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Abstract13

Biological experimentation has many obstacles: resource limitations, unavailability14

of materials, manufacturing complexities and ethical compliance issues; any approach15

that resolves all or some of these is of some interest. The aim of this study is applying16

the recently discovered concept of finite similitude as a novel approach for the design17

of scaled biomechanical experiments supported with analysis using a commercial finite18

element package and validated by means of image correlation software. The study19

of isotropic scaling of synthetic bones leads to the selection of 3D printed materials20

for the trial-space materials. These materials conforming to the theory are analysed21

in finite element models of a cylinder and femur geometries undergoing compression,22

tension, torsion and bending tests to assess the efficacy of the approach using the23

reverse scaling of the approach. The finite element results show similar strain patterns24

in the surface for the cylinder with a maximum difference of less than 10% and for the25

femur a maximum difference of less than 4% across all tests. Finally, the trial-space,26

physical-trial experimentation using 3D printed materials for compression and bending27

testing provides a good agreement in a Bland Altman statistical analysis providing28

good supporting evidence for the practicality of the approach.29

keywords: Scaling theory, Experimental design, Scaled experiments, Similarity, Biome-30

chanics31
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1 Introduction32

There are a variety of problems that arise when considering biological experimentation rang-33

ing from financial to ethical concerns. Scaled experimentation potentially provides a solution34

but presently its application is rather limited, lacking credibility with previous work on the35

scaling of biological systems having little to no control over material properties and other36

aspects.1 A fundamental concern of any scaled experiment is, in what sense is it truly rep-37

resentative of the full-scale system and how can this be gauged? With this in mind, this38

paper aims to introduce a new theory for scaling experiments and apply this to the design39

of biological experimentation.40

The most common and presently the only plausible scaling approach is dimensional anal-41

ysis.2,3,4 The fundamental concept underpinning this method is that physical properties and42

their behaviour cannot depend on the choice of units used to measure them. This basic43

idea leads to the Pi Theorem which states that it is possible to transform any relation to a44

dimensionless expression that does not depend on the units of measurement. Essentially, if45

there are n governing parameters and there are k independent dimensions, then the expres-46

sion is reduced to a dimensionless form with n−k parameters. The dimensionless expression47

allows the use of certain parameters that are called similarity parameters that aid in the48

assessment of whether the scaling of a certain experiment is possible. Although a good ap-49

proach, dimensional analysis has many shortcomings as expertise is generally required for its50

application. The main issue with dimensional analysis however is that it is not principally a51

scaling theory and only achieves scaling indirectly by insisting that the governing equations52

in dimensionless form remain invariant at different length scales. This imposition is hardly53

realistic in scaled experimentation with the matching of similarity parameters being virtually54

impossible and the approach offers no solution when matching is not achievable.55

A review of the methods used for scaling in biology reveals that it is necessary to ap-56

preciate what aspects can be scaled in relation to the study of biological systems.1 There is57

a variety of literature on the subject although the majority of papers focus on a particular58

aspect such as the scaling of sample sizes in a statistical study, or the change in scale of some59
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quantity such as force, size, metabolic rate (i.e. allometry), etc. However, these aspects are60

not particularly relevant to the design of trial experiments as they provide little insight into61

the choice of material properties and the matching of underlying physics involved.62

The underlying assumption of finite similitude is that the complete physics of a system63

is unlikely to scale but conservation laws must undoubtedly hold over a extensive range of64

length scales.5 Thus, in continuum bio-mechanics, the laws of nature necessitate that volume,65

mass, momentum and energy must be conserved along with compliance of non-conservative66

laws for movement (for the description of displacement, see reference6) and entropy. These67

laws are describable in transport form which can be interpreted as the rate of change of a68

physical quantity on a control volume being equal to the transfer and flux of the quantity69

at the boundary. This provides the foundation for the scaling theory presented here, which70

involves relating the laws in both the physical and trial spaces. For this purpose, a scaling71

map χ is introduced and interpreting this map as a ”deformation” of space it can then be72

used to relate the balance laws in their transport form giving rise to similarity equations73

between the trial and physical spaces. These have to be satisfied for all the transport74

equations involved to guarantee finite similitude which, in turn, guarantees that the governing75

physics remains representative. This can be done by obtaining the scaling parameters (as76

proportional physics is sought) from the different equations for the balance laws of volume,77

continuity, momentum, movement, energy and entropy (if needed). Constitutive responses78

are only then considered to provide direct-scaling material properties in the trial space, which79

can then be used as part of a materials selection procedure to arrive at physical materials80

for trial experimentation.81

The principal concern with scaled biomechanical experimentation (and all scaled experi-82

mentation for that matter) is the inherent uncertainty associated with it. The methodology83

presented here addresses this using mathematical principles that allow the quantification of84

the mismatch between spaces. Exact similitude is seldom achieved in practice however, for85

biomechanical experimentation in particular, localised errors in the finite element analysis86

of bones (when measuring strain or stress) can be used to improve the trial experimentation87

4



under consideration. The quantification of discrepancies and the element of experimental88

design (selection of materials) with the novel scaling approach aid in this regard.89

The novel scaling theory is presented in the Section 2, where the control volume theory6
90

and the balance laws in their transport form are stated to derive the similarity equations91

which are fundamental in the use of finite similitude and the design of trial experiments.92

These equations provide the means to compare the physical and trial space as well as ob-93

taining the scaling parameters and material properties in the trial space. The application94

to biomechanical experimentation using isotropic scaling is considered in Section 3 with the95

application of pertinent conservation laws of volume, continuity momentum and angular96

momentum. The scaling parameters and the properties for the trial-space materials are97

obtained after considering the constitutive response to biomechanical experiments involving98

validation of finite element models by means of image correlation software and the use of99

synthetic composite bone. The resulting predicted trial-space materials are replicated using100

3-D printed materials, which are selected on the basis of properties, cost and the availability101

of specimens for complex geometries. Printed replica materials do not of course provide a102

perfect match but a feature of the new theory is reverse scaling which facilitates the quali-103

fication of any mismatch, which is a feature that is fundamental for gauging the success of104

a trial-space experiment. Finally, case studies in biomechanics are analysed in Sections 4105

and 4.2 where the first step for assessing the success of the scaling approach is numerical106

evaluation using finite element models and the reverse scaling particular to the novel scaling107

approach, where considered in the first instance is the simple geometry of a cylinder followed108

by the geometry of a femur undergoing tests of compression, tension, torsion and bending.109

The physical-trial experimentation undertaken in this study is supported by results obtained110

in the numerical models and a Bland Altman statistical analysis7 for tests of compression111

and bending in a cylinder and subsequently a femur geometry. The classical dimensional-112

analysis approach is included in Appendix A to validate the novel scaling theory and also to113

highlight the advantages of finite similitude over other scaling approaches.114

The overall aim of the study was to assess the applicability of the novel scaling approach115
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in biomechanical experimentation, specifically consisting on the use of synthetic composite116

bone and validation by means of image correlation software. The results and the feasibility of117

the application of finite similitude to the pertinent biomechanical experiments is discussed in118

Section 5 as well as future work pertaining to finite similitude in biomechanical experimenta-119

tion. This is the first approach to the design of scaled experimentation in biomechanics which120

provides a foundation for further study of anisotropic material properties and validation of121

patient specific geometries.122

2 Finite Similitude123

Finite similitude is concerned with space, which naturally leads to the control volume concept124

and the definition of a control volume Ω∗
ps as opposed to a continuum body, where subscript125

