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Abstract: Many researches have confirmed that the dynamic increase factor (DIF) of concrete-15 

like materials in compression measured by split Hopkinson pressure bar (SHPB) includes 16 

considerable structural effects, which do not belong to strain-rate effect. It has been found that 17 

the factors responsible for structural effects include material parameters (i.e. hydrostatic 18 

dependence, dilation parameter), specimen geometry (i.e. diameter), end interface friction and 19 

material inertia. However, their intrinsic relations have never been fully clarified. Based on two 20 

well-established material models (extended Drucker-Prager model in Abaqus and the Concrete 21 

Damage Model Release III in LS-DYNA), this paper uses numerical SHPB tests to investigate 22 

the interactive relations among these structural factors. It was found that the lateral confinement 23 

in a SHPB specimen is responsible for all structural effects in a SHPB test of concrete-like 24 

material. Two independent mechanisms can produce the lateral confinement, i.e. (i) friction on 25 

the interface of SHPB specimen and pressure bars, which prevents the expansion of the SHPB 26 

specimen during compression, and (ii) lateral inertia in SHPB specimen, which generates 27 

reactive radial confinement stress. Dilation can further enhance DIF, but it has to interact with 28 

either or both mechanisms. The ways that various structural factors contribute to structural 29 

effects through these mechanisms are clarified.  30 

 31 

Keywords: Split Hopkinson pressure bar; structural effects; concrete-like materials; dynamic 32 

increase factor; finite-element modelling. 33 

 34 

 35 

1. Introduction 36 
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     Further studies [1-4] support the quantitative findings in Li and Meng [5], which showed that 37 

the dynamic uniaxial compressive strength of concrete-like materials measured by split 38 

Hopkinson pressure bar (SHPB) includes considerable pseudo strain-rate effects (or structural 39 

effects), introduced by various structural factors (e.g. end interface friction, specimen geometry, 40 

lateral inertia etc.). Clearly, the apparent strain-rate enhancement of material strength due to 41 

structural effects cannot be considered as a genuine strain-rate effect. Numerical split Hopkinson 42 

pressure bar (NSHPB) tests [6] based on the “reconstitution method” [7] have been used to 43 

study the structural effects [1-4, 6]. In a NSHPB test, a phenomenological strain-rate-44 

independent strength model is employed for the SHPB sample material. Therefore, the apparent 45 

strain-rate effect on the dynamic compressive strength from a NSHPB test represents the 46 

structural effect.  47 

     It has been shown [1-4, 6] that when the compressive strength of a material is sensitive to 48 

hydrostatic pressure, the lateral confinement developed in the SHPB sample can enhance its 49 

axial compressive strength. Two conditions are necessary for the existence of structural effect in 50 

a SHPB test, i.e. (i) the compressive strength of the tested material is hydrostatic sensitive, and 51 

(ii) lateral confinement can be developed in the SHPB sample. Since the strength of concrete-52 

like materials is much more sensitive to hydrostatic pressure (e.g. Drucker-Prager model) than 53 

that of metallic materials (e.g. von-Mises model), structural effects in a SHPB test are normally 54 

associated with concrete-like materials rather than metallic materials. 55 

Structural effects due to end interface friction, specimen diameter and lateral inertia have 56 

been studied before [1-4, 6, 8-10]; however, shear dilation was either ignored or considered 57 

implicitly. A recent numerical study [11] investigated the effect of the shear dilation on the 58 

compressive strength of concrete in a SHPB test and found that the dynamic increase factor 59 

(DIF) of concrete obtained from SHPB tests increases with material dilation. Dilation (or 60 

dilatancy) of concrete-like materials refers to the volume increase resulting from the formation 61 

and growth of micro-cracks around aggregate in shear and compression [12, 13], which can 62 

directly contribute to the increase of lateral confinement, and thus, the increase of measured 63 

compressive strength in a SHPB test. When shear dilation has been included in the strength 64 

model of a material, its apparent strain-rate effect on the compressive strength in a SHPB test 65 

should be considered partly as a structural effect. However, the way that dilation contributes to 66 

the increase of compressive strength may be different from other structural factors. Furthermore, 67 

it is still unclear how individual structural factors interact and produce the overall structural 68 

effect. Therefore, it is necessary to perform further studies to clarify the above issues.  69 

     In this paper, we perform finite-element (FE) simulations using two well-known concrete 70 

constitutive material models that take into account material dilation, i.e. the extended Drucker-71 
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Prager model (D-P model) in Abaqus and the Concrete Damage Model Release III (Material 72 

072R3 or K&C model) in LS-DYNA, to study the interactions among structural factors and 73 

their influence on the apparent compressive strength measured in a SHPB test. The mechanisms 74 

responsible for the DIF enhancement through material dilation are discussed to generalise the 75 

conclusions from numerical results. FE models are described in Section 2. Numerical results are 76 

presented in Section 3 followed by a discussion about the interactions among structural factors 77 

and their influence on DIF in Section 4. Conclusion remarks are presented in Section 5. 78 

