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Highlights

• Multiple criteria sorting with imbalanced set of assignment examples is addressed.

• Clustering analysis and linear programming are used to identify active reference alternatives.

• A balancing algorithm is developed to balance active reference alternatives across categories.
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Abstract

We propose a novel approach to address a multiple criteria sorting (MCS) problem with an imbalanced set

of assignment examples. The approach employs a piecewise-linear additive value function as the preference

model and adopts the disaggregation-aggregation paradigm to infer a sorting model from provided assignment

examples on a set of reference alternatives. We utilize a hierarchical clustering algorithm and several linear

programming models to identify reference alternatives that are active to develop the sorting model, so that

inactive ones are eliminated from the whole set of reference alternatives. Then, in order to construct a balanced

set of assignment examples, a balancing algorithm is proposed to balance active reference alternatives across

categories. Finally, the sorting model is obtained by minimizing the sum of violations between values of active

reference alternatives and corresponding category thresholds. Furthermore, the performance of the proposed

approach is investigated on a hypothetical problem and several real data sets. The experimental results show

that our approach is efficient to address the MCS problem with an imbalanced set of assignment examples.

Keywords: Multiple criteria analysis, Multiple criteria sorting, Imbalanced set of assignment examples,

Clustering analysis

1. Introduction

In multiple criteria sorting (MCS, also called ordinal classification) problems, a decision maker (DM) needs

to assign a finite set of alternatives to several predefined and preferentially ordered categories according to

multiple evaluation criteria. Such a classification decision depends on the preference information provided by

the DM, which could be either direct or indirect. The direct preference information refers to the specification

of precise values of or constraints on parameters of a preference model, such as weights, trade-offs, category

profiles, etc. On the contrast, the indirect preference information consists of assignment examples on a set of

reference alternatives. Each assignment example specifies a desired assignment of a corresponding reference

alternative to one or several contiguous categories [1]. Such reference alternatives could come from either past

decisions, or a subset of alternatives under consideration, or a set of fictitious alternatives [2]. It is more
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user-friendly to ask the DM to provide indirect preference information than the direct one, because the former

requires less cognitive effort from the DM at the stage of preference elicitation [3, 4, 5].

Indirect preference information is used in the disaggregation-aggregation paradigm that aims at inferring

compatible instances of a preference model to restore the assignment examples provided by the DM. MCS

methods based on the indirect preference information and the disaggregation-aggregation paradigm have been

implemented with four main families of preference models: a value function [6, 7, 8, 9, 10], an outranking

relation [11, 12, 13, 14, 15, 16], a distance model [17, 18], and a set of decision rules [19, 20, 21].

Generally, there could exist more than one set of parameters of a preference model compatible with the

preference information given by the DM. Usually, from among these compatible sets of parameters, traditional

MCS methods, such as the UTADIS method [6], select one specific set to work out an assignment recommen-

dation. Such a choice is arbitrary because two different compatible sets could achieve different assignments for

an alternative although they restore the preference information provided by the DM. To avoid considering only

one specific set chosen from the whole family of compatible sets in an arbitrary way, the principle of Robust

Ordinal Regression (ROR) [22] is proposed to take into account all the sets of parameters compatible with the

preference information, in order to give a recommendation in terms of necessary and possible consequences

of applying all the compatible preference models on the considered set of alternatives. Ref. [1] first applied

the principle of ROR to MCS and proposed the UTADISGMS method that computes two sorting results for

each alternative: the possible assignment and the necessary assignment. Then, the principle of ROR has been

adapted to MCS in context of group decision-making [23, 24], outranking-based MCS [15], value-driven MCS

[9], and MCS in case of a hierarchical structure of the family of evaluation criteria [25].

Although existing MCS methods have shown great success in many real-world applications [26, 27, 28,

29, 30, 31, 32, 33, 34, 35, 36, 37, 38], the complexity of some practical problems makes them inadequate to

achieve a satisfactory assignment recommendation. One noteworthy difficulty is the imbalanced distribution of

alternatives among considered categories, which exists in a wide range of real-world applications. For example,

in credit risk assessment, firms are classified into two classes by a bank loan officer: default and non-default,

and the number of default firms is significantly less than that of non-default firms [39, 28, 40]; in ABC inventory

classification, inventory items are assigned to three classes according to specific criteria, items of high value

but small in number are termed as class A, items of low value but large in number are termed as class C,

and items that fall between these two classes are termed as class B [27]; in engineering management, activities

carried out by a project team are assigned into classes of managerial practices, which include different control

mechanisms for a project manager, and the class of activities which require most attention are usually small

in number while the class of non-critical activities are large in quantity [34].