”ps” denotes physical space. The motion of the control volume Ω∗
ps is formally defined by126

means of a deformation map κps : Ω∗ −→ Ω∗
ps, where Ω∗ is a reference control volume and κps127

is the corresponding deformation map. The control-volume velocity is immediately definable128

as v∗
ps = D∗κps

D∗t
, where D∗

D∗t
= ∂

∂t

∣∣∣
x∗

is the control-volume derivative, which is analogous to the129

material derivative.130

The same formulation can be invoked for the trial space which will be the scaled space,131

where Ω∗
ts is the scaled control volume and κts : Ω∗ −→ Ω∗

ts is the associated deformation132

map.133

The time parameter in the trial space need not run at the same rate as the physical134

space, consequently, time in the trial space is identified by the symbol τ as opposed to t to135

distinguish this feature. The velocity of a control volume in the trial space makes use of136

the time within the space and takes the form v∗
ts = D∗κts

D∗τ
= ∂

∂τ

∣∣∣
s∗

. With the definition of137

the maps κps and κts, deformation gradient tensors immediately follow and take the form138

Fps = ∂κps
∂x∗ and Fts = ∂κts

∂s∗
for the physical and trial spaces, respectively.139

The methodology underpinning the scaling concept consists of assuming there exists a140

differentiable map (diffeomorphism) between the trial and physical spaces χ : Ω∗
ts −→ Ω∗

ps141
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The map χ is not explicitly time-dependent as it relates points from Ω∗
ts to points in Ω∗

ps,142

i.e. is of the form χ : s∗ 7−→ x∗. A deformation tensor is assumed to exist for the map χ and143

takes the form F = ∂χ
∂s∗

. The explicit independence of χ on time ensures that the motions of144

control volumes are synchronised, which transpires to be a necessary requirement for relating145

the physics in physical and trial spaces. In a similar way, time between the spaces is related146

by,147

dt = h(τ)dτ (1)

where the h is a bijection and is positive.148

A general balance or conservation law in transport form for the property Ψps that governs149

the behaviour of Ψps over the control volume Ωps is,150

D∗

D∗t

∫
Ω∗
ps

ρpsΨpsdVps +

∫
∂Ω∗

ps

ρpsΨps(v
m
ps − v∗

ps) · npsdΓps =

−
∫
∂Ω∗

ps

Jψ
ps
· npsdΓps +

∫
Ω∗
ps

ρpsb
ψ
psdVps (2)

where Jψ
ps

is a ”flux” term, bψps is the source term, ∂Ω∗
ps is the orientable boundary for151

Ω∗
ps, nps is an outward pointing unit normal on ∂Ω∗

ps, vmps is material velocity and ρps is152

density.153

Equivalently for the trial space,154

D∗

D∗τ

∫
Ω∗
ts

ρtsΨtsdVts +

∫
∂Ω∗

ts

ρtsΨts(v
m
ts − v∗

ts) · ntsdΓts =

−
∫
∂Ω∗

ts

Jψ
ts
· ntsdΓts +

∫
Ω∗
ts

ρtsb
ψ
tsdVts. (3)

To relate the conservation laws (2) and (3) it is necessary to use the tensor F associated155

with the scaling map along with Nanson’s geometric identities and equation (1) to obtain,156
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1

h(τ)

D∗

D∗τ

∫
Ω∗
ts

ρpsΨpsJdVts +

∫
∂Ω∗

ts

ρpsΨps(v
m
ps − v∗

ps) · JF−TntsdΓts =

−
∫
∂Ω∗

ts

Jψ
ps
· JF−TntsdΓts +

∫
Ω∗
ts

ρpsb
ψ
psJdVts (4)

where J = det F.157

The search for proportional physics leads to the application of scaling parameters αΨ > 0158

to scale the conservation laws described by (4). Comparing therefore a scaled equation (4)159

with equation (3), the two can be made identical if and only if the following equations hold,160

ρtsΨts = αΨJρpsΨps (5a)
161

vmts − v∗
ts = h(τ)F−1(vmps − v∗

ps) (5b)
162

JΨ

ts
= h(τ)αΨJF−1JΨ

ps
(5c)

163

ρtsb
ψ
ts = h(τ)αΨJρpsb

ψ
ps (5d)

where the tensor F is diagonal in this study and is restricted to take the form F = βI164

associated with isotropic scaling, and where β is a scalar and I is the unit tensor.165

The similarity conditions in (5) are fundamental to the process of scaling and the appli-166

cation of finite similitude. It is necessary therefore to invoke these conditions for the physics167

pertinent to bio-mechanical experimentation.168

3 Isotropic Scaling in Biomechanics169

For isotropic scaling F = βI, as a result, it follows J = β3 and F−1v = β−1v for any vector170

quantity v. Thus, equations (5) reduce to,171

ρtsΨts = αΨβ3ρpsΨps (6a)
172

vmts − v∗
ts = hβ−1(vmps − v∗

ps) (6b)
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173

JΨ

ts
= αΨhβ2JΨ

ps
(6c)

174

ρtsb
ψ
ts = αΨhβ3ρpsb

ψ
ps. (6d)

The inclusion of the conservation laws for continuity, momentum and angular momentum175

are considered since, in the case of biomechanical experimentation consisting of validating176

finite element models with image correlation software, these are the most critical laws as177

they lead eventually to strain. These balance laws impose constraints on what is permissible178

but also the laws serve as an example of how the balance laws relate to each other when179

considering the scaling methodology. While a more general scaling is possible, as a first180

approach, only isotropic scaling is considered in this study.181

3.1 Scaling of Volume182

In continuum mechanics the conservation of volume is assumed evident since no useful in-183

formation is obtained; this is not the case for similitude however. In this case Ψps = ρ−1
ps184

and Ψts = ρ−1
ts and patently no flux or sink terms exist therefore the scaling relationships185

obtained from equation (6) are 1 = α1β3 and v∗
ts = hβ−1v∗

ps. Since the scalar α1 is arbitrary186

the relationship 1 = α1β3 infers that the space-scalar β is also arbitrary although practical187

limitations may well exist. The relationship v∗
ts = hβ−1v∗

ps synchronises the movements of188

the control volumes as is expected for coupled control-volume type analysis in the two spaces.189

3.2 Scaling of Mass190

For the balance law of continuity i.e. the conservation of mass, Ψps = Ψts ≡ 1, JΨ
ts = JΨ

ps = 0191

since there is no flux term at the boundary and bΨ
ts = bΨ

ps = 0 as no source (or sink) of mass192

exists within the volume. Using the similarity equation (6a) returns the relationship,193

ρts = αρβ3ρps (7)
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which is required to be satisfied for finite similitude and where αρ is the scalar, which194

can be set in any material selection procedure. The material properties are considered as a195

spatially piecewise constant function as this is sufficient for the representation of Sawbones196

composite bone consisting of a cortical exterior and a trabecular interior. In the case of197

density (ρps)
e is the value for the exterior synthetic bone material and (ρps)

i the interior198

value. The scaling factor in (7) can be written as199

αρ =
(ρts)

e

β3(ρps)e
(8)

From this, once the material for the trial space cortical material is chosen, it follows that200

the properties of the trabecular material is set. Since αρ is constant it follows that,201