 79 

2 Numerical simulations of SHPB tests 80 

     The FE simulations of SHPB tests in this work were performed with a similar setup as that 81 

presented by Grote et al. [14]. The geometrical details of the specimen and the incident and 82 

transmission bars are given in Table 1. The numerical simulations were performed using the 83 

commercial (FE) software Abaqus/Explicit [15] and LS-DYNA [16]. To reduce computational 84 

costs, a representative quarter-model was constructed using 8-node brick elements with reduced 85 

integration (Fig. 1). The elements of the specimen and the pressure bars around the specimen-86 

bar interfaces (Fig. 1) have an average size of 0.2×0.2×0.2 mm
3
. The total numbers of elements 87 

are 17250 for the SHPB specimen and 43365 for each pressure bar, respectively. A mesh 88 

sensitivity analysis showed that smaller element size did not further change the numerical results. 89 

A transition mesh was used in the radial direction of the specimen and in the axial direction of 90 

the bars to reduce the total number of elements (Fig. 1). 91 

     The input and output bars of the SHPB were modelled using an isotropic elastic material 92 

model with input parameters shown in Table 1. The specimen was modelled in Abaqus using the 93 

D-P model with linear pressure-dependence and material parameters shown in Table 1 as well as 94 

quasi-static hardening-softening input curve shown in Fig. 2, which has an initial yield stress of 95 

18 MPa and peak unconfined uniaxial compressive strength   
  of 40 MPa. For LS-DYNA 96 

numerical simulations, the Material 072R3 was employed using the parameter generation 97 

capability, which is based only on the unconfined compressive strength (  
 =40 MPa) [17]. An 98 

overview of the dilation parameters in each model is given in Section 2.1. A full description of 99 

the constitutive relations for both models is given in the Appendix.  100 

 101 

Table 1 Geometrical details, material properties and material model parameters 102 

Material properties and geometrical details Specimen [14] Input/output bar 

Density  (kg/m3) 2000 7800 

Young's modulus E (GPa) 30 210 

Poisson's ratio  0.19 0.3 

Diameter D (mm) 12, 20 21 
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Length L (mm) 6 1000 

   

Material model parameters Specimen  

Unconfined uniaxial compressive strength    
  

(MPa) (D-P and Material 072R3 models) 
40 - 

   

Friction angle () (D-P model) 0, 30, 50 - 

Dilation angle () (D-P model) 0, 30, 50 - 

Parameter K (D-P model) 1  

Dilation parameter  (Material 072R3)  0, 0.5, 1 - 

 103 

 104 

 105 

 106 

 107 

 108 

 109 

 110 

 111 

 112 

 113 

 114 

 115 

 116 

 117 

 118 

 119 

 120 

 121 

Fig. 1 FE model of the split Hopkinson pressure bar test. 122 

  123 

SHPB test setup 

Specimen 
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 141 

Fig. 2 Stress-strain curves for different input parameters and lateral confinements at quasi-static loading ( ̇=8×10
-2

 142 

s
-1

) for the D-P model in Abaqus using the material properties in Table 1. 143 

 144 

2.1 Shear dilation parameters in D-P and Material 072R3 models 145 

     A full description of the constitutive relations for the Extended Drucker-Prager (D-P) model 146 

in Abaqus and the Concrete Damage Model Release III (Material 072R3) in LS-DYNA can be 147 

found in the Appendix. 148 

     In the (D-P) model, the plastic flow potential G is defined as [18], 149 

 150 

G=t-ptan                                                                                                                                (1) 151 

 152 

where t is the deviatoric stress measure, p is the equivalent pressure stress and   is the dilation 153 

angle (Appendix). If  =0, the plastic deformation is incompressible and when 0  the 154 

material dilates.  155 

     In the Material 072R3, the plastic flow potential   is defined as [19], 156 

 157 

  √                      
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where F is a loading surface depending on the stress invariants       and    (Appendix). 159 

Dilatancy is taken into account via the parameter , which defines the amount of dilation that 160 

can occur in the material. When  =0, there is no volume change during plastic flow and when 161 

 >0 the material dilates. 162 

     By comparing the full description of both models in the Appendix, it is unlikely to establish a 163 

direct relationship between D-P model and Material 072R3 model due to the difference between 164 

their respective plastic potential functions and strength surfaces. Consequently, the dilation 165 

parameters in these two models have no general relationship. However, dilation parameters  in 166 

Material 072R3 model has a similar function to that of the dilation angle (tan) in the D-P 167 

model under certain conditions. For example, when comparing the plastic flow potentials for the 168 

D-P model (Eq.(1)) and Material 072R3 (Eq.(2)), it can be seen that  in the latter model plays a 169 

similar role to that of the dilation angle ( tan ) in the D-P model when K=1 (where K is the 170 

ratio of the yield stress in triaxial tension to the yield stress in triaxial compression in D-P model, 171 

see Appendix) which leads to t=q/2=(√   )   (where q is the Mises equivalent stress). In this 172 

case, both material models can be reduced to the same non-associative flow rule (i.e. g=2G=173 

