flux. We note that there is

an osmotic flux also from the basal region to the cell, but it is smaller than that from the

apical region, owing to the fact that the apical membrane is highly folded. For baseline

values for the parameters, the water flux per unit surface through the RPE is equal to520

0.7 ·10−8 m/s.

The ratio between osmotic and electroosmotic fluxes as a function of the tight-

junction permeability to K+ is shown in Fig. 6(a). The flux ratio is negative since the

electroosmotic flow has an opposite direction to the osmotic flow. Moreover, this ratio

keeps the same order of magnitude over a wide range of values of Pt j, which indicates525

that electroosmotic flux is subdominant. Fig. 6(b) shows the effect of the cleft aspect

ratio (h/L) on the osmotic and electroosmotic contributions to the total flow. Increasing

the cleft aspect ratio results in smaller potential and concentration gradients and both

fluxes decrease. Electroosmosis becomes more relevant as the aspect ratio tends to

zero.530

In Fig. 7 we investigate the effect of the hydrodynamic permeability of the lateral

membrane km and of the tight junction kt j on the flow (see Eq. (22a)). The five curves

correspond to different values of kt j for which, to our knowledge, there are no mea-
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Figure 7: Flux per unit surface through the RPE as a function of the membrane hydrodynamic permeability
km for different values of tight junction hydrodynamic permeability kt j . k̃m is the typical value for hydrody-
namic permeability of the cell membrane, k̃m = 1.28 · 10−12 m/s/Pa [33]. The baseline value for the mem-
brane permeability is represented by the vertical black punctured line. The horizontal black dashed line cor-
responds to the measured value of transepithelial water transport 1.1 ·10−8 m/s. δ = 10−3, Pt j = 10−6 m/s.
All other parameters are given in Table 2.

surements. We thus consider it to be a multiple of the typical membrane permeability,

which we denote as k̃m. Fig. 7 shows that the hydrodynamic permeability of the cell535

membrane km has a significant influence on the magnitude of the flow in the cleft, since

it governs the osmotic fluxes. On the other hand, due to the small cleft aspect ratio δ ,

the permeability of the tight junction, kt j, has a smaller effect on water flux. kt j should

be of order km/δ for the osmotic fluxes through the tight junction and lateral walls to

have the same magnitude. In fact, it can be seen from the plot that for large values of540

kt j the flux is weakly affected by changes in km.

5. Discussion

A significant proportion of ocular pathology is due to fluid accumulation in the sub-

retinal space. It occurs in diabetic maculopathy and some forms of age-related macular

degeneration, the two being among the most common causes of visual impairment or545

blindness. One of the reasons of fluid accumulation in the sub-retinal space is failure

of fluid pumping by the retinal pigment epithelium (RPE). Failure of such a pumping

is also associated with increased risk of retinal detachment [4]. Understanding the
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mechanisms of fluid transport across the RPE is important to obtain an insight about

preventing and/or treating the pump failure and it is the primary aim of the present550

work.

The mechanisms that drive fluid across various types of epithelia have been thor-

oughly investigated [13]. In addition, many authors studied water transport across

the corneal endothelium, in particular focusing on the role of electroosmosis [58, 59,

19]. However, the details of RPE water transport are poorly understood, despite their555

clinical relevance, though the close integration with ion transport suggests there are

favourable prospects for furthering a mechanistic description for water transport in the

RPE.

In this work we propose a mathematical model that incorporates this coupling be-

tween cellular ion and fluid transport within a coherent framework that resolves ion560

concentrations and the electric potential within the cleft gap. The model accounts for

the presence of three ions (Na+, K+ and Cl−), which, according to experimental mea-

surements, are dominant in terms of concentrations and magnitude of ion fluxes across

the RPE [24]. Although it neglects some potentially important elements, such as bi-

carbonate, protons, carbon dioxide and lactate, the three-ion model is anticipated to be565

sufficient, as a first approximation, to describe the essential features of RPE water and

ion transport, as well as illustrating that physically consistent, spatially resolved mod-

els for water and ion transport can be developed, which is a further aim of this work.