(ρts)
e

(ρts)i
=

(ρps)
e

(ρps)i
(9)

which constrains the value of the interior density (ρps)
i of the composite material.202

3.3 Scaling of Momentum203

Given that the density is restricted by equation (7) and the balance law for mass also204

returns the relationship for velocity vmts = hβ−1vmps, it is necessary to consider the balance205

law of momentum which must also provide restrictions on velocity. For this conservation law206

Ψ = vm and from equations (6a) and using (7) it follows that,207

αρvmts = ανvmps (10)

and taking into account the relationship vmts = hβ−1vmps the relationship,208

αν = αρhβ−1 (11)

must be satisfied for finite similitude.209

Note that equation (6) also gives the relationships210
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σ
ts

= ανhβ2σ
ps

(12)

ρtsb
Ψ
ts = ανhβ3ρpsb

Ψ
ps (13)

The value for αν is determined from the constitutive response of (12), which in this study211

is restricted to a linear-elastic response. Therefore substitution of Hooke’s linear stress-strain212

relationships into equation (12) provides,213

Ets
1 + νts

[
εij +

νts
1− 2νts

εkkδij

]
= ανhβ2 Eps

1 + νps

[
εij +

νps
1− 2νps

εkkδij

]
(14)

which under the assumption that Poisson’s ratio is identical for the materials in both214

spaces (i.e. νts = νps) simplifies to,215

Ets = ανhβ2Eps. (15)

This assumption reflects the fact that exact similitude seldom exists in practice however216

the new approach caters for inexact similitude due to the focus on space rather than the217

object. While in practice Poisson’s ratio may not be an exact match the ability to project218

trial-space reality into the physical space provides evidence on how critical this discrepancy219

is in the trial experimentation under consideration.220

Substitution of equation (11) provides,221

Ets = h2βαρEps (16)

and on rearrangement gives222

h =

√
Ets

βαρEps
(17)

which confirms on reference to equation (1) that h is constant and that in general, time223

scales in the two spaces will be different.224

It is worth re-emphasising at this point that time scaling is present with the finite-similitude225
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approach, which it attempting to link real-physical processes and not some idealisation of226

reality. Thus, for example with quasi-static processes it might be anticipated that the time-227

scaling parameter h is not present. However, the quasi-static concept is an idealisation and228

the new approach applies to experimental reality, where time is invariably involved. It is229

possible however that changes in h have little impact on a particular ”quasi-static” process230

but such a feature is automatically accounted for with finite similitude.231

Note that the Young’s modulus is considered (as the case of density) as a spatially232

piecewise function, so an equation similar in form to equation (9) is obtained,233

(Ets)
e

(Ets)i
=

(Eps)
e

(Eps)i
(18)

which not too unexpectedly constrains the value of the interior modulus (Eps)
i of the234

composite material in order to capture the behaviour of the synthetic bone.235

3.4 Scaling of Angular Momentum236

The relationships for angular momentum can now be obtained, in this case Ψ = r ∧ vm and237

using equations (6a) and (7) the following expression is obtained,238

αM = αρβ−2h (19)

which on use of equation (11) results in αM = ανβ−1.239

Substituting this expression in the flux term equation rts ∧ σts = αMhβ2rps ∧ σps confirms240

its consistency with equation (12).241

3.5 Reverse Scaling242

The inverse deformation map can be used to derive the reverse scaling material properties243

that are useful for the comparison between spaces,244

ρpsΨps = α−Ψβ−3ρtsΨts (20a)
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245

vmps − v∗
ps =

1

h
β(vmts − v∗

ts) (20b)
246

JΨ

ps
=

1

h
α−Ψβ−2JΨ

ts
(20c)

247

ρpsb
ψ
ps =

1

h
α−Ψβ−3ρtsb

ψ
ts (20d)

The consideration of the inverse scaling map can be used to assess the efficacy of the248

chosen materials in the physical space, this particularly facilitates the assessment of the249

approach and experimental design in finite element models. It is important to emphasize250

that for a particular practical analysis direct-scaled material properties may not in fact exist251

for any known material. Selecting materials for the trial space is informed by the direct252

scaling but a perfect match in all properties is in general unlikely. The mappings (direct253

and inverse) relating the spaces can be interpreted as projections of models that occur in254

reality. These projections appear as virtual models in the trial space (for a direct map) and255

the physical space (for a inverse map). This feature makes the approach extremely flexible256

since exact similitude seldom exists but mismatch with inexact similitude can be contrasted257

in both the trial and physical spaces on comparing virtual models with reality.258

The reverse scaling feature thus provides a mechanism for gauging the performance of259

any scaled model in the unscaled physical space, thus providing strong justification for using260

scaled experimentation. This is particularly useful when assessing the approach in numerical261

models instead of moving directly to the physical-trial experimentation.262

Finite similitude is a scaling methodology valid for all continuum mechanics and provides263

the general rules for scaling. The rules remain unchanged when approximating a general264

problem by some idealisation (i.e quasi-static or linearised processes). The scaling relation-265

ships automatically account for the complete physics of a problem occurring in reality such266

as the scaling of time or the conservation of energy; the approach deals with experimental267

reality and subsequently by selection of the scalars focuses on the particular physics that is268

dominant.269
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3.6 3D Printing Materials270

Synthetic bone plays an important role in the validation of finite element models since they271

are considered to be a viable alternative to the cadaveric bone for biomechanical evaluation8
272

, 9. In this case, fourth-generation composite bones are considered for the validation of the273

finite element models present here. The corresponding material properties can be found in274

the 2016 Sawbones Biomechanical Test Materials Catalog10. The choice of material for the275

trial space is made on consideration of their cost, as such, the materials chosen are plastics276

that have a lower cost and are easily obtained for 3D printing purposes.277

The use of 3D printing facilitates control of material properties and gives prompt access278

to specimens for the different case studies for use in the scaling approach, as well as, future279

work with validation of finite element models.280

The materials proposed for the exterior material are the thermoplastic polymer ABS281

(Acrylonitrile Butadiene Styrene) and the PLA (Polylactic Acid). The most important282

material property is its elastic modulus, as such, the average values of the elastic modulus283

for these 3D printed materials are used.11 Sources providing average values for the elastic284

modulus in terms of the specifications given with 3D printing prove useful in this regard.285

The direct scaling gives values for the interior material and; since the most important286

component for tensile tests is the Young’s modulus, TPU (Thermoplastic Polyurethane)287

flexible filaments with Shore hardness of 85A, 90A and 93A were chosen for the interior288

material. Using the relationship between Shore hardness and Young’s modulus given in289

detail by Gent12 it is possible to obtain an estimate of the Young’s modulus in MPa using290

E =
0.0981(56 + 7.66s)

0.137505(254− 2.54s)
(21)

where s is the Shore hardness.291

Using reverse scaling yields the reverse-scaled properties of the materials. In this case,292

three different combinations are assessed: ABS with a 0.3mm layer thickness with the 85A293

hardness TPU, ABS with a 0.4mm layer thickness with the 90A TPU and PLA with a 0.4mm294

layer thickness with the 93A TPU. All of the scaling parameters and material properties for295
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the physical and trial space as well as the reverse scaling materials are summarized in Table296