23J ) when  tan , and to the fully associative flow rule when and tan tan 174 

(where  is the friction angle in D-P model). This implies that zero value of dilation parameters 175 

in both models is associated with plastic incompressibility (or zero plastic dilation).  176 

     For concrete, a partial associative flow rule should be used according to experimental 177 

observation. In general, the variation range of dilation parameters in Material 072R3 and the D-178 

P model are and 0< tan <3, respectively, which control the amount of associativity, 179 

and therefore, the change in volume (dilation) during plastic flow.  180 

 181 

2.2 Numerical analyses of SHPB test  182 

     A parametric study of the effects of structural factors (i.e. the friction angle, dilation, friction 183 

coefficient, specimen diameter, inertia and Poisson’s ratio) on the DIF of concrete at strain-rates 184 

in the range of 10
1
-10

3
 s

-1
 is performed. For the numerical simulations performed in 185 

Abaqus/Explicit, three friction angle values  = (0, 30, 50), three dilation angle values  = 186 

(0, 30, 50) and three friction coefficient values  = (0, 0.1, 0.2) are used. The effect of inertia 187 

is studied using reduced values of density  (20 and 200 kg/m
3
). A larger specimen diameter of 188 

20 mm and zero Poisson’s ratio are also investigated. For the numerical simulations performed 189 

in LS-DYNA, three dilation parameter values (0, 0.5, 1) and two friction coefficient values 190 

 = (0, 0.2) are used.  191 
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     To achieve different strain-rates, trapezoidal stress pulses with different rising time and 192 

intensity are applied to the end of the incident bar. The rising time varies from 70 to 100 s 193 

while the duration and unloading times are fixed to 20 s as they do not have an effect on the 194 

strain-rate because the specimen reached peak strength during the loading time. The intensity of 195 

the pulse varies from 50 to 1000 MPa. 196 

     Strain-rate effect is ignored in both material models in order to study structural effects. To 197 

measure the axial stress and strain-rate in the specimen in numerical simulations, several 198 

methods were compared: (i) the formulae described in [20, 21] (Eq.(3) and Eq.(4)), which use 199 

the stresses and velocities at the specimen interfaces to obtain the time histories of the average 200 

engineering stress )(t and average strain-rate )(t over the specimen, i.e., 201 

 202 

     
           

 
                                 (3) 203 

 204 

 ̇    
           

  
                           (4) 205 

 206 

where (           )  and (           )  are the stress and velocity time histories at the 207 

interfaces between the incident bar and the specimen, and between the transmitter bar and the 208 

specimen, respectively, and the constant SL is the specimen length; (ii) an average of the direct 209 

measure of axial stress and axial strain-rate in all the elements of the specimen; and (iii) an 210 

average of the direct measure of the axial stress and axial strain-rate in a layer of elements 211 

located at the transverse mid-plane in the specimen. It was found that the maximum relative 212 

differences for the results obtained with the three methods are within 2%. Thus, we used the 213 

latter method to save data processing time. 214 

     It is known that if the peak stress in the specimen is reached before the stress equilibrium is 215 

achieved, the test may not be valid. The dynamic stress equilibrium was verified using the 216 

parameter R(t) defined as [20, 21], 217 

 218 

      |
           

           
|                                          (5) 219 

 220 

     It is generally accepted that if the stress difference across the SHPB specimen is no more 221 

than 5% of the average stress, i.e.,          , the stress equilibrium condition is satisfied [22]. 222 

Numerical simulations performed in Abaqus/Explicit (Fig. 3) show the variation of R(t) with the 223 

normalised time t/t0 where t0=LS/cS is the transit time duration for the longitudinal incident pulse 224 
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travelling one specimen length. The specimen length LS in Fig. 3 is 6 mm and the elastic wave 225 

speed is 3105 m/s (t0=1.93s); the stress equilibrium is achieved after 6 times of stress wave 226 

reflections in the SHPB specimen before the peak strength is reached. Therefore, the measured 227 

strength can be considered valid [20]. It can also be seen in Fig. 3 that a large oscillation occurs 228 

after the peak stress is reached. This is due to the loss of stress equilibrium when the specimen is 229 

largely damaged. However, these large oscillations do not affect the numerical results in this 230 

investigation since only the peak strength is of interest. It can also be seen in Fig. 3 that for 231 

 ̇   >640 s
-1

 the stress equilibrium is not achieved before the peak strength is reached and 232 

therefore the simulation may not be valid. For this reason, the results for log( ̇)>2.8 will not be 233 

used in this study. 234 

     235 

 236 

 237 

 238 

 239 

 240 

 241 

 242 

 243 

 244 

 245 

 246 

 247 

 248 

 249 

 250 

 251 

Fig. 3 Dynamic stress equilibrium R(t) versus normalised time t/t0 for a 12-mm mortar specimen subjected to 252 

different strain-rates in SHPB test. 253 

 254 

3 Numerical results and discussion 255 

     In this section, the effects of dilation and several other structural factors such as coefficient of 256 

friction, Poisson’s ratio, specimen diameter and material density on DIF are presented. 257 