It is challenging to develop a sorting model from an imbalanced set of assignment examples. As pointed

in [41], in the presence of severe distribution skews of assignment examples across categories, developing a

model without considering this imbalance is likely to provide a imbalanced degree of accuracy, with excellent

performances for larger categories, but poor performances for smaller ones. Existing MCS methods aim to

infer a preference model to restore the provided assignment examples as much as possible (i.e., to obtain the
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minimum misclassification error). When dealing with an imbalanced set of assignment examples, these methods

fail to properly represent the distributive characteristics of this set and would seek to obtain a high overall

classification accuracy at the expense of deteriorating the accuracy for smaller categories to improve the one for

larger categories. One needs to be aware that smaller categories usually consist of alternatives that are more

important than those from larger ones in many real-world applications, and thus misclassification costs for

alternatives in different categories are not always the same. For instance, the classification error regarding the

assignment of a default firm to the category of non-default firms is much more costly than an error involving the

assignment of a non-default firm to the default category. The former leads to capital cost (loss of the amount

of credit granted to a firm), whereas the latter leads to opportunity cost (loss of profit that would result from

granting a credit to a non-default firm) [6]. To cope with this imbalance, one can incorporate a cost matrix

that describes the costs for misclassifying any particular assignment example into existing MCS methods to

enable them to address an imbalanced set of assignment examples. However, it is often quite difficult to have

reliable estimates for the cost of each type of misclassification in real-world MCS problems.

In this paper, we propose a new decision-making approach to deal with the MCS problem with an imbal-

anced set of assignment examples. The approach requires the DM to provide a set of assignment examples as

the preference information and adopts the disaggregation-aggregation paradigm to develop a sorting model.

We utilize a hierarchical clustering algorithm and several linear programming (LP) models to identify refer-

ence alternatives that are active to develop the sorting model, so that inactive ones are eliminated from the

whole set of reference alternatives. Specifically, the hierarchical clustering algorithm is used to group reference

alternatives of each category into clusters, and then the proposed LP models are solved to identify reference

alternatives lying in preferential boundaries of each cluster, which are reference alternatives that are active to

develop the sorting model. Then, in order to construct a balanced set of assignment examples, a balancing

algorithm is proposed to balance active reference alternatives across categories. The algorithm uses an aug-

menting strategy to iteratively add artificial alternatives until the distribution of active reference alternatives

across categories is adjusted to be balanced. Finally, the sorting model is obtained by minimizing the sum of

violations between values of active reference alternatives and corresponding category thresholds.

The contributions of the proposed approach are three-fold as follows. First of all, our work is the first

MCS approach to address an imbalanced set of assignment examples. To the best of our knowledge, although

various MCS methods have been proposed in the literature, no work has devoted efforts to addressing the MCS

problem with an imbalanced set of assignment examples. Our approach improves the classification performance

in comparison with those MCS methods without considering the imbalance of assignment examples. The second

contribution of this paper consists in utilizing the clustering analysis and LP models to identify active reference

alternatives. In this way, we can get rid of those inactive reference alternatives in the following sorting model

development. Thirdly, this paper proposes an augmenting mechanism to balance the distribution of active

reference alternatives across categories. It can construct a balanced set of assignment examples.

The rest of the paper is organized as follows. Section 2 describes the proposed approach for addressing the

MCS problem with an imbalanced set of assignment examples. Section 3 applies the proposed approach to
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solve a hypothetical MCS problem and reports the experimental results on real data sets. Section 4 ends with

conclusions and discussion regarding future research.