Adding more components to the model will be the next step of our research.

The model of ion transport consists of conservation equations for ion fluxes and570

the Poisson equation for the electrical potential together with prescribed boundary and

membrane conditions. We consider the apical membrane to be flat, disregarding the

presence of microvilli in the geometry, but accounting for them in terms of membrane

transport properties. In the bulk of the cell and extracellular space we assume elec-

troneutrality. The small aspect ratio of the cleft (δ = h/L ≈ 0.001), allows us to sig-575

nificantly simplify the system. As a result, we obtain distributions of concentrations

and the potential in the bulk of both the cell and the cleft gap. We also resolve the De-

bye layers, at the cell membranes, to obtain the spatial profile of potential and charge

density in the cleft, which are necessary to describe electroosmotic flow.
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To model the flow in the cleft gap between adjacent cells we account for the effects580

of osmotic fluxes through the lateral walls and the tight junction and electroosmosis

along the cleft gap. The ion transport model provides the necessary information to

describe these mechanisms. Taking advantage of the cleft geometry, we use a thin-film

approximation to model fluid flow and note that water and ion transport are coupled

through the effect of advection. An additional coupling arises from the overall water585

balance which controls cell volume.

For the chosen set of parameters (given in Table 2), the model reproduces ion con-

centrations in the cell and membrane potentials close to those observed in the RPE

experimentally. The model resolves the heterogeneous profiles in the cleft gap in con-

cert with a coupling of the ion and fluid transport within a coherent framework. Unlike590

most works on epithelial transport (e.g. [60],[40],[48]), the present model treats the

system as fully spatial until and unless there is evidence to neglect spatial variability,

and it is found that some spatial effects need to be retained. In particular, the predicted

spatial variability of ion concentrations and electrical potential along the cleft gap has

important consequences and cannot be predicted by standard compartmental models of595

epithelial transport.

The importance of spatial variability was already highlighted by Weinstein and

Stephenson [11], who developed a mathematical model for general epithelia, with par-

ticular attention to Necturus gallbladder. Despite the similarities, our model holds

several substantial differences with the work in [11]. First, the authors aimed at inves-600

tigating the transport in leaky epithelia, whereas the RPE is tight. Second, as a result

of distinct cell types in two models, different ion channel composition and, therefore,

constitutive laws were adapted. Moreover, our model investigates the possibility of

electroosmosis along the cleft, and therefore the electrical double layers close to the

cell membranes are accounted for, which was not implemented in [11]. However, the605

authors also considered the effect of compliance of the cell membranes, that we neglect

even if we account for the changes in cell volume, advocating that this additional effect

would not change the qualitative and quantitative in terms of water flux conclusions of

the present work.

The results show that the transepithelial flow has a direction from the apical to the610
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basal region and its magnitude is about 0.7 · 10−8 m/s, which is close to the measured

value of the flow through the human RPE of 1.1–2.8 ·10−8 m/s [32]. If we account

for a hexagonal arrangement of the cells, and assuming that L is the side of cell, then

the calculated flux value should be multiplied by a factor of ≈ 2/
√

3. Although we

are in the regime of isotonic transepithelial fluid transport, there is an osmotic flow615

through the RPE driven by the spatial variability of ion concentrations in the cleft (fig.