Numerical simulations are performed using D-P model in Abaqus and Material 072R3 model in 258 

LS-DYNA. The default specimen diameter is 12 mm unless otherwise specified. 259 
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 260 

3.1 Numerical simulations using D-P model in Abaqus 261 

     Figure 2 shows quasi-static compression stress-strain curves performed at low strain-rate 262 

( ̇=8×10
-2

 s
-1

) with different radial confinement pressure P, friction coefficient and material 263 

parameters, using D-P model in Abaqus. It is noted that  ̇=8×10
-2

 s
-1

 is used for quasi-static 264 

simulation in order to save simulation time because the results at this strain-rate are almost 265 

identical to the results obtained at strain-rate of  ̇=10
-3

 s
-1

. It can be seen in Fig. 2 that without 266 

radial confinement pressure and interface friction, no enhancement of the compressive stress-267 

strain curves is observed even though the material friction angle is not zero. This implies that 268 

under quasi-static loading condition, the uniaxial compressive stress state in the specimen will 269 

not be changed if the specimen is not subjected to lateral constrain (either by applying radial 270 

confinement pressure or being constrained by interface friction).  271 

     The influences of both radial confinement pressure and friction coefficient on the 272 

compressive strength are affected by the friction angle significantly. It is interesting to note that 273 

when the friction angle is zero, radial confinement pressure and interface friction can still 274 

influence the compressive strength, but not significantly when compared to the cases with large 275 

friction angle. This is because even when the friction angle is zero the D-P model is not exactly 276 

the same as the metal plasticity model whose compressive stress-strain curve is not influenced 277 

by lateral confinements. For given values of P and β, dilation parameter  has a slight influence 278 

on the maximum quasi-static compressive strength for high values of P. However, it is shown in 279 

Fig. 4 that  has considerable influence on the apparent dynamic compressive strength of mortar 280 

as indicated by the DIF-log( ̇) curves, particularly for strain-rates higher than 100 1/s. These 281 

results show that numerical modelling results are sensitive to parameters , β and  in certain 282 

regions, and therefore, they should be carefully calibrated in numerical modelling. 283 

     The effect of friction on the dynamic response of SHPB specimen is well known, which may 284 

lead to the over-prediction of DIF [3, 6, 23]. This issue is important for concrete-like sample 285 

because its end surface is usually rougher than the surface of a metallic sample [1]. Therefore, 286 

friction should not be completely neglected even though lubricant is used. Figure 4 also shows 287 

the effect of the friction coefficient  on the dynamic strength of mortar for various β and . It 288 

can be seen that when β==0, the increase of  has some influence on the measured DIF; 289 

however when β and  increase, the DIF increases largely with the increase of . This can be 290 

explained by the fact that when β increases the material becomes more pressure dependant, and 291 

therefore, more sensitive to the lateral confinement. Experimental results from Grote et al. [14] 292 

are included in Fig. 4 as a reference. The value of the coefficient of friction was not given in 293 
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 309 

Fig. 4 Numerical results at different strain-rates using various material parameter sets in the D-P model in 310 

Abaqus/explicit. 311 

      312 

     Figure 5 shows the contour plot of radial stress and equivalent plastic strain (PEEQ) for 313 

specimens at strain-rate of log( ̇)2.7, for various sets of β,  and . As expected, the lateral 314 

confinement, which can be represented by the compressive radial stresses, increases when the 315 

interface friction coefficient is increased. It can also be seen that for specimens with same 316 

friction coefficient, the lateral confinement increases when the dilation parameter is increased.  317 

  318 
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 345 

 346 

 347 

     Fig. 5 Contour plots of radial stress and PEEQ for log( ̇)2.7 for various material parameters sets. 348 

      349 

     It is noted that the dependence of the peak stress on the average radial stress in Fig. 5 is 350 

somewhat comparable with the peak stress dependence on the lateral confinement P in Fig. 2. It 351 

is also observed that PEEQ increases when the dilation parameter is increased. The radial stress 352 

(or dynamic confinement) is produced in the hourglass-shaped region [11], which is delimited 353 
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by the fault regions with high PEEQ and volumetric expansion or dilation (In Fig. 5, see dashed 354 

black line in the PEEQ contour of =50, =50, =0.2). This phenomenon has been observed 355 

in [11] from numerical simulations using the Material 072R3 model. It is worth to address again 356 

the importance of the dilation parameter in the numerical prediction of the compressive strength 357 

of the concrete sample, particularly for strain-rates higher than 10
2
 s

-1
. Therefore, a good 358 

calibration of this parameter should be performed to ensure accurate predictions. 359 

     To understand the inertia effects on the DIF, numerical simulations were carried out using 360 

one-tenth and one-hundredth of the material nominal density, i.e., =200 kg/m
3
 and =20 kg/m

3
, 361 

respectively. Figure 6 shows a comparison of numerical SHPB tests for three different material 362 

densities. It can be seen that when the density is reduced to =200 kg/m
3
, the DIF does not 363 

increase with the increase of strain-rate at the same rate as it does for the nominal density 364 