2. The proposed approach

2.1. Problem description

We are considering a MCS problem which aims to assign a finite set of alternatives A = {a1, a2, ..., am}
to l predefined and preferentially ordered categories C = {C1, C2, ..., Cl} such that category Cs+1 is preferred

to category Cs, s = 1, 2, ..., l − 1. Such a classification decision is made based on the historical preference

information provided a priori, which consists of a set of assignment examples on a finite set of reference

alternatives AR = {a∗1, a∗2, ..., a∗r}. An assignment example specifies a reference alternative a∗i ∈ AR and its

assignment Ch(a∗i ), h(a∗i ) = 1, ..., l, which can be represented as a∗i ∈ Ch(a∗i ). Let ARs denote the set of reference

alternatives that are assigned to category Cs, i.e., ARs = {a∗i |a∗i ∈ AR, a∗i ∈ Cs}, and let rs denote the

cardinality of ARs , i.e., rs = |ARs |, s = 1, 2, ..., l. Thus, AR = AR1 ∪ ...∪ARl . Note that, for a MCS problem with

an imbalanced set of assignment examples, there exist s, s′ = 1, ..., l such that
∣∣ARs

∣∣�
∣∣ARs′

∣∣.
Each alternative a ∈ A ∪ AR is evaluated on a family of criteria G = {g1, g2, ..., gn}, where for all gj ∈ G,

gj(a) is the evaluation of alternative a on criterion gj . Without loss of generality, we assume that all criteria

have an increasing direction of preference, i.e., the greater gj(a), the more preferred alternative a on criterion

gj , for all gj ∈ G and a ∈ A∪AR. We assume that the evaluation scale on each criterion gj ∈ G is bounded and

use Xj = [αj , βj ] to denote the range of evaluations on gj , where αj and βj are the worst and best evaluations,

respectively.

We assume that the criteria satisfy the mutual preference independence condition [42] and use an additive

value function as the preference model:

U(a) =
∑n

j=1
uj(gj(a)), a ∈ A ∪AR, (1)

where U(a) is the global value of alternative a and uj(gj(a)), j = 1, ..., n, are the marginal value functions. For

simplicity of notation, we write uj(a) instead of uj(gj(a)).

In this paper, the marginal value function uj(a) is assumed to be a piecewise-linear function. The rangeXj =

[αj , βj ] is divided into γj ≥ 1 equal sub-intervals [x0
j , x

1
j ], [x

1
j , x

2
j ], ..., [x

γj−1
j , x

γj
j ], where xkj = αj + k

γj
(βj − αj),

k = 0, 1, ..., γj . The marginal value of alternative a on criterion gj is obtained by linear interpolation:

uj(a) = uj(x
kj
j ) +

gj(a)− xkjj
x
kj+1
j − xkjj

(uj(x
kj+1
j )− uj(xkjj )), gj(a) ∈ [x

kj
j , x

kj+1
j ]. (2)

According to (2), the piecewise-linear value function is completely defined by marginal values at the character-

istic points, i.e., uj(x
0
j ) = uj(αj), uj(x

1
j ),..., uj(x

γj
j ) = uj(βj) [43]. Note that we do not use general monotonic

marginal value functions that consider all criteria values as characteristic points as in some formulations of

the robust ordinal regression methodology [22, 1]. Such a way could lead to the over-fitting of the developed

sorting model to reference alternatives, and thus may deteriorate its generalization ability to non-reference
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alternatives. The assumption of piecewise-linear value function is appropriate for wide application because any

nonlinear value function can be approximated given a sufficient number of characteristic points.

In particular, new variable ∆utj is introduced to represent the difference between marginal values of two

consecutive break-points xt+1
j and xtj :

∆utj = uj(x
t+1
j )− uj(xtj), t = 0, ..., γj − 1. (3)

Thus, the marginal value uj(a) can be expressed as:

uj(a) =
∑kj−1

t=0
∆utj +

gj(a)− xkjj
x
kj+1
j − xkjj

∆u
kj
j , gj(a) ∈ [x

kj
j , x

kj+1
j ]. (4)

Definition 1. The characteristic vector V(a) of alternative a ∈ A ∪ AR is defined as a column vector whose

entries are the coefficients of variables ∆utj in marginal values uj(a) on each criterion gj , j = 1, ..., n:

V(a) = (1, ..., 1,︸ ︷︷ ︸
k1

g1(a)− xk11

xk1+1
1 − xk11

, 0, ..., 0︸ ︷︷ ︸
γ1−k1−1︸ ︷︷ ︸

criterion g1

, ..., 1, ..., 1,︸ ︷︷ ︸
kj

gj(a)− xkjj
x
kj+1
j − xkjj

, 0, ..., 0︸ ︷︷ ︸
γj−kj−1︸ ︷︷ ︸

criterion gj

, ..., 1, ..., 1,︸ ︷︷ ︸
kn

gn(a)− xknn
xkn+1
n − xknn

, 0, ..., 0︸ ︷︷ ︸
γn−kn−1︸ ︷︷ ︸

criterion gn

)T. (5)

For alternative a ∈ A ∪AR, with the definition of characteristic vector V(a), the global value U(a) can be

formulated as

U(a) = uTV(a), (6)

where u = (∆u0
1, ...,∆u

γ1−1
1︸ ︷︷ ︸

criterion g1

, ...,∆u0
j , ...,∆u

γj−1
j︸ ︷︷ ︸

criterion gj

, ...,∆u0
n, ...,∆u

γn−1
n︸ ︷︷ ︸

criterion gn

)T is a column vector.

To normalize the value function so that U(a) ∈ [0, 1], a ∈ A ∪AR, we set:

eTu = 1,

u ≥ 0,



 (7)

where e ∈ Rγ is a column vector whose entries are all equal to 1, γ =
∑n
j=1 γj .

In this paper, we consider the threshold-based sorting procedure [1], where a vector of category thresholds

b = (b0, b1, ..., bl) is defined to delimit consecutive categories Cs, s = 1, ..., l. The vector b satisfies that

0 = b0 < b1 < ... < bl = 1 + ε, where ε is a small positive number, and bs−1 and bs are the lower and upper

thresholds of category Cs, respectively. The classification of alternative a is performed through the comparison

between the global value U(a) and the category thresholds b0, b1, ..., bl, i.e.,

bs−1 ≤ U(a) < bs ⇔ a ∈ Cs. (8)

Table 1 summarizes the notation used throughout the paper.

6
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Notation Meaning

A = {a1, a2, ..., am} Set of alternatives to be sorted (i.e., non-reference alternatives).

C = {C1, C2, ..., Cl} Set of categories.

AR = {a∗1, a∗2, ..., a∗r} Set of reference alternatives.

ARs Subset of reference alternatives that are assigned to category Cs.

rs Cardinality of ARs .

ai ∈ Ch(ai) Alternative ai is assigned to category Ch(ai).

G = {g1, g2, ..., gn} Set of criteria.

gj(a) Evaluation of alternative a on criterion gj .

U(a) Global value of alternative a.

uj(a) Marginal value of alternative a on criterion gj .

V(a) Characteristic vector of alternative a.

u Vector of differences between marginal values of consecutive break-points.

b = (b0, b1, ..., bl) Vector of category thresholds.

ξ Cluster of reference alternatives coming from a certain category.

P (ξ) Convex hull generated by reference alternatives of cluster ξ.

Θ(P (ξ)) Set of vertices of convex hull P (ξ).

Ψs Set of clusters of reference alternatives from category Cs output by Algorithm 1.

∆(a∗, b∗) Value difference between reference alternatives a∗ and b∗.

I(a∗, b∗) Variance of value difference between reference alternatives a∗ and b∗.

κ(ξt, ξt′) Dissimilarity between two clusters ξt and ξt′ .

B+(ξt) Set of reference alternatives lying in the upper preferential boundary of ξt.

B−(ξt) Set of reference alternatives lying in the lower preferential boundary of ξt.

7
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Figure 1: An illustrative example.

2.2. Outline of the proposed approach

We present the geometric ideas of our approach intuitively to facilitate understanding of the mathematical

presentation in the manuscript. Let us consider the following example about a MCS problem with an im-

balanced set of assignment examples, which is illustrated in Figure 1. Suppose that there are two evaluation

criteria G = {g1, g2} and two categories C = {C1, C2}. We use a linear additive value function as the preference

model and thus characteristic vectors of reference alternatives can be depicted in two-dimensional space. The

distribution of characteristic vectors of reference alternatives is illustrated in Figure 1(a), where characteristic

vectors of reference alternatives in C1 and C2 are represented with “o” and “x”, respectively. One can observe

that C1 is the larger category while C2 is the smaller one.