1.297

[Table 1 about here.]298

The material properties and scaling parameters for each of the proposed trial experiments299

can be compared using the reverse scaling in the physical space to assess the success of the300

approach in biomechanical experimentation. With this in mind, the comparison in a finite301

element model for different geometries is undertaken.302

The 3D printed materials were analysed in two geometries, a composite cylinder and a303

composite femur. The tests under consideration are compression, tension, torsion and bend-304

ing, which are analysed using finite element models and the actual trial experimentation305

when available. The simulations are solved using the Abaqus13 software and for the experi-306

mentation the Aramis14 digital image correlation software is used. The material properties307

in the models are considered linear homogeneous isotropic, even though the synthetic bone308

composite materials are reported as transversely isotropic, due to the consideration of an309

isotropic material constitutive response as a first approach to the scaling.310

4 Cylinder Trial Experiment311

The composite cylinder used in these tests is 141 mm long, with a radius of 20 mm and a312

3 mm thick cortical layer. The different tests are considered quasi-statically loaded for the313

purpose of finite-element analysis. The strain measured is compared using the reverse scaling314

of the ABS/TPU 85A and ABS/TPU 90A in the FE (finite element) model (the PLA/TPU315

93A is considered identical to the composite cylinder since the reverse scaling yields almost316

identical properties). In the case of compression and tension tests the strain component in317

the z-axis is used and for bending and torsion tests the maximum principal strain is used.318

[Table 2 about here.]319
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The loads are shown in Table 2. The compression and tension tests are congruent to320

the average peak loads for the ”one leg standing” posture15; the bending test loads are321

congruent to the values in the x-axis and y-axis for the same posture15. The torsion values322

are consistent with the mechanical peak torque a femoral bone can withstand16.323

[Figure 1 about here.]324

For the compression test, Figure 1a shows the maximum percentage difference for the325

reverse scaling ABS/TPU 85A is 0.43% and 0.47% for the ABS/TPU 90A. The maximum326

percentage difference between the composite material in the FE model and the analytical327

solution is 0.62% for all the materials.328

Even though the main interest is the strain in the surface as it can be measured exper-329

imentally, the analysis of stress for the trabecular material is revealing and is presented in330

Figure 1b, which shows the percentage difference in stress for the interior material using331

the reverse scaling ABS/TPU 85A is 17.5% and 16.2% for the ABS/TPU 90A. However,332

the cortical material preserves the same percentage difference in stress as that in the strain333

analysis 0.43% for the ABS/TPU 85A and 0.47% for the ABS/TPU 90A.334

[Figure 2 about here.]335

The tension test is shown in Figure 2a, the similarity between the strain values resembles336

those for the compression test. The maximum percentage difference between the composite337

and the reverse scaling of the 85A is 0.43% and for the 90A is 0.48%.338

For the torsion test, the comparison between the reverse scaling of the different 3D339

printing materials and the composite materials is shown in Figure 2b. The graph shows the340

maximum percentage difference of the strain values in the surface is 0.17% for the reverse341

scaling of the 85A and 0.19% for the 90A. The test reveals a greater degree of similarity than342

the previous tests as consequence of greater importance of the outer fibres of the cylinder343

when loaded in torsion.344

For the bending test the comparison is performed node-to-node in the regions shown in345

Figure 3, where the higher values of maximum principal strain are considered.346
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[Figure 3 about here.]347

For the comparison, the difference between each node in the regions is considered and,348

as a result, the average percentage difference for each value of the force is compared using349

the reverse scaling materials.350

The comparison between the reverse scaling (85A and 90A) and the composite material351

is shown in Figures 5a and 5b. The graphs show an increasing average percentage difference352

with the minimum difference being 4% and maximum difference being 10.3% in region I and353

a minimum difference 0.11% and maximum 7% for region II.354

[Figure 4 about here.]355

The values in region I show the reverse scaling of the ABS/TPU 90A resembles more356

closely to the synthetic material since the values of the average percentage difference for the357

strain in the surface are smaller than that of the ABS/TPU 85A. Similarly, for the values in358

region II except the values differ significantly more than in region I.359

[Figure 5 about here.]360

The maximum percentage differences recorded in the tests, qualify to a degree, the ex-361

tent of inexact similitude as a consequence of the materials selected for the trial space tests.362

Maximum differences differ in the two material combinations selected, highlighting the im-363

portance of material choice and depending on the purpose of the scaling experiment whether364

the errors involved are considered acceptable.365

4.1 Trial Experimentation366

The trial experimentation for the 3D printed cylinder was conducted using the scaled spec-367

imens of the synthetic composite bone cylinder with a scaling parameter β = 4/3, the368

specimens were printed with the two combinations of scaled materials ABS/TPU 85A and369

PLA/TPU 93A. The cylinder specimens have a height of 106mm and a radius of 15mm, the370
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force applied in the trial space was calculated using the scaling parameters, equation (12)371

and the expression for the average normal component of stress in the direction of the z-axis,372

σ = Fn/A, where Fn is the normal component of the force. Thus, the expression for the373

normal component of force in the trial space follows from equation (12) and is374

Fts = ανhβ2Fps
Ats
Aps

. (22)

This expression can also be used to calculate the values for torque for the trial space since375

M = r ∧ F. In the case of the torsion test considered in the FE model and in accordance376

with the conservation of angular momentum analysis in Section 3.4, Mts = rts ∧ Fts =377

(β−1rps) ∧ (ανhFps) = ανhβ−1Mps. A scalar version of this relationship is applied to relate378

torques in the two spaces as shown in Figure 2b .379

4.1.1 Compression380

Using the aforementioned expression the axial force that was applied in the compression test381

was calculated for the trial space using the respective parameters for the ABS/TPU 85A382

and the PLA/TPU 93A. Since the force values in the physical space range from 1200 N to383

1800 N with 200 N increments consistent with the average peak loads in a one leg standing384

(and taking into account the equipment’s accuracy) the trial space force values are calculated385

which results in the respective values ranging from 71.6 N to 105.4 N with 11.6 N increments386

for the ABS/TPU 85A and 132.8 N to 199.2 N with 22.1 N increments for the PLA/TPU387

93A.388

[Figure 6 about here.]389

The experiment was considered quasi-static the image correlation software records images390

at each loading stage (1 stage-test for each value of force) and consequently calculates strain391

values in the surface for each value of force. The results were analysed in the statistical392

data of the software which displays the average strain in the region selected after the data393

from the computation mask has been processed. To compare the results obtained in each394
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space a Bland Altman statistical analysis7 is applied, where measurements of the synthetic395

composite bone with the image correlation software regarded as the gold standard and the396

measurement of trial space materials (i.e. 3D printed materials) as the new proposed method.397

4.1.2 Bending398

[Figure 7 about here.]399

As above, on use of expression (22) the force applied in the bending test was calculated400

for the trial space using the respective parameters for the ABS/TPU 85A and PLA/TPU401

93A. Since the force values in the physical space range from 700 N to 900 N with 100 N402

increments consistent with the average peak loads in a one leg standing on the x-axis (and403

taking into account the equipment’s accuracy) the trial space force values are calculated404

which results in the respective values ranging from 41 N to 52.6 N with 5.8 N increments for405

the ABS/TPU 85A and 77.5 N to 99.6 N with 11.05 N increments for the PLA/TPU 93A.406

4.1.3 Results407

Table 3 shows the repeatability analysis for each method of validation as well as the Bland408