(=2000 kg/m
3
) (note: the reduction of material density will increase the stress wave speed and 365 

reduce the stress equilibrium time, and thus, will not affect the validity of SHPB test simulation). 366 

Since axial inertia affects the additional axial stress only for soft materials, the additional stress 367 

due to axial inertia is normally not concerned for solid materials [24, 25]. Thus, the observed 368 

inertia effect can only be attributed to the lateral inertia, which generates lateral confinement 369 

leading to the increase of DIF. When density is further reduced to 20 kg/m
3
, the DIF is almost 370 

independent of strain-rate. The correlation between strain-rate and strain acceleration in a SHPB 371 

test was noted in [2]. With the increase of strain-rate, axial strain acceleration is also increased, 372 

which leads to the increase of lateral confinement as a result of the increase of radial inertia. 373 

Therefore, inertia effect is an important mechanism contributing to the structural effects in a 374 

SHPB test. However, Fig. 6 also shows the different DIF values obtained for different 375 

coefficients of friction when other parameters are the same, which again showed that interface 376 

friction is an independent mechanism for structural effect.  377 

     Previous researches have stated that Poisson’s ratio has an effect on the radial inertia in 378 

SHPB [26, 27]. In order to investigate this effect, numerical simulations with zero Poisson’s 379 

ratio were performed and results are shown in Fig. 6. It can be seen that the predictions of DIF 380 

when using either =0 or =0.19 are the same for a friction coefficient =0; however, when 381 

=0.2, DIF increases with Poisson’s ratio when it varies from =0.0 to =0.19. It transpires that 382 

interface friction may restrain the lateral elastic deformation of the sample due to Poisson’s 383 

effect, which generates lateral confinement and causes the increase of DIF.  384 

  385 
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 395 

Fig. 6 Finite element model of SHPB test using different material densities and Poisson’s ratios. 396 

 397 

     Figure 7 shows numerical simulations for specimens with diameters of 12 mm and 20 mm. It 398 

can be seen that an increase in the specimen diameter while keeping the same length (6 mm) 399 

leads to an increase of DIF which agrees with previous research [1, 2]. Larger sample diameter 400 

restricts the lateral deformation through radial inertia and interface friction, and thus, increases 401 

the lateral confinement causing the increase of DIF. When the material density is artificially 402 

reduced, the influence of specimen diameter on DIF still exists. Therefore, larger specimen 403 

diameter promotes the lateral confinement in a dynamic compressive test, leading to the increase 404 

of DIF.  405 

 406 

 407 

 408 

 409 

 410 

 411 

 412 

 413 

   Fig. 7 Finite element model of SHPB test using different material densities and friction coefficients for diameters 414 

of 12 mm and 20 mm. 415 

 416 

 417 

3.2 Numerical simulations using Material 072R3 in LS-DYNA 418 

     Figure 8 depicts quasi-static compression stress-strain curves at low strain-rate ( ̇=8×10
-2

 s
-1

) 419 

with different lateral confinement P using Material 072R3 model in LS-DYNA. It can be 420 

observed that the dilation parameter  does not affect the shape of the softening part of the 421 
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curves for 0.0, 0.5). However, the stress-strain curves degrade at higher rates with the 422 

increase of . It can also be seen that  does not affect the compressive strength of the sample 423 

for a given value of P. 424 

     Figure 9 shows the effects of the dilation parameter  and the coefficient of friction  on DIF 425 

using the Material 072R3 model in LS-DYNA. It is observed that when  increases the DIF 426 

increases as expected due to the increase of lateral confinement. For simulations with the same 427 

friction coefficient, DIF increases when  increases from 0.5 to 1; however, there is no 428 

significant effect when  increases from 0 to 0.5. These observations agree generally with 429 

Abaqus simulation results. 430 

     Figure 10 shows contour plots of radial stress and effective plastic strain for specimens 431 

subjected to strain-rate of log( ̇)2.7, respectively, for various sets of and . Unlike Abaqus, 432 

LS-DYNA does not have the option to display results in cylindrical coordinate system, and thus, 433 

the radial stress in Fig. 10 is displayed by cutting sections of the specimen using planes parallel 434 

to the faces with symmetrical boundary conditions at a distance of 0.05 mm. The stresses in the 435 

directions perpendicular to the loading direction represent the radial stress at these cutting planes. 436 

Similar to the results observed in Fig. 5, the lateral confinement represented by the radial stress 437 

increases when the friction coefficient is increased and/or the dilation parameter is increased. 438 

The peak stresses observed in Fig. 10 are somewhat comparable to the quasi-static peak stresses 439 

in Fig. 8 due to the lateral confinement P. The effective plastic strain also increases when the 440 

dilation parameter is increased.  441 

 442 
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Fig. 8 Stress-strain curves for different input parameters and lateral confinements at  ̇=8×10
-2

 s
-1

 for the Material 457 

072R3 model in LS-DYNA using the material properties in Table 1. 458 

 459 
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Fig. 9 Numerical results at different strain-rates using various material parameter sets in the Material 072R3 model 472 

in LS-DYNA. 473 
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 518 

Fig. 10 Contour plots of radial stress and effective strain for log( ̇)2.7 for various material parameters sets. 519 