Firstly, we utilize the hierarchical clustering algorithm to group reference alternatives into clusters, so that
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each cluster ξ consists of reference alternatives a∗i coming from a certain category Cs, s = 1, ..., l, and no

characteristic vectors V(a∗j ) of reference alternatives a∗j from other categories Cs′ , s
′ 6= s, lie in the convex hull

P (ξ) generated by V(a∗i ), a
∗
i ∈ ξ. Suppose that the clustering result is illustrated in Figure 1(b), in which there

are five clusters, i.e., ξ1, ξ2, ξ3, ξ4, and ξ5, and convex hulls generated by characteristic vectors of reference

alternatives from each cluster are depicted in dashed lines.

Then, we propose several LP models to identify reference alternatives lying in preferential boundaries of

each cluster, which consists of the upper preferential boundary and the lower one. For any cluster ξ, the upper

preferential boundary, denote by B+(ξ), and the lower preferential boundary, denote by B−(ξ), are defined as

the parts of boundary of P (ξ) that are expanded by characteristic vectors V(a∗i ) of reference alternatives a∗i ∈ ξ
whose values could be the maximum and the minimum among all reference alternatives in ξ, respectively. Thus,

reference alternatives lying in preferential boundaries of each cluster refer to those that could be potentially

optimal or worst among the ones of the corresponding cluster. If reference alternatives lying in preferential

boundaries of a cluster are correctly classified, then all the others of the corresponding cluster are also correctly

classified. Therefore, reference alternatives lying in preferential boundaries of clusters are the ones that are

active to develop the sorting model. In this example, we identify the reference alternatives lying in the upper

preferential boundaries of ξ1 and ξ2, denoted by B+(ξ1) and B+(ξ2), respectively, and those lying in the lower

preferential boundaries of ξ3, ξ4, and ξ5, denoted by B−(ξ3), B−(ξ4), and B−(ξ5), respectively, which are

illustrated in Figure 1(c).

Then, in order to construct a balanced set of assignment examples, a balancing algorithm is proposed to

balance active reference alternatives across categories. The algorithm uses an augmenting strategy to iteratively

add artificial alternatives until the distribution of active reference alternatives across categories is adjusted to

be balanced. In this example, as |B+(ξ1)|+ |B+(ξ2)| = 5 and |B−(ξ3)| + |B−(ξ4)| + |B−(ξ5)| = 6, we need

to add an artificial alternative to B+(ξ1) or B+(ξ2) to obtain a balanced set of assignment examples. Suppose

that an artificial alternative is added to B+(ξ1) and the obtained set of assignment examples is illustrated in

Figure 1(d).

Finally, the sorting model is obtained by minimizing the sum of violations between values of active reference

alternatives and the corresponding category thresholds. In this example, reference alternatives a∗i ∈ C1 should

satisfy the constraint of b0 ≤ U(a∗i ) < b1, and reference alternatives a∗i ∈ C2 should satisfy the constraint of

b1 ≤ U(a∗i ) < b2. As b0 = 0 and b2 = 1+ε, the constraints of U(a∗i ) ≥ b0 for a∗i ∈ C1 and U(a∗i ) < b2 for a∗i ∈ C2

can always be satisfied. Thus, we just consider the violations between values of active reference alternatives

from C1 (i.e., U(a∗i ), a∗i ∈ B+(ξ1), B+(ξ2)) and the category threshold b1, and those between values of active

reference alternatives from C2 (i.e., U(a∗i ), a∗i ∈ B−(ξ3), B−(ξ4), B−(ξ5)) and the category threshold b1. Then,

the sorting model is obtained by minimizing the sum of these violations, and the hyperplane uTV(a) = b1 is

illustrated in Figure 1(d).

The process of the proposed approach is summarized as follows.

Step 1. Make use of a hierarchical clustering algorithm to group reference alternatives of each category into

clusters (see Section 2.3 for more details).
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Step 2. Solve LP models to identify reference alternatives lying in upper and lower preferential boundaries

of each cluster (see Section 2.4 for more details).

Step 3. Use a balancing algorithm to adjust the identified reference alternatives lying in preferential bound-

aries of clusters in each category to be balanced (see Section 2.5 for more details).

Step 4. Solve a LP model to infer a sorting model by minimizing the violations between the values of

reference alternatives lying in preferential boundaries of clusters and the corresponding category thresholds,

and then apply the inferred sorting model to assign non-reference alternatives into categories (see Section 2.6

for more details).