Altman analysis for each combination of materials in the trial space. Eight measurements of409

strain were taken for each of the values of force in each space. For the analysis of repeatability410

the difference between every measurement for each value of the force is considered resulting411

in 108 values. The within-subject repeatability is assumed to be independent since a plot412

between the standard deviation and the mean shows no tendency to change with the mag-413

nitude of measurements. The same is done for the bending test resulting in 81 values, the414

within-subject repeatability is assumed to be independent as in the case of the compression415

test. These repeatability coefficients are satisfactory for the purpose of validation with the416

image correlation software since the Aramis software’s accuracy is 0.01 in percentage strain417

(100 micro-strains).418

[Table 3 about here.]419
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The agreement between the synthetic-composite bone and the trial space materials was420

analysed. The difference between each measurement from the synthetic-composite cylinder421

and each measurement of the 3D-printed cylinder is considered (the same is done for the422

average) as such the resulting data has 256 values for the compression test and 192 for the423

bending test. As before the assumption of independence with the magnitude of measurements424

is made. Table 3 shows the mean difference and standard deviation as well as the limits of425

agreement which are below the equipment’s accuracy. The Bland Altman plots are included426

in Appendix B in Table 7.427

4.2 Femur Trial Experiment428

There are many advantages to studying the behaviour of a femur in a finite element analysis429

such as the study of the role of longitudinal bone curvature in the design of limb bones17, the430

optimization of the position of the acetabulum in a periacetabular osteotomy18 or the study431

of stress in the femoral head neck junction after osteochondroplasty19. Hence, a complex432

femur geometry was analysed for the different trial space materials to assess the success of433

the scaling approach in a complex geometry when considering strain in the surface.434

In this case, a CT scan of the composite femur was performed and imported to ScanIP435

segmentation software to create the surface. The solid model was exported to Abaqus FE436

analysis software to be meshed and analysed.437

As the case of the cylinder geometry the PLA/TPU 93A is considered an identical match438

to the synthetic composite femur in the FE models since the reverse scaling materials are439

almost identical (percentage difference < 0.00001). The loads and boundary conditions for440

each test is shown in Table 4.441

[Table 4 about here.]442

The regions used for node-to-node comparison throughout the tests are shown in Table 5,443

these regions were chosen for their high values of strain since these are the main interest when444

20



considering the accuracy of the image correlation software however these do not correspond445

to the regions used in the trial experimentation because the average strain is measured.446

[Table 5 about here.]447

4.2.1 Compression448

In this case a compression test was analysed in the FE model, the average percentage dif-449

ference in region I is 3.4% for 85A and 4.3% for 90A, the average percentage difference for450

region II is 3.8% for 85A and 4.7% for 90A and the average percentage difference for region451

III is 0.1% for 85A and less than 0.1% for 90A.452

4.2.2 Tension453

Similarly, a tension test is analysed in the FE model with a simulated acetabular cup to454

emulate the conditions present of a femur undergoing tension. The average percentage455

difference in region I is 1.2% for 85A and 1.3% for 90A, the average percentage difference for456

region II is 2.6% for 85A and 2.7% for 90A and the average percentage difference for region457

III is less than 0.1% for both 85A and 90A.458

4.2.3 Torsion459

The analysis of torsion is done simulating an acetabular cup to emulate the conditions of a460

femur undergoing torsion. The average percentage difference in region I is less than 0.1%461

for both 85A and 90A, the average percentage difference for region II is 3.2% for 85A and462

3.3% for 90A and the average percentage difference for region III is 1.2% for 85A and 1.3%463

for 90A.464

4.2.4 Bending465

For the bending test the FE model is used to compare the strain values in the surface of the466

femur for each region. The average percentage difference in region I is 0.01% for the 85A467
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and 0.02% for the 90A, the average percentage difference for region II is 0.1% for 85A and468

0.1% for 90A. The small values for the difference in the bending test are expected as the469

trabecular bone in the regions analysed is considerably smaller than the cortical bone and,470

as such, its contribution to the strain in the surface of the synthetic-composite material is471

not significant. As in the case of the cylinder geometry the percentage difference involved is472

a consequence of material combinations selected (i.e. ABS/TPU 85A and ABS/TPU 90A).473

4.3 Trial Experimentation474

The trial experimentation was carried out to validate the results of the scaling approach and475

assessing the success of the PLA/TPU 93A when measuring strain on the surface of a femur476

geometry by means of image correlation software. The PLA/TPU combination is selected477

considering it shows the closest agreement in the cylinder trial experiment even though other478

trial space materials are viable options as noted in the finite element analysis. This in turn479

provides insight on the extent of the approach in complex geometries that will potentially480

translate to other experiments consisting of synthetic-composite bone.481

The trial experiment was conducted with the 3D printed scaled specimens of the synthetic482

composite femur with a scaling parameter β = 4/3, the specimens were printed with the483

combinations of trial space materials PLA 0.4mm/TPU 93A. The force applied in the trial484

space was calculated using the same equation as the cylinder experiment for the force (i.e.485

equation (22)) considering that the contact area of the compression test is equivalent in both486

spaces the change in area given by the scaling map is Aps = 16
9
Ats.487

4.3.1 Compression488

As in the case of the cylinder trial experiment the axial force applied in the compression test489

was calculated for the femur trial space using the respective parameters for the PLA/TPU490

93A, the force values in the physical space range from 1200 N to 1800 N with 200 N increments491

thus the trial space force values range from 132.8 N to 199.2 N with 22.1 N increments. The492

experiment is considered static loading since the Aramis software records images at each493
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loading stage (1 stage tests for each value of the force) and consequently calculate the strain494

value in the surface for each value of the force. The results are analysed in the statistical495

data of the software that shows the average strain in the region selected after the data from496

computation mask has been processed as shown in Figure 8b.497

[Figure 8 about here.]498

To compare the results obtained in each space a Bland Altman statistical analysis is499

carried out considering the synthetic-composite bone as the gold standard and the proposed500

trial space materials PLA/TPU 93A as the new method of validation.501

It is important to note the regions are chosen differently from the finite element models502

since a node-to-node comparison is no longer available, in the case of the image correlation503

software only an average of the strain measured in the facets within the region is obtained.504

As such, the regions are chosen such that similar values of the strain are contained (e.g.505

positive or negative) in order to guarantee the comparison is representative.506

4.3.2 Bending507

[Figure 9 about here.]508

The final test was a bending test for the femur geometry, on the use of expression (22)509

the axial force applied was calculated for the trial space using the respective parameters for510

the PLA/TPU 93A. Since the force values in the physical space range from 700 N to 900511

N with 100 N increments consistent with the average peak loads in a one leg standing in512

the x-axis the trial space force values are calculated which results in the respective values513

ranging from 77.5 N to 99.6 N with 11.05 N increments.514

4.3.3 Results515

Table 6 shows the repeatability analysis for each method of validation as well as the Bland516

Altman analysis for each combination of materials in the trial space for the femur geometry.517