 520 
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4 Further discussions about the interactions among structural factors and their influence 521 

on DIF  522 

     While it is clear that dilation affects DIF according to the results shown in previous sections 523 

and in [11], it remains unclear what mechanisms are responsible for the DIF enhancement 524 

through the material dilation. To understand how dilation affects DIF and interacts with other 525 

factors, nine cases shown in Table 3 are carefully selected and evaluated.  Time histories of 526 

compressive stress, radial stress, volume change and plastic strain for each case are shown in Fig. 527 

11 where the normalized time starts from the beginning of the loading in the specimen until the 528 

maximum compressive strength is reached. In all cases, log( ̇)2.7 is used. 529 

 530 

Table 3 Nine selected cases to demonstrate the effect of dilation and other factors on DIF 531 

CASE A B C D E F G H I 

Friction angle () 0 50 50 50 50 50 50 50 50 

Dilation angle () 0 50 0 0 50 50 0 0 50 

Density  (kg/m3) 2000 2000 20 2000 20 2000 2000 20 20 

Poisson's ratio  0.19 0.19 0 0 0.19 0 0.19 0 0.19 

 0.2 0 0.2 0 0 0 0 0 0.2 

D (mm) 20 20 12 12 20 12 12 20 20 

DIF 1.22 1.64 1.29 1.17 0.99 1.35 1.15 0.99 2.10 

 532 

     For Case A (Fig.11(a)), dilation parameter  and friction angle β are set to zero to have a 533 

hydrostatic independent material. It can be seen, however, that some DIF enhancement 534 

(DIF1.22) still exists. Similar observation is shown in Fig. 4 for =β=0 (smaller specimen 535 

diameter of 12 mm is used). This may be due to the flow rule of the D-P model, which creates 536 

the multiaxial stress state resulting in some DIF enhancement. For Case B (Fig.11(b)), despite of 537 

coefficient of friction being zero (=0), large increase of DIF (1.64) is observed, which 538 

demonstrates that other structural factors (dilation and inertia) can produce DIF enhancement. 539 

Case C (Fig.11(c)) demonstrates that for a specimen with =0, low density and small diameter, 540 

interface friction can independently contribute to structural effects for a hydrostatic-dependent 541 

material (DIF=1.29). For Case D with =0, =0 and small diameter, an enhancement of DIF 542 

(1.17) shows that inertia (=2000 kg/m
3
) can independently contribute to the structural effect 543 

for a hydrostatic-dependent material. For Case E, with low density, no interface friction and 544 

large dilation parameter (Fig.11(e)), there is large volume change in the plastic region but the 545 

radial stress is very small resulting in negligible DIF enhancement (DIF0.99). For Case F 546 

(Fig.11(f)) with no interface friction, DIF1.35, which demonstrates that dilation can enhance 547 

inertia effects. For Case G in Fig.11(g) with no dilation effect and no interface friction, DIF 548 

enhancement is marginal (DIF1.15) when =0.2, which can be compared to Case D with the 549 
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exactly same parameters except =0. This shows that Poisson’s ratio has little structural effect 550 

on DIF enhancement when there is no dilation effect or interface friction (See Fig. 6); however, 551 

results in Fig. 6 for large dilation and large interface friction show that Poisson’s ratio has some 552 

small influence on DIF. A comparison of Fig. 11(d) with Fig. 11(g) shows that the reduction of 553 

volume before peak strength is larger in Case D (=0) than in Case G (=0.19). This suggests 554 

that the increase of Poisson’s ratio may enhance DIF through dilation or interface friction by 555 

facilitating lateral expansion of the specimen. For Case H (Fig.11(h)) with =0, =0, large 556 

diameter and low density, there is no DIF enhancement (DIF0.99). This shows that the material 557 

inertia (density) is necessary for the DIF enhancement in a SHPB specimen with large diameter. 558 

Finally for Case I (Fig.11(i)) with large diameter, dilation and interface friction, DIF is enhanced 559 

significantly (DIF=2.10). This large enhancement suggests that despite of low density, dilation 560 

can also enhance DIF through interface friction when Case I is compared with Case E. This 561 

indicates that dilation can enhance DIF through either inertia or friction, or both of them. This 562 

means that radial expansion alone (without radial inertia due to material density or radial 563 

confinement due to friction) results in no DIF enhancement in a material that is sensitive to 564 

hydrostatic pressure. This point can be further illustrated if we focus on Cases B, E, F, I with 565 

large dilation parameter . For these cases, there is large volumetric change in the plastic 566 

regime when compared to the rest of the cases (Fig. 11). The material expansion leads to the 567 

increase of the radial stress when density is large (Case B, F) or interface friction is large (Case 568 

I), which in turn produces lateral confinement that results in an increase of DIF.  569 