2). The transport from the cell to the cleft gap is hypertonic, reaching isotonicity at

the boundary with the basal region and is known as local osmosis [15, 61]. We must

emphasise, however, that the model prescribes the same concentrations in the apical

and basal regions, which is a restrictive assumption according to the physiological def-620

inition of isotonic transport. Weinstein and Stephenson [11] proposed that the transep-

ithelial difference in osmolarity can be 1-2% for epithelium to transport isotonically. In

our framework, a 2% change of bathing NaCl solution in the apical or basal side will

result in additional water flux of about 2.5 · 10−8 m/s, which is comparable with the

value we find for local osmosis and no transepithelial osmotic gradients. This confirms625

that the contribution of the interspace gradients is important and has to be considered

in such models. Moreover, the model predicts that transepithelial water flux depends

linearly on NaCl concentration in the apical (or basal) region. The slope of this lin-

ear dependency may be physiologically interpreted as an osmotic permeability of the

whole epithelial layer, which we estimate to be approximately 2.11 ·10−12 m/s/Pa. Fur-630

thermore, it has been observed that fluid transport is enhanced by transepithelial Cl−

flux (e.g [47]). Our model is consistent with this finding, as increasing basolateral Cl−

conductance results in higher concentration gradients in the cleft, driving more fluid

across the RPE.

To estimate the electroosmotic flux one might be tempted to perform a simple order-635

of-magnitude calculation, using the Helmholtz-Smoluchovsky streamwise slip velocity

expression [21], uslip =− εζ E
µ

, where ε , ζ , µ are electric permittivity of the fluid, wall

zeta potential and fluid viscosity, respectively, and E is the streamwise electric field.

The natural estimate for the electric field would be based on the transepithelial potential

T EP≈ 5 mV, thus, E =−T EP/L≈−500 V/m (where L is the length of the cell) with640

the field directed from the sub-retinal space to the choroid. In reality, it is likely that
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the majority of the potential drop occurs across the tight junction rather then the whole

epithelial layer, entailing that the electric field above is overestimated. It is, however,

not obvious how to estimate the value of the potential drop along the cleft, thus we use

T EP for this order-of-magnitude argument. Using the values of ε and µ from Table 2645

and the standard value for the zeta potential for the cell walls ζ = −10 mV [49], we

estimate uslip ≈ 4.3 µm/s, directed towards the choroid and the electroosmotic flux per

unit surface≈ 8.6 · 10−9 m/s, which is comparable to the measured transepithelial flow.

This intuitive calculation, however, is misleading and in disagreement with the model

outcomes, since for physiological values of the parameters the electric field is predicted650

to be directed from the basal region to the tight junction, forcing electroosmotic flow

towards the subretinal space, in the opposite direction to the water flux across the RPE.

The magnitude of electroosmosis in the cleft is much smaller and it is thus predicted

to be subdominant, stressing the importance of the integrated mathematical model for

the epithelial transport. Due to the small aspect ratio in the cleft, the impact of the655

slip velocity on the total flow is much smaller compared to osmotic fluxes through the

lateral walls. In fact, the osmotic flux is about three orders of magnitude larger than

the electroosmotic one, and this difference is robust with respect to changes of param-

eter values. We advocate that above conclusions would apply to other tight epithelia,

in particular that electroosmosis is subdominant, though the direction of electroos-660

motic flow might change depending on the characteristics of the epithelium. Clearly,

in the case of non-isotonic transport osmosis will be even more dominant. The present

model neglects the possible electroosmotic flow in the tight junctions, noting that such

mechanisms have been proposed only for leaky epithelia, whilst the predominance of

Claudin-3 and Claudin-19 in human RPE suggest tight epithelia, without relatively low665

permeability tight junctions [62]. We also have neglected the possible effect of Bruch’s

membrane, which would result in an additional resistance to the flow.

For physiological values of the membrane permeability (≈ 10−12 m/s/Pa [33]), the

majority of the flow occurs due to the osmotic fluxes through the lateral membrane,

via the paracellular route. If, however, the lateral hydrodynamic permeability is low,670

which can occur due to a lack (or knockdown) of aquaporins, the permeability of the

tight junction has to be much larger than the membrane permeability in order to support
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the necessary amount of flow, which will then have a paracellular route. Nevertheless,

for low or moderate tight junction hydrodynamic permeability, the transepithelial water

flux is approximately proportional to the lateral membrane permeability, which means675

that this model framework cannot immediately be deployed to explain the effect of

aquaporin knockdown that occurs in some leaky epithelia [18].