2.3. Grouping reference alternatives into clusters

In this section, we apply the hierarchical clustering algorithm proposed in [44] to group reference alternatives

into clusters, without specification of the number of clusters. The clustering algorithm runs repeatedly for

different categories, with each iteration grouping reference alternatives of a certain category into clusters. Each

cluster ξ consists of reference alternatives a∗i coming from a certain category Cs, s = 1, ..., l, and ensures that

no characteristic vectors V(a∗j ) of reference alternatives a∗j from other categories Cs′ , s
′ 6= s, lie in the convex

hull P (ξ) generated by V(a∗i ), a
∗
i ∈ ξ.

Let us consider to group reference alternatives of a certain category Cs, s = 1, ..., l, into clusters. Initially,

each reference alternative a∗i ∈ ARs is considered as an initial cluster ξi = {a∗i }. The algorithm iteratively

merges two clusters ξt,ξt′ , t, t
′ ∈ Z+, satisfying that (a) ξt and ξt′ consist of reference alternatives a∗i coming

from the same category Cs, and (b) the dissimilarity between ξt and ξt′ is the minimum, to generate a new

cluster ξt′′ , t
′′ ∈ Z+, ensuring that no characteristic vectors V(a∗j ) of reference alternatives a∗j from other

categories Cs′ , s
′ 6= s, lie in the convex hull P (ξt′′) generated by V(a∗i ), a

∗
i ∈ ξt′′ = ξt ∪ ξt′ . To check whether

clusters ξt,ξt′ can be merged to generate a new cluster ξt′′ , we need to solve the following LP model for each

a∗j ∈ ARs′ , s′ = 1, ..., s− 1, s+ 1, ..., l:

LP1 : ε∗(a∗j ) = max ε, (9)

s.t. pTV(a∗j ) + q ≤ −ε, (10)

pTV(a∗i ) + q ≥ ε, a∗i ∈ ξt ∪ ξt′ , (11)

0 ≤ ε ≤ 1. (12)

where p ∈ Rγ and q ∈ R are variables used to define a hyperplane. The constraint (12) is added to prevent

unbounded solutions. If ε∗(a∗j ) > 0, then the hyperplane H = {V ∈ Rγ |p∗TV + q∗ = 0}, where p∗, q∗ are the

values of variables of LP1 at the optimum, separates V(a∗j ) from V(a∗i ), a
∗
i ∈ ξt∪ ξt′ , and thus V(a∗j ) does not

lie in P (ξt′′), which is denoted by V(a∗j ) /∈ P (ξt′′); otherwise, there is no hyperplane that can separate V(a∗j )

from V(a∗i ), a
∗
i ∈ ξt ∪ ξt′ , and thus V(a∗j ) lies in P (ξt′′), which is denoted by V(a∗j ) ∈ P (ξt′′).

The underlying idea of LP1 can be illustrated in Figure 2. There are two clusters ξt = {a∗3, a∗4, a∗5, a∗6, a∗7}
and ξt′ = {a∗8, a∗9, a∗10, a

∗
11, a

∗
12, a

∗
13} consisting of reference alternatives coming from the same category, and the

characteristic vectors of reference alternatives in ξt and ξt′ are represented with “o”. Another two reference

10
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alternatives a∗1 and a∗2 belong to other categories and their characteristic vectors are represented with “x”. It

can be observed that, on one hand, the hyperplane H1 separates V(a∗1) from V(a∗j ), a
∗
j ∈ ξt ∪ ξt′ , and thus

V(a∗1) /∈ P (ξt′′), where ξt′′ is the merger of clusters ξt and ξt′ ; on the other hand, there is no hyperplane that

can separate V(a∗2) from V(a∗j ), a
∗
j ∈ ξt ∪ ξt′ , and thus V(a∗2) ∈ P (ξt′′).

O 

Figure 2: The underlying idea of LP1.

We solve LP1 for all the reference alternatives a∗j ∈ ARs′ , s′ = 1, ..., s − 1, s + 1, ..., l. If ε∗(a∗j ) > 0, for all

a∗j ∈ ARs′ , s′ = 1, ..., s− 1, s+ 1, ..., l, then ξt and ξt′ can be merged to generate a new cluster ξt′′ , ensuring that

no characteristic vectors of reference alternatives belonging to other categories lie in P (ξt′′).