     When the strain-rate is high enough (log ( ̇) >2), there is a correlation between the axial 570 

strain-rate and the axial strain acceleration [2]. The accelerated axial motion produces an 571 

accelerated radial motion leading to an inertia-induced radial confinement. When the strain-rate 572 

is below the transition strain-rate, axial acceleration is significantly small. This can be seen in 573 

Fig.12 (a) in which the axial acceleration is compared for some of the cases in Table 3. Two 574 

extra cases similar to Case B (i.e. Case B with log ( ̇)2 and Case B with =30) are also 575 

included in Fig. 12. It can be seen that the axial acceleration for Case B with log ( ̇)2 is much 576 

smaller than those in other cases in Fig. 12 with higher strain-rate, and its corresponding DIF is 577 

marginal (1.04). It can also be seen in Fig. 12 (a), that the axial acceleration is somewhat 578 

similar in all cases in which log ( ̇)2.7. This supports the experimental finding in [2] that axial 579 

acceleration is correlated with strain-rate. By comparing Case B (large density, DIF 580 

enhancement) with Case E (low density, no DIF enhancement), which have similar axial 581 

accelerations, it can be seen that the axial acceleration can only enhance DIF through material 582 

inertia. 583 
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 607 

 608 

 609 
Fig. 11 Time histories of compressive stress, radial stress, volume change and plastic strain for 9 different loading 610 
cases (Cases A-I in Table 3) using D-P model in Abaqus. 611 
 612 
 613 
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  Figure 12 (b) shows the time history of the plastic Poisson’s ratio (ppr), defined as the ratio 616 

between lateral strain and axial strain, for the same cases shown in Fig. 12 (a). It can be seen 617 

that ppr increases with the increase of dilation. For Case B with =30, DIF=1.42. This DIF 618 

enhancement is smaller than that of Case B with =50 (DIF=1.64). This shows that the 619 

reduction of dilation results in a reduction of ppr and this in turn results in less DIF 620 

enhancement. Since ppr affects the relationship between axial and radial motion, large ppr 621 

enhances the radial motion and the lateral expansion. Thus, it plays similar roles as Poisson’s 622 

ratio in elastic regime. With inertia, the lateral expansion will cause lateral confinement. Inertia 623 

starts to play its role when strain-rate is larger than a critical value.  624 

     625 

 626 

 627 

 628 

 629 

 630 

 631 

 632 

 633 

 634 

 635 

 636 

 637 

Fig.12 Time histories of (a) axial acceleration and (b) plastic Poisson’s ratio (ppr) for different loading cases (Table 638 

3) using D-P model in Abaqus 639 

 640 

      641 

Based on the above analyses of the numerical results, a flow chart (Fig. 13) is constructed to 642 

show the interactive mechanisms that produce structural parameters that influence DIF. DIF can 643 

be enhanced by structural effects for hydrostatic-dependent materials when lateral confinement 644 

is introduced due to structurally-produced radial stresses. The two main mechanisms that can 645 

produce lateral confinement are interface friction and radial inertia. These two mechanisms can 646 

either individually or collaboratively exist to produce lateral confinement. Other structural 647 

factors (e.g. Poisson’s ratio, dilation and specimen diameter) can further enhance DIF, but they 648 

have to interact with either or both mechanisms. Finally, large axial acceleration, which is 649 

correlated with strain rate in SHPB test, is necessary for the radial acceleration to generate radial 650 

inertia in a SHPB specimen.   651 

(a) (b) 
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Fig.13 Flow chart of parameters affecting the enhancement of DIF 677 

 678 

5 Conclusions and Remarks 679 

     The numerical study conducted in this paper shows that the increase of the apparent dynamic 680 

increase factor (DIF) with strain-rate in concrete-like materials in a SHPB test is a complex 681 

phenomenon related not only to material strain-rate effects but also to structural effects. Strain-682 

rate independent material model is employed in this study in order to isolate the structural 683 

effects for a hydrostatic-dependent material. It is found that two mechanisms can produce lateral 684 

confinement, i.e. interface friction and radial inertia, which can enhance DIF individually or 685 

collaboratively for hydrostatic-dependent materials. Dilation, Poisson’s ratio (or material flow 686 

rule in a more general sense) and specimen diameter can further enhance DIF, but they have to 687 

interact with either or both lateral confinement mechanisms. It was also found that radial inertia 688 

(radial acceleration) starts to enhance DIF when strain-rate reaches a critical strain-rate 689 

(transition strain-rate) in the order of 10
2
 s

-1
. The correlation between axial strain acceleration 690 

and strain-rate observed numerically in the present study supports the reported experimental 691 

observation. However, there is still a lack of explanation for the existence of such correlation. 692 