To summarise, our model predicts that the spatial gradient of ion concentrations

and potential in the cleft is capable of driving physiological amounts of fluid through

the RPE without additional mechanisms. We must emphasise, however, that since the680

model neglects pH balance and the presence of HCO3
− and CO2, some of the con-

clusions might change when adding these components, which is currently the subject

of our research. Nonetheless, we anticipate that the presence of spatial heterogeneity

in the cleft, and its influence on driving flow across the lateral membranes, will be

retained, as will the prediction that electroosmosis is subdominant and the prediction685

that the water transport may not be as sensitive to membrane permeability as one might

initially anticipate.

Appendix A. Reduction of the model in the cell to a set of algebraic equations

In this section we describe the procedure to simplify the model (1a) for k = 0,1 and

(3) in the cell to a set of algebraic equations. The aspect ratio in the cleft is δ = h/L≈690

0.001. If we denote schematically the order of magnitude of an ion flux per unit area

through the lateral membrane by F , the flux per unit area along the cleft has to be of

the order F/δ . This implies that variations of concentrations and potential in the cell

have to be δ times smaller than those in the cleft. We also verify a posteriori that the

magnitude of these variations is of order 0.1% of the average values. We thus make use695

of an asymptotic expansion of all variables in the cell and write

ni
k = n̂i

k +O(δ ), φ
i = φ̂

i +O(δ ), (A.1)

where n̂i
k and φ̂ i do not depend on space. We now integrate equations (1a) for k = 0,1

and (3) in the main text over the volume of the cell, apply the divergence theorem and

implement the membrane conditions (4) and (5), to obtain the following problem at the
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leading order700

3P +M = 0, (A.2a)

J ia
1 −2P +M +J ib

1 +
2
H

∫ L

0
J ig

1 dx = 0, (A.2b)

P +J ia
1 +J ib

1 −J ib
2 +

2
H

∫ L

0

(
J ig

1 −J ig
2

)
dx = 0, (A.2c)

where we have to keep integrals only for the cleft variables, as the values in other

regions are uniform. We note that all fluxes (P , M , J ia
1 , J ib

1 , J ig
1 , J ib

2 and J ig
2 )

are computed using the leading order, spatially constant variables in the cell. In the

following we will not distinguish leading order variables from the exact variables; in

other words we will write, for instance, ni
k rather than n̂i

k. In summary, this reduces the705

problem in the cell to a system of algebraic equations.

Appendix B. Reduction of the ion transport model in the cleft to a set of ODEs

In this section we derive the ODEs (14a)–(14c). We first redefine y via y→ y−

(h+H), so that the left wall of the cleft gap is at y = 0 and the symmetry axes are at

y = h and y =−H/2. It is convenient from now on to work in terms of dimensionless710

variables. Let N denote a representative ion concentration, equivalent to 100 mM,

corresponding to a physiological solution with molarity 300 mM. With s ∈ {a,b, i,g}

we non-dimensionalise all variables as follows

x = Lx̄, y = hȳ, ns
k = Nn̄s

k, φ
s =

RT
F

φ̄
s, X = NX̄ , u =Uū, v = δUv̄, (B.1)

where the choice of fluid velocity scale U ≈ 60 µm/s is discussed in Appendix D. In

the cleft gap, electrodiffusion is governed by equations (1a) for k = 0,1 and (3), which715

scale as follows

∂ 2n̄g
k

∂ x̄2 + zk
∂

∂ x̄

(
n̄g

k
∂ φ̄ g

∂ x̄

)
+

1
δ 2

(
∂ 2n̄g

k
∂ ȳ2 + zk

∂

∂ ȳ

(
n̄g

k
∂ φ̄ g

∂ ȳ

))
−Pe

(
∂ (ūn̄g

k)