The overall hierarchical clustering algorithm for grouping reference alternatives a∗i ∈ AR into clusters is

described in Algorithm 1. Algorithm 1 applies the hierarchical clustering methodology [45] where clusters with

the minimum dissimilarity are merged to generate a new cluster. The clustering result is Ψ = {Ψ1, ...,Ψl} and

Ψs, s = 1, ..., l is composed of clusters of reference alternatives from category Cs. Note that the dissimilarity

between two clusters in Algorithm 1 is calculated in the following way:

Definition 2. The value difference ∆(a∗, b∗) between two reference alternatives a∗, b∗ ∈ AR is defined as the

difference of U(a∗) and U(b∗), i.e.,

∆(a∗, b∗) = U(a∗)− U(b∗)

= uTV(a∗)− uTV(b∗).

Definition 3. The variance of value difference I(a∗, b∗) between two reference alternatives a∗, b∗ ∈ AR is

defined as the difference between the maximum and minimum values of ∆(a∗, b∗), i.e.,

I(a∗, b∗) = ∆max(a∗, b∗)−∆min(a∗, b∗),

where ∆max(a∗, b∗) and ∆min(a∗, b∗) are obtained by solving the following two LP models LP2 and LP3.
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Algorithm 1 The clustering algorithm

Input:

Initial clusters ξt = {a∗t }, a∗t ∈ AR;

1: χ← r + 1;

2: for each category Cs, s = 1, ..., l, do

3: Ψs ← {ξt|ξt = {a∗t }, a∗t ∈ ARs };
4: Φs ← {(ξt, ξt′)|ξt, ξt′ ∈ Ψs, t < t′};
5: while Φs 6= ∅ do

6: Find (ξt, ξt′) ∈ Φs such that their dissimilarity is the minimum;

7: for each a∗i ∈ ARs′ , s′ = 1, ..., s− 1, s+ 1, ..., l, do

8: Solve LP1 and obtain ε∗(a∗i );

9: end for

10: if ε∗(a∗i ) > 0 for each a∗i ∈ ARs′ , s′ = 1, ..., s− 1, s+ 1, ..., l, then

11: Merge ξt and ξt′ to generate a new cluster ξχ;

12: Ψs ← Ψs\{ξt, ξt′};
13: Φs ← Φs\{(ξt′′ , ξt)|ξt′′ ∈ Ψs, t

′′ < t};
14: Φs ← Φs\{(ξt, ξt′′)|ξt′′ ∈ Ψs, t

′′ > t};
15: Φs ← Φs\{(ξt′′ , ξt′)|ξt′′ ∈ Ψs, t

′′ < t′};
16: Φs ← Φs\{(ξt′ , ξt′′)|ξt′′ ∈ Ψs, t

′′ > t′};
17: Ψs ← Ψs ∪ {ξχ};
18: Φs ← Φs ∪ {(ξt′′ , ξχ)|ξt′′ ∈ Ψs, t

′′ < χ};
19: χ← χ+ 1;

20: else

21: Φs ← Φs\{(ξt, ξt′)};
22: end if

23: end while

24: end for

Output:

Ψ = {Ψ1, ...,Ψl}.
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LP2 : ∆max(a∗, b∗) = max ∆(a∗, b∗),

s.t. ∆(a∗, b∗) = uTV(a)− uTV(b),

eTu = 1,

u ≥ 0.

LP3 : ∆min(a∗, b∗) = min ∆(a∗, b∗),

s.t. ∆(a∗, b∗) = uTV(a)− uTV(b),

eTu = 1,

u ≥ 0.

Proposition 1. For any reference alternatives a∗, b∗ ∈ AR, we have I(a∗, b∗) = I(b∗, a∗).

Proof. Let ∂ be the set of u satisfying the set of constraints of LP2 and LP3.

I(a∗, b∗) = ∆max(a∗, b∗)−∆min(a∗, b∗)

= max
u∈∂

(uTV(a∗)− uTV(b∗))−min
u∈∂

(uTV(a∗)− uTV(b∗))

= −min
u∈∂

(−(uTV(a∗)− uTV(b∗))) + max
u∈∂

(−(uTV(a∗)− uTV(b∗)))

= −min
u∈∂

(uTV(b∗)− uTV(a∗)) + max
u∈∂

(uTV(b∗)− uTV(a∗))

= max
u∈∂

(uTV(b∗)− uTV(a∗))−min
u∈∂

(uTV(b∗)− uTV(a∗))

= I(b∗, a∗).