Although, the existence of genuine strain-rate effects have been suggested by meso-scale 693 
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simulations and micro-crack models [28-30], the findings in this study show that structural 694 

effects have a significant contribution to the measured DIF, and therefore, one needs to be 695 

cautious about interpreting SHPB data for concrete-like materials. Otherwise, the material 696 

model with considering strain-rate effect based directly on SHPB measurement may over-697 

predict material strength and lead to non-conservative design and assessment of protective 698 

structures. 699 

 700 
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 703 

Appendix 704 

A.1 Extended Drucker-Prager constitutive model in Abaqus 705 

     The D-P model with linear yield criterion is given by [15],  706 

 707 

0tan  dptF                    (A1) 708 

 709 

where   is the friction angle of the material, which is the slope of the linear yield surface in the 710 

t-p stress plane (Fig. A1(a)). The cohesion of the material d  is given by, 711 
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where c  is the unconfined uniaxial compressive yield stress. The deviatoric stress measure t is 713 

defined as, 714 
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where q=√
 

 
    √    is the Mises equivalent stress; r is the third invariant of the deviatoric 718 

stress given by   (
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  (
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 where   is the deviatoric stress defined as 719 

      , being   and    
 

 
               

 

 
    the stress tensor and equivalent 720 

pressure stress, respectively. The first invariant of the stress tensor and the second and third 721 

invariants of the deviatoric stress tensor are   ,   ,   , respectively. The parameter K is the ratio 722 

of the yield stress in triaxial tension to the yield stress in triaxial compression [15]; K has to be 723 

within the range 1788.0  K  to ensure the convexity of the yield surface. The flow rule of the 724 

D-P model is given by [18], 725 

 726 
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                                          (A4) 727 

 728 

where    is the equivalent plastic strain; c is a constant given by (          if hardening is 729 

defined in uniaxial compression, which is the concern of the present study. The plastic flow 730 

potential G is defined as, 731 

 732 

G= tanpt                                                                                                                         (A5) 733 

 734 

where   is the dilation angle. If  =0, the plastic deformation is incompressible (a non-735 

associative flow rule) and when 0  the material dilates (Fig. A1(a)). When   and K=1, a 736 

fully-associative flow rule is obtained and the original Drucker-Prager model is reinstated [15]. 737 

It can be seen in Fig. A1(a) that  =-n, in which  varies from n to n+β (i.e. 0   ). For 738 

concrete-like materials, it has been found that   and   are in the ranges of 20-50 and 20-60, 739 

respectively [31-33]. When the hardening is defined in uniaxial compression, the flow rule 740 

precludes dilation angles  >71.5° (or tan >3). It is unnecessary to discuss this restriction 741 

since it unlikely occurs for the studied materials in this paper [15]. 742 

 743 

 744 

 745 

 746 

 747 

 748 

 749 

 750 

 751 

 752 

Fig. A1 Yield surface and flow direction in (a) D-P model in Abaqus [15]; (b) Material 072R3 model in LS-DYNA 753 

[12]. 754 

 755 

A.2 Concrete Damage Model Release III (Material 072R3) in LS-DYNA 756 

     Material 072R3 implemented in LS-DYNA was employed to study the effect of dilation on 757 

SHPB testing of concrete. The model has linear behaviour until the yield stress point is reached. 758 

The plastic response of the material is predicted via three independent strength surfaces, i.e., the 759 

yield failure surface
y , the maximum failure surface m and the residual failure surface 760 

r  [12, 34]: 761 
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where 
ya0
, 

ya1
, 

ya2
, 0a , 1a , 2a , 

fa1
, 

fa2
 are user-defined parameters that control the shape of 765 

the strength surfaces. The loading surfaces, L representing strain hardening after yield and the 766 

post-failure surfaces pf  representing strain softening after maximum strength, are defined as 767 

[19],  768 

 769 
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)]())()()(()[(),,( 3321 pppJrJJI ffmpf               (A7b) 771 

 772 

where )(  is a function of the internal damage parameter λ and is calibrated experimentally;773 

)( 3Jr  is a scale factor in the form of William-Warnke equation [19, 34], which introduces the 774 

dependence of 3J  in order to properly model material behaviour under confinement [19].  775 

     The plastic flow potential   in the Material 072R3 in LS-DYNA is defined as [19], 776 

 777 

  √                                                                                         
(A8) 778 

 779 

where F is defined as the loading surfaces in Eqs.(A7a, A7b). The plastic flow rule is given by 780 

an expression of the plastic strain increment     
 

 as [35],  781 

 782 

    
  

  

    
  ̃                                          (A9) 783 

 784 

where     is the stress tensor and   ̃ is the plasticity consistency parameter [35, 36]. Dilation is 785 

taken into account by the Material 072R3 via the parameter , which defines the amount of 786 

dilation that can occur in the material. When  =1, a fully-associative flow rule applies, i.e., 787 

plastic flow develops along the normal to the yield surface. When  =0, there is no volume 788 

change during plastic flow (Fig. A1(b)), which is a non-associative flow rule, e.g. Prandtl-Reuss 789 

flow rule (=n; Fig. A1(b)), assuming complete plastic incompressibility [12]. Typical 790 
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values for concrete have been found to be between 0.5 and 0.7 [12], which indicates that 791 

partially-associative flow rule is used. 792 

 793 
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