∂ x̄
+

∂ (v̄n̄g
k)

∂ ȳ

)
= 0,(B.2)

∂

∂ x̄

([
2

∑
k=0

n̄g
k

]
∂ φ̄ g

∂ x̄

)
+

1
δ 2

∂

∂ ȳ

([
2

∑
k=0

n̄g
k

]
∂ φ̄ g

∂ ȳ

)
= 0, (B.3)
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where Pe is a Péclet number, defined as Pe = UL/D ≈ 0.3. Taking advantage of the

small ratio δ of the cleft gap, we expand all variables in terms of δ

n̄g
k = n̄g

k,0 +δ
2n̄g

k,1 +O(δ 4), φ̄
g = φ̄

g
0 +δ

2
φ̄

g
1 +O(δ 4). (B.4)

Introducing these expansions into equations (B.2)-(B.3) we obtain the following lead-

ing order problem (denoting for simplicity of the notation leading order variables as720

exact ones, e.g. using n̄g
k , φ̄ g rather than n̄g

k,0 and φ̄
g
0 )

∂

∂ ȳ

([
2

∑
k=0

n̄g
k

]
∂ φ̄ g

∂ ȳ

)
= 0,

∂ 2n̄g
k

∂ ȳ2 + zk
∂

∂ ȳ

(
n̄g

k
∂ φ̄ g

∂ ȳ

)
= 0, k = 0,1. (B.5)

Noting the symmetry condition at ȳ = 1, where ∂/∂ ȳ operating on any variable yields

zero, we have for k ∈ {0,1}

∂ n̄g
k

∂ ȳ
+ zkn̄g

k
∂ φ̄ g

∂ ȳ
= 0. (B.6)

Hence

n̄g
k = Ak(x̄)exp[−zkφ̄

g], (B.7)

where A0 and A1 arise from the general form of the solution following integration. Not-725

ing that the valences for sodium and potassium z0 = z1 = 1, and using electroneutrality

in the gap, n̄g
2 = n̄g

0 + n̄g
1, we have

2
∂

∂ ȳ

(
[A0(x̄)+A1(x̄)]exp[−φ̄

g]
∂ φ̄ g

∂ ȳ

)
= 0. (B.8)

One integration and the symmetry condition gives

∂ φ̄ g

∂ ȳ
= 0 (B.9)

and hence the leading order bulk potential, and thus the concentrations, have no ȳ

dependence.730
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With the 1 superscript denoting the first subleading term and integrating the first-

order correction to the concentration balance equation over ȳ, we have

∫ 2

0

{
∂ 2n̄g

∂ x̄2 +
∂

∂ x̄

(
zkn̄g

k
∂ φ̄ g

∂ x̄
−Pe(ūn̄g

k)

)}
dȳ+

[
∂ n̄g

k,1

∂ ȳ
+ zkn̄g

k
∂ φ̄

g
1

∂ ȳ
+ zkn̄g

k,1
∂ φ̄ g

∂ ȳ
−Pe(v̄n̄g

k)

]ȳ=2

ȳ=0

= 0. (B.10)

The contribution to the square bracket is determined by the boundary conditions at

ȳ = 0 and ȳ = 2,

∂ n̄g
k,1

∂ ȳ
+ zkn̄g

k
∂ φ̄

g
1

∂ ȳ
+ zkn̄g

k,1
∂ φ̄ g

∂ ȳ
−Pev̄n̄g

k =±P̂b
k zk(φ̄

i− φ̄
g)

n̄i
k− n̄g

k exp[−zk(φ̄
i− φ̄ g)]

1− exp[−zk(φ̄ i− φ̄ g)]
,

(B.11)

where P̂b
k = Pb

k
L

Dδ
and the right hand side sign is ‘+’ for ȳ = 2 and ‘-’ for ȳ = 0. As735

the membrane is impermeable to sodium, Pb
0 = 0. Non-zero values P̂b

k have to be of

order 1 for the above expression to be valid, and for the values reported in table 2 we

find P̂b
1 = 0.88, P̂b

2 = 0.05. We denote the term on the right hand side of the expression

(B.11) as J̄ ig
k , which represents the dimensionless lateral flux.