�

Definition 4. The dissimilarity κ(ξt, ξt′) between two clusters ξt, ξt′ is defined as

κ(ξt, ξt′) =

∑
a∗∈ξt,b∗∈ξt′ I(a∗, b∗)

2× |ξt| × |ξt′ |
.

As ∆(a∗, b∗) ∈ [−1, 1] and I(a∗, b∗) ∈ [0, 2], thus κ(ξt, ξt′) is normalized in [0, 1]. Definition 4 measures the

dissimilarity between two clusters from the view of multiple criteria analysis.

2.4. Identifying reference alternatives lying in preferential boundaries of clusters

In this section, we propose a method to identify reference alternatives lying in preferential boundaries of

clusters, which are the ones that are active to develop the sorting model.

Definition 5. [46]. Let P ⊂ Rγ be a polyhedron. A vector V ∈ P is a vertex of P if there exists a vector

p ∈ Rγ such that pTV < pTV′ for all V′ satisfying V′ ∈ P and V′ 6= V.

Let Θ(P (ξt)) denote the set of vertices of polyhedron P (ξt). For each a∗i ∈ ξt, we propose the following LP

model to check whether V(a∗i ) ∈ Θ(P (ξt)):

LP4 : ε∗(a∗i ) = max ε,

s.t. pTV(a∗i ) + ε ≤ pTV(a∗j ), a∗j ∈ ξt\{a∗i },

0 ≤ ε ≤ 1,
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where p ∈ Rγ and ε ∈ R are variables.

Proposition 2. For any a∗i ∈ ξt, if ε∗(a∗i ) > 0 in LP4, then V(a∗i ) is a vertex of P (ξt), i.e., V(a∗i ) ∈ Θ(P (ξt)).

Proof. Because ε∗(a∗i ) > 0, there exists a vector p ∈ Rγ such that pTV(a∗i )+ε
∗(a∗i ) ≤ pTV(a∗j ), a

∗
j ∈ ξt\{a∗i },

i.e., pTV(a∗i ) < pTV(a∗j ), a
∗
j ∈ ξt\{a∗i }. For P (ξt) is convex, any vector V′ ∈ P (ξt), different from V(a∗i ),

can be expressed as V′ =
∑
a∗j∈ξt λ(a∗j )V(a∗j ) where

∑
a∗j∈ξt λ(a∗j ) = 1 and λ(a∗j ) ≥ 0, a∗j ∈ ξt. Thus, we

have pTV′ = pT(
∑
a∗j∈ξt λ(a∗j )V(a∗j ))=

∑
a∗j∈ξt λ(a∗j )p

TV(a∗j )>
∑
a∗j∈ξt λ(a∗j )p

TV(a∗i )= pTV(a∗i ). According

to Definition 5, V(a∗i ) is a vertex of P (ξt), i.e., V(a∗i ) ∈ Θ(P (ξt)). �

Proposition 3. For any vector V ∈ P (ξt), if V ∈ Θ(P (ξt)), then V ∈ {V(a∗i )|a∗i ∈ ξt}.

Proof. Suppose that V /∈ {V(a∗i )|a∗i ∈ ξt}. Thus, V must be different from V(a∗i ), a
∗
i ∈ ξt. On one

hand, because P (ξt) is convex, V can be expressed as a convex combination of vectors V(a∗i ), a
∗
i ∈ ξt, i.e.,

V =
∑
a∗i∈ξt λ(a∗i )V(a∗i ) where

∑
a∗i∈ξt λa

∗
i

= 1 and λa∗i ≥ 0, a∗i ∈ ξt. On the other hand, according to [46],

vertex V is also an extreme point of P (ξt), which cannot be expressed as a convex combination of differ-
ent vectors. The two sides contradict each other. Thus, the assumption does not hold and it must be that
V ∈ {V(a∗i )|a∗i ∈ ξt}. �

According to Propositions 2 and 3, we have Θ(P (ξt)) = {V(a∗i )|ε∗(a∗i ) > 