Twelve measurements of the average strain were taken (six for each region) for each value of518
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the force in each space. For the analysis of repeatability the difference between every mea-519

surement for each value of the force is considered resulting in 112 values. The within-subject520

repeatability is assumed to be independent since a plot between the standard deviation and521

the mean shows no tendency to change with the magnitude of measurements. The same is522

done for the bending test resulting in 81 values, the within-subject repeatability is assumed523

to be independent as in the case of the compression test. These repeatability coefficients524

are satisfactory for the purpose of validation with the image correlation software since the525

image correlation software’s accuracy is 0.01 in percentage strain.526

[Table 6 about here.]527

The agreement between the synthetic-composite bones and the trial space materials was528

analysed. The difference between each measurement from the synthetic-composite cylinder529

and each measurement of the 3D-printed cylinder is considered (the same is done for the530

average) as such the resulting data has 256 values for the compression test and 192 for the531

bending test. As before the assumption of independence with the magnitude of measurements532

is made. Table 6 shows the mean difference and standard deviation as well as the limits of533

agreement which are below the equipment’s accuracy and show a good agreement for the534

purpose of validation by means of image correlation. The Bland Altman plots are included535

in Appendix B in Table 7.536

5 Discussion537

In this work, the application of a novel scaling methodology in bio-mechanical experimenta-538

tion consisting of validation of finite element models was analysed for isotropic scaling with539

the main objectives being the validation of the mathematical theory for scaling and overcom-540

ing the difficulties that arise in biological experimentation by means of scaled experiments.541

The following conclusions can be drawn:542

• The scaling theory allows the use of 3D printed materials which overcome two of the543
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main concerns, the availability and considerable reduction of the cost of materials as544

well as ethical issues.545

• The numerical results for the simple geometry (cylinder) show a small percentage546

(< 10%) difference in the surface strain with the synthetic composite bone across all the547

mechanical tests for the three combinations of materials (ABS/TPU 85A, ABS/TPU548

90A and PLA/TPU 93A) and the subsequent trial experimentation on the two combi-549

nations (ABS/TPU 85A and PLA/TPU 93A) show a good agreement using a Bland550

Altman statistical analysis with the closest agreement being the PLA/TPU 93A com-551

bination.552

• The numerical results for the complex geometry (femur) show a small percentage dif-553

ference (< 5%) in the surface strain with the synthetic composite femur across all tests554

for the three combinations (ABS/TPU 85A, ABS/TPU 90A and PLA/TPU 93A) and555

the subsequent trial experimentation with the PLA/TPU 93A printed femur show a556

good agreement using a Bland Altman statistical analysis.557

• The results confirm the applicability of the scaling theory and the use of 3D printed558

materials as a viable alternative to synthetic-composite bone in bio-mechanical experi-559

mentation consisting on the validation of models by means of digital image correlation560

software. It is important to note that the errors are a consequence of experimental561

limitation that occur in practice (selection of materials) and not the methodology pro-562

posed. The work provides a good foundation for scaled biomechanical experimentation563

using finite similitude as a framework for the design of trial experiments.564

5.1 Future Work565

The study of anisotropic scaling and its transport equation approach, which is one of the566

characteristics of the approach, warrants further study as well as the application of the scaling567

theory to anisotropic mechanical properties such as the mechanical properties of synthetic568

composite bone. The study of strain in trabecular bone and mechanical bone adaptation569
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using scaled experimentation is of interest in future work as well. The consideration of these570

3D printed materials for validation of finite element models in cases where patient specific571

geometries are analysed also warrants further study.572
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Appendix A579

The dimensional analysis approach is included here to highlight the differences between the580

two approaches and give supporting evidence to the strengths of the proposed methodology581

for scaling. It is demonstrated here how dimensional analysis can be used to obtain equa-582

tions (18) and (22). For the biomechanical experimentation under consideration the surface583

strain is the main concern thus the deformation in the simple cylinder geometry undergoing584

compression depends on the following governing parameters: the length of the cylinder L;585

the area where stress is distributed over each material Ai and Ae; Young’s modulus of each586

material Ei and Ee, and; the applied force F . The governing equation is on the form587

∆L = f(L,Ai, Ae, Ei, Ee, F ) (23)

for some function f .588

The parameters having independent dimension are L and Ee and the rest are dependent on589

26



these. On use of the Buckingham Pi theorem the following Pi groups are obtained:590

Π =
∆L

L
(24a)

591

Π1 =
Ai

L2
(24b)

592

Π2 =
Ae

L2
(24c)

593

Π3 =
Ei

Ee
(24d)

594

Π4 =
F

EeL2
(24e)

and the expression is simplified to Π = F (Π1,Π2,Π3,Π4).595

Using the definition of similarity (Πm
ps = Πm

ts , m = 1 : 4) and assuming the governing equation596

is the same for the trial experiment and the physical experiment the following equations are597

obtained:598

Aits = Aips

(Lts
Lps

)2

(25a)

599

Aets = Aeps

(Lts
Lps

)2

(25b)

600

Ei
ts = Ei

ps

Ee
ts

Ee
ps

(25c)

601

Fts = Fps

(Ee
ts

Ee
ps

)(Lts
Lps

)2

(25d)

The first two equations refer to the geometrical groups and undoubtedly hold since they602

are identical to the relationship Aps = β2Ats. The relationship between Young’s moduli603

in equation (18) is identical to equation (25c). Finally substitution of equation (15) into604

equation (25d) gives Fts = Fps(α
νhβ2.)(β−1)2 = ανhFps, which is identical to equation605

(22) on substitution of Aps = β2Ats. Thus, equations (25) are consistent with relationships606

obtained from finite similitude, providing additional evidence of the validity of the approach.607

608

The classical dimensional-analysis theory presented here unlike finite similitude does not:609

• integrate with the finite element method by providing boundary conditions and con-610

stitutive equations for exact finite similitude;611
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• project a virtual-scaled model in the trial space for the design of scaled experimentation;612

• project a virtual-reverse model in the physical space for assessing the success of a trial613

experiment in the physical space;614

• evaluate the source and effect of errors;615

• accommodate inexact similitude and;616

• account for all of continuum mechanics and experimental reality.617

Appendix B618

The Bland Altman plots for each of the physical-trial experimentation tests are included to619

support the results reported.620

[Table 7 about here.]621

References622

1. James H. Brown and Geoffrey B. West. Scaling in Biology. Oxford University Press,623

2000.624

2. G. I. Barenblatt. Scaling, Self-Similarity, and Intermediate Asymptotics. Cambridge625

University Press, 1996.626

3. P. W. Bridgman. Dimensional Analysis. Yale University Press, 1922.627

4. Bahman Zohuri. Dimensional Analysis and Self-Similarity Methods for Engineers and628

Scientists. Springer, 2015.629

5. Keith Davey, Rooholamin Darvizeh, and Anees Al-Tamimi. Scaled metal forming ex-630

periments: a transport equation approach. Int. J. Solids Struct., 125:184–205, July631

2017.632

28



6. Keith Davey and Rooholamin Darvizeh. Neglected transport equations: extended633

rankine-hugoniot conditions and j-integrals for fracture. Continuum Mech. Therm.,634

28(5):1525–1552, March 2016.635

7. D. G. Altman and J. M. Bland. Measurement in medicine: the analysis of method636

comparison studies. Statistician, 32:307–317, 1983.637

8. Rajesh Ghosh, Sanjay Gupta, Alexander Dickinson, and Martin Browne. Experimen-638

tal validation of numerically predicted strain and micromotion in intact and implanted639

composite hemi-pelvises. Eng. Med., 227(2):162–174, August 2012.640

9. Lorenzo Grassia, Sami P. Vnnenb, Saber Amin Yavaric, Harrie Weinansc, Jukka S.641

Jurvelinb, Amir A. Zadpoorc, and Hanna Isakssona. Experimental validation of finite642

element model for proximal composite femur using optical measurements. J. Mech.643