Recalling that concentrations and the potential under integral in equation (B.10) are740

ȳ independent, we rewrite the equation (B.10), in the following way

d2n̄g
k

dx̄2 +
d
dx̄

(
zkn̄g

k
dφ̄ g

dx̄

)
−Pe

(
q̄

dn̄g
k

dx̄
+

n̄g
k

2

∫ 2

0

∂ ū
∂ x̄

dȳ
)
+J̄ ig

k (n̄g
k , φ̄

g) = 0, k = 0,1,

(B.12)

where q̄ = 1
2
∫ 2

0 ūdȳ is dimensionless depth-averaged velocity. Using the continuity

equation for the fluid (17b) to treat the term with integral, we obtain the following

expression

d2n̄g
k

dx̄2 +
d
dx̄

(
zkn̄g

k
dφ̄ g

dx̄

)
−Pe

(
q̄

dn̄g
k

dx̄
− Q̄gn̄g

k

)
+J̄ ig

k (n̄g
k , φ̄

g) = 0, k = 0,1, (B.13)

where Q̄g is the water flux through the lateral membrane.745

Using a similar procedure for (B.3) at order δ 2 we obtain the following equation

d
dx̄

([
2

∑
k=0

n̄g
k

]
dφ̄ g

dx̄

)
+J̄ ig

1 −J̄ ig
2 = 0. (B.14)
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The boundary conditions at the tight junction (x̄ = 1) (15) are rewritten as follows

dn̄g
k

dx̄
+ zkn̄g

k
dφ̄ g

dx̄
−PeQ̄t jn̄g

k = J̄ ag
k (n̄g

k , φ̄
g), k = 0,1 (B.15a)

−2
(
n̄g

0 + n̄g
1

) dφ̄ g

dx̄
= J̄ ag

1 (A1, φ̄
g), (B.15b)

with Dirichlet conditions at x̄ = 0

n̄g
0 = N̄b

0 , n̄g
1 = N̄b

1 , φ̄
g = 0. (B.16)

We therefore have 3 coupled ODEs, (B.13) – (B.14), for 3 unknowns n̄g
0, n̄g

1, φ̄ g with

the boundary conditions (B.15a), (B.15b), (B.16).750

Appendix C. Derivation of the solution in the Debye layer

In this section we describe the problem in the electrical double layer (EDL) and

derive the solution. As reported in the main text, electroneutrality in the Debye layer

breaks down and we have to solve the system (1a) and (1b).

We work in terms of dimensionless variables, as in Appendix B, but introducing

new spatial scales

x = LX , y = λDY,

where λD =
√

εRT
F2N ≈ 1.8 nm is the Debye length. We also define the aspect ratio of the755

EDL, λ = λD/L. As in Appendix B, we assume that the left wall of the cleft is located

at y = 0.

Using nd
k , φ d to denote ion concentrations and electrical potential in the Debye layer

of the cleft (denoted as nEDL
k and φ EDL in the main text), we use a similar expansion as

in the bulk of the cleft (Appendix B) but in terms of the EDL aspect ratio760

φ
d = φ̄

d
0 +λ

2
φ̄

d
1 +O(λ 4), n̄d

k = n̄d
k,0 +λ

2n̄d
k,1 +O(λ 4), k = 0,1,2. (C.1)

Rescaling equations (1a) and (1b) and applying the above expansion at leading order

(and again using the same notation for leading-order variables and exact ones), we have
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∂ 2φ̄ d

∂Y 2 =−(n̄d
0 + n̄d

1− n̄d
2),

∂ 2n̄d
k

∂Y 2 +
∂

∂Y

(
zkn̄d

k
∂ φ̄ d

∂Y

)
= 0, k = 0,1,2. (C.2)

Integrating the second expression and applying the leading-order boundary condition

(4) we obtain765

∂ n̄d
k

∂Y
+ zkn̄d

k
∂ φ̄ d

∂Y
= 0. (C.3)

Integrating the above equation and matching with the solution in the bulk, yields

n̄d
k (X ,Y ) = n̄g

k(X ,0)exp
[
−zk

(
φ̄

d(X ,Y )− φ̄
g(X ,0)

)]
, (C.4)

where n̄g
k(X ,0), φ̄ g(X ,0) are the inner limits of the bulk concentrations and potential.

Noting that the outer variables have no Y dependence (at leading order) and using the

standard Huckel-Debye approximation [21] one has

∂ 2

∂Y 2

(
φ̄

d− φ̄
g
)
=

(
2

∑
k=0

n̄g
k

)(
φ̄

d− φ̄
g
)
. (C.5)

Hence, upon matching with the solution in the bulk, we have

φ̄
d(X ,Y )− φ̄

g = K(X)exp

−( 2

∑
k=0

n̄g
k

)1/2

Y

 ,
where K(X) is given by φ̄ d(X ,0)− φ̄ g. Note that φ̄ d(X ,0) is still undetermined and, to770

find it, we require the boundary condition for the potential at Y = 0

∂ φ̄ d

∂Y

∣∣∣∣
Y=0

= σ̄ , (C.6)

where σ̄ is the non-dimensionalisation of

σ =Cm(φ
g−φ

i)−σ0, (C.7)

and it takes into account the surface charge due to the presence of proteins via σ0 and
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has a term which is proportional to the jump of the limits of the bulk potentials as they

approach the membrane with the membrane capacitance Cm. The scale for the surface775

charge density is FNLλ (for the meaning of the symbols please refer to Table 2). The

condition at Y = 0 is therefore given by

∂ φ̄ d

∂Y
= χ(φ̄ g− φ̄

i)− σ̄0, (C.8)

where χ = CmL
ε

λ ≈ 0.02.

Applying this condition we obtain the inner solution φ̄ d . We note that by construc-

tion, the inner solution coincides with the composite solution, which we denote with780

Φ, and it reads

Φ̄(X ,Y ) = φ̄
g− χ(φ̄ g− φ̄ i)− σ̄0(

∑
2
k=0 n̄g

k

)1/2 exp

−( 2

∑
k=0

n̄g
k

)1/2

Y

 . (C.9)

Appendix D. Derivation of the expression for the slip velocity

We start with the equations (17) for the fluid flow in the EDL.

For convenience, we work in terms of dimensionless variables and introduce the

following scales785

x = LX , y = λDY, u =Uū, v = δUv̄, Φ =
RT
F

Φ̄, p = P0 p̄, (D.1)

where λD is the Debye length, and U = ε

Lµ

(RT
F

)2
= 60 µm/s. The scale for the pressure

is chosen so that the pressure gradient balances with the dominant viscous term, to

obtain P0 = LµU/λ 2
D. Since the aspect ratio of the Debye layer λ = λD/L is small

we use lubrication theory to approximate the Navier Stokes equations. In particular

we drop terms of order λ 2 or smaller to obtain the following system of dimensionless790

equations

− ∂ p̄
∂X

+
∂ 2ū
∂X2 +

∂ 2Φ̄

∂Y 2
∂ Φ̄

∂X
= 0, (D.2a)

−∂ p̄
∂Y

+
∂ 2Φ̄

∂Y 2
∂ Φ̄

∂Y
= 0. (D.2b)
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Using (C.5) it is convenient to redefine the pressure, so that p′ = p̄− C(X)
2