Behav. Biomed. Mater., 21:86–94, May 2013.644

10. Sawbones. Biomechanical Test Materials. A Division of Pacific Research laboratories,645

Inc., 2016.646

11. B.M. Tymrak, M. Kreiger, and J.M. Pearce. Mechanical properties of components fab-647

ricated with open-source 3-d printers under realistic environmental conditions. Mater.648

Des., 58:242–246, 2014.649

12. A.N. Gent. On the relation between indentation hardness and young’s modulus. Rubber650

Chem. Technol., 31(4):896–906, 1958.651

13. D. S. Simulia. Abaqus 6.14 analysis user’s manual. Dassault Systemes, 2014.652

14. Aramis. ARAMIS User Manual - Sofware. GOM Optical Measuring Techniques, Braun-653

schweig, Germany, 2004.654

15. G. Bergmann, F. Graichen, A. Rohlmann, A. Bender, B. Heinlein, G. N. Duda, M. O.655

Heller, and M. M. Morlock. Realistic loads for testing hip implants. Biomed. Mater.656

Eng., (20):65–75, 2010.657

29



16. Stefan Grote, Tatjana Noeldeke, Michael Blauth, Wolf Mutschler, and Dominik Burklein.658

Mechanical torque measurement in the proximal femur correlates to failure load and bone659

mineral density ex vivo. Orthop. Rev., 5(2):77–81, June 2013.660

17. Sameer Jadea, Kelli H. Tamvadab, David S. Straitb, and Ian R. Grossea. Finite element661

analysis of a femur to deconstruct the paradox of bone curvature. J. Theor. Biol.,662

341:53–63, January 2014.663

18. Zhenmin Zou, Arturo Chavez-Arreola, Parthasarathi Mandal, Tim N. Board, and Teresa664

Alonso-Rasgado. Optimization of the position of the acetabulum in a ganz periacetabular665

osteotomy by finite element analysis. J. Orthop. Res., 31(3):472–479, March 2013.666

19. Teresa Alonso-Rasgado, David Jimenez-Cruz, Colin G. Bailey, Parthasarathi Mandal,667

and Tim Board. Changes in the stress in the femoral head neck junction after osteochon-668

droplasty for hip impingement: a finite element study. J. Orthop. Res., 30(12):1999–2006,669

December 2012.670

20. M. G. Horton and T. L. Hall. Quadriceps femoris muscle angle:normal values and671

relationships with gender and selected skeletal measures. Phys. Ther., 69:17–21, 1989.672

30



List of Figures673

1 FE model comparison for the compression test using the reverse scaling for674

the ABS/TPU 85A and ABS/TPU 90A in the cylinder geometry. . . . . . . 32675

2 FE model comparison for the tension and torsion tests using the reverse scaling676

for the ABS/TPU 85A and ABS/TPU 90A in the cylinder geometry. . . . . 33677

3 Regions used for comparison in the FE model for the bending test. . . . . . . 34678

4 The deformed state of the three point bending test when a force of 900 N has679

been applied that shows the maximum principal strain in the surface. . . . . 35680

5 Regions used for comparison in the FE model for the bending test. . . . . . . 36681

6 Physical-trial experimentation of the cylinder undergoing compression . . . . 37682

7 Physical-trial experimentation of the cylinder undergoing bending . . . . . . 38683

8 Physical-trial experimentation of the femur undergoing compression . . . . . 39684

9 Physical-trial experimentation of the femur undergoing bending . . . . . . . 40685

31



ABS/TPU 90A

Scaled Composite Material

ABS/TPU 85A

TRIAL SPACEPHYSICAL SPACE

FE MODEL STRAIN COMPARISON IN COMPRESION TEST

600

Axial Force (N)

800 1000 1200 1400 1600 1800 2000

Reverse Scaling 90A

Composite Material

Reverse Scaling 85A

S
tr

ai
n

(1
)

S
tr

ai
n

(1
)

38 (90A)
35 (85A)

Axial Force (N)

Reverse Scaling

𝐹 = 𝛼 ℎ𝛽 𝐹
𝐴

𝐴

51 (90A)
46 (85A)

63 (90A)
59 (85A)

75 (90A)
71 (85A)

88 (90A)
82 (85A)

100 (90A)
94 (85A)

112 (90A)
105 (85A)

125 (90A)
116 (85A)

(a) Comparison of the strain values in the surface of the cylinder between the composite cylinder and the 3D
printed materials in their respective spaces.

ABS/TPU 85A

ABS/TPU 90A

Scaled Composite Material

TRIAL SPACEPHYSICAL SPACE

FE MODEL STRESS COMPARISON IN COMPRESION TEST 
TRABECULAR MATERIAL

600

Axial Force (N)

800 1000 1200 1400 1600 1800 2000

Reverse Scaling 85A

Reverse Scaling 90A

Composite Material

S
tr

es
s 

(M
P

a)

38 (90A)
35 (85A)

Axial Force (N)

Reverse Scaling

𝐹 = 𝛼 ℎ𝛽 𝐹
𝐴

𝐴

51 (90A)
46 (85A)

63 (90A)
59 (85A)

75 (90A)
71 (85A)

88 (90A)
82 (85A)

100 (90A)
94 (85A)

112 (90A)
105 (85A)

125 (90A)
116 (85A)

S
tr

es
s 

(M
P

a)

𝜎 = 𝛼 ℎ𝛽 𝜎

-0.001

-0.002

-0.003

-0.004

-0.006

-0.007

-0.008

(b) Comparison of the stress values in the interior material for the composite material and the different 3D
printed materials (TPU 85A and 90A).

Figure 1: FE model comparison for the compression test using the reverse scaling for the
ABS/TPU 85A and ABS/TPU 90A in the cylinder geometry.
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(b) Comparison of the strain values in the surface of the cylinder between the composite cylinder and the 3D
printed materials in their respective spaces.

Figure 2: FE model comparison for the tension and torsion tests using the reverse scaling
for the ABS/TPU 85A and ABS/TPU 90A in the cylinder geometry.
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(a) The first region (Region I) used for node-to-
node comparison of the strain values is shown in
the figure.

(b) The second region (Region II) used for node-to-
node comparison of the strain values is shown in the
figure.

Figure 3: Regions used for comparison in the FE model for the bending test.
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Figure 4: The deformed state of the three point bending test when a force of 900 N has been
applied that shows the maximum principal strain in the surface.
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BENDING TEST FE MODEL STRAIN COMPARISON REGION I

(a) Comparison of the average percentage difference
in region I for each value of the force applied. The
comparison is made using the average percentage
difference for the maximum principal strain.
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BENDING TEST FE MODEL STRAIN COMPARISON REGION II

(b) Comparison of the average percentage difference
in region II for each value of the force applied. The
comparison is made using the average percentage
difference for the maximum principal strain.

Figure 5: Regions used for comparison in the FE model for the bending test.
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LOAD

(a) Compression test for the 3D printed cylinder
sumbitted to an axial force on the z-axis of 199.2
N.

(b) Regions used to compute the strain in the sur-
face of the cylinder, the average strain in the z-axis
is used for comparison.

Figure 6: Physical-trial experimentation of the cylinder undergoing compression
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LOAD

LOAD

(a) Beding test for the 3D printed cylinder sumbit-
ted to an axial force on the y-axis of 99.6 N.