(
Φ̄− φ̄ g

)2,

where C(X) = ∑
2
k=0 n̄g

k(X) and φ̄ g is the potential in the bulk. With this redefined

pressure the above equations take the form

−∂ p′

∂X
+

∂ 2ū
∂Y 2 +

∂ 2Φ̄

∂Y 2
∂ φ̄ g

∂X
−C′(X)

(σ̄)2

2C(X)
exp [−2

√
C(X)Y ] = 0, (D.3a)

∂ p′

∂Y
= 0. (D.3b)

Note, that now p′ does not depend on Y and, therefore, we can integrate equation (D.3a)795

twice with respect to Y and apply the no slip boundary condition at the wall Y = 0 to

obtain

ūEDL =
d p′

dX
Y 2

2
+ c1(X)Y +

 σ̄

(
exp[−

√
C(X)Y ]−1

)
√

C(X)

 ∂ φ̄ g

∂X
+

+C′(X)
(σ̄)2

8C2(X)

(
exp [−2

√
C(X)Y ]−1

)
, (D.4)

and the constant c1(X) can be determined by matching this solution (inner) with that in

the bulk of the cleft gap (outer). In the above expression, we have added a superscript

EDL to denote the velocity in this region to distinguish it from the solution in the bulk800

of the cleft.

In the bulk of cleft (outer region) the fluid flow is governed by Stokes equation

−∇p+µ∇
2u = 0. (D.5)

A similar analysis as for the inner region can be applied also in this case. The scaling

will differ from the one above only for the variables y = hȳ and p = LµU/h2 p̄, and the

spatial aspect ratio is δ = h/L.805

Rescaling the equations and dropping terms of order δ 2 or smaller we obtain the
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following equations

−∂ p̄
∂ x̄

+
∂ 2ū
∂ x̄2 = 0, (D.6)

−∂ p̄
∂ ȳ

= 0. (D.7)

Hence

ūbulk =
∂ p̄
∂ x̄

ȳ2

2
+d1(x̄)ȳ+d2(x̄), (D.8)

where we added the superscript bulk to distinguish this velocity from that of the inner

region (D.4). Applying the symmetry condition in y – direction we get d1(x̄) = 0. To810

determine the other constant, we perform matching with the inner region (and recall

that in the bulk p̄ = p′)

d2(x̄) =−
σ̄√
C(x̄)

∂ φ̄ g

∂ x̄
−C′(x̄)

(σ̄)2

8C2(x̄)
, (D.9)

and c1(x̄) = 0. The slip velocity is thus defined as uslip = d2(x̄).

Appendix E. Solution of the fluid flow in the cleft

We now work in the bulk of the cleft and shift the ȳ-axis into the centre of the cleft,815

so that the cleft spans from ȳ = −1 to ȳ = 1 and the symmetry axis is at ȳ = 0. In the

bulk of the cleft the velocity profile is then given by

ū =
1
2

∂ p̄
∂ x̄

(
ȳ2−1

)
+uslip. (E.1)

The equation for the pressure is obtained by integrating the continuity equation along

the thickness of the cleft with the boundary conditions v̄(ȳ = ±1) = ±Q̄g(x̄), where

Q̄g = Qg/δU = km/δU
[
RT
(
∑

2
k=0(n

i
k−ng

k(x))+X
)
+ p(x)

]
is the dimensionless lat-820

eral flux per unit area. The equation for the pressure p̄ then becomes

−1
3

d2 p̄
dx̄2 +

duslip

dx̄
=−Q̄g(x̄), (E.2a)
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subject to the boundary conditions

p̄(x̄) = 0, (E.2b)

−1
3

d p̄
dx̄
|x̄=1 +uslip(1) = Q̄t j, (E.2c)

where Q̄t j = Qt j/U is the dimensionless flux through the tight junction and is given by

the expression Qt j = kt j
(
RT ∑

1
k=0(n

a
k−ng

k(L))+ p(L)
)
.
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