Region I

(b) Regions used to compute the strain in the surface
of the cylinder, the average strain in the z-axis is
used for comparison.

Figure 7: Physical-trial experimentation of the cylinder undergoing bending
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LOAD

13.5°

(a) Compression test for the synthetic composite
femur sumbitted to an axial force on the z-axis of
1800 N with a Q angle of 13.5 degrees which is the
average for a healthy male between the ages of 18
and 35 years as reported by20.

Region I

Region II

(b) Regions used to compute the strain in the sur-
face of the synthetic composite femur, the average
strain in the z-axis is used for comparison in each
region.

Figure 8: Physical-trial experimentation of the femur undergoing compression
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(a) The synthetic composite femur in a
bending test with a force of 900 N for
the physical space.

Region I

Region II

(b) The regions used to measure the strain in the
computation mask, the average strain in the z-axis
is used for comparison.

Figure 9: Physical-trial experimentation of the femur undergoing bending
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Material Model ρ(g/cc) E (MPa) β h αρ αν

PS: Cortical 1.64 (compressive) 16700 - - - -
PS: Trabecular 0.27 155 - - - -
TS1: (Ext.) ABS 0.3mm 1.3 1736 1.33 (4/3) 0.547 0.259 0.106
TS1: (Int.) Direct Scaling 0.17 16.1 1.33 (4/3) 0.547 0.259 0.106
TS1: (Int.) TPU 85A 1.2 13.18 - - - -
PS1: (Trabecular) Reverse Scaling 1.87 126.9 0.75 (3/4) 2.134 2.817 8.015
TS2: (Ext.) ABS 0.4mm 1.3 1875 1.33 (4/3) 0.569 0.259 0.110
TS2: (Int.) Direct Scaling 0.17 17.4 1.33 (4/3) 0.569 0.259 0.110
TS2: (Int.) TPU 90A 1.2 20.84 - - - -
PS2: (Trabecular) Reverse Scaling 1.87 185.6 0.75 (3/4) 2.053 2.817 7.712
TS3: (Ext.) PLA 0.4mm 1.25 3286 1.33 (4/3) 0.677 0.321 0.163
TS3: (Int.) Direct Scaling 0.205 30.5 1.33 (4/3) 0.677 0.321 0.163
TS3: (Int.) TPU 93A 1.2 30.69 - - - -
PS3: (Trabecular) Reverse Scaling 1.55 156.1 0.75 (3/4) 1.477 3.115 6.134

Table 1: Table of the material properties and the scaling parameters of the physical space
and the trial spaces for the different interior materials, ABS/TPU 85A (1), ABS/TPU 90A
(2) and PLA/TPU 93A (3).
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CYLINDER LOADS AND BOUNDARY CONDITIONS

Minimum Load (N) Maximum Load (N) Increments (N) Boundary Conditions

Compression 600 2000 200 Encastre bottom surface

Tension 600 2000 200 Encastre bottom surface

Bending 400 900 100 Encastre top and bottom,
ux = uy = 0 for loading pin

Min. Torque (Nm) Max. Torque (Nm) Increments (Nm) Boundary Conditions

Torsion 1.32 4.41 0.441 Encastre bottom surface

Table 2: Table with the loads and boundary conditions for the compression, tension, torsion
and bending tests for the cylinder FE model.
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Repeatability Analysis Cylinder Trial Experiment

Repeatability Coeff. (%) Mean Diff. (%) Std. Dev. (%)
COMPRESSION

Composite Bone 0.0054 0.0017 0.0027

ABS/TPU 85A 0.0077 0.0017 0.0038

PLA/TPU 93A 0.0064 0.0003 0.0032

BENDING

Composite Bone 0.0064 0.0012 0.0032

ABS/TPU 85A 0.0056 0.0014 0.0028

PLA/TPU 93A 0.006 0.0003 0.003

Bland Altman Statistical Analysis Cylinder Trial Experiment

Mean Diff. (%) Std. Dev. (%) Limits of Agreement (%)
COMPRESSION

Composite Bone vs. ABS/TPU 0.0001 0.0037 (-0.007, 0.007)

Composite Bone vs. PLA/TPU 0.0001 0.0031 (-0.0058, 0.006)

BENDING

Composite Bone vs. ABS/TPU -0.001 0.0031 (-0.007, 0.0051)

Composite Bone vs. PLA/TPU 0.0000 0.003 (-0.0059, 0.0059)

Table 3: Table with the statistical analysis of the compression and bending tests in the
cylinder trial experiment. The the results are presented in percentage strain and show the
repeatability coefficients, mean difference (bias), standard deviation (error) and limits of
agreement.
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FEMUR LOADS AND BOUNDARY CONDITIONS

Figure Load (N) Boundary Conditions

Compression

F

1800

Encastre bottom with point load
coupled to plate used for the
compression and Q angle of 13.5
degrees20

Tension

F

1800

Simulated acetabular cup tied
to femoral head with point load
coupled to the cup and encastre
bottom

Bending

F

900

Encastre above the lateral epi-
condyle and below the lesser
trochanter, ux = uy = 0 for the
loading pin

Figure Torque (Nm) Boundary Conditions

Torsion

M

4.41

Simulated acetabular cup tied to
femoral head with point torque
coupled to the cup and encastre
bottom

Table 4: Table with the loads and boundary conditions for the compression, tension, torsion
and bending tests. The compression, tension and bending tests are congruent to the average
peak loads15 and the torsion to the torque a bone can withstand16.
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COMPRESSION TENSION TORSION BENDING

Figures of the deformed state showing the Maximum Principal Strain in the surface

Regions used for node-to-node comparison

Region I

Region II

Region III -

Table 5: Table with the surface regions used for node-to-node comparison in the compression,
tension, torsion and bending tests for the femur. The regions are chosen for their high strain
values compared to the rest of the surface as can be seen in the figures.
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Repeatability Analysis Femur Trial Experiment

Repeatability Coeff. (%) Mean Diff. (%) Std. Deviation (%)
COMPRESSION

Composite Bone 0.0062 0.0002 0.0031

PLA/TPU 93A 0.0066 0.0002 0.0033

BENDING

Composite Bone 0.0086 0.002 0.0043

PLA/TPU 93A 0.0088 0.0006 0.0044

Bland Altman Statistical Analysis Femur Trial Experiment

Mean Diff. (%) Std. Dev. (%) Limits of Agreement (%)
COMPRESSION

Composite Bone vs. PLA/TPU 0.003 0.003 (-0.0052, 0.0062)

BENDING

Composite Bone vs. PLA/TPU 0.0002 0.0045 (-0.0084, 0.009)

Table 6: Table with the statistical analysis of the compression and bending tests in the
femur trial experiment. The the results are presented in percentage strain and show the
repeatability coefficients, mean difference (bias), standard deviation (error) and limits of
agreement.
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Bland Altman Plots for the Cylinder Geometry

ABS/TPU 85A vs. Composite PLA/TPU 93A vs. Composite

Compression

Bending

Bland Altman Plots for the Femur Geometry

Compression -

Bending -

Table 7: Table with the Bland Altman plots for the physical-trial experimentation of the
cylinder and femur geometry undergoing tests of compression and bending. The difference
in strain is plotted against the mean strain, the with the 95% confidence limits (red and
blue) and the mean difference between methods (dotted line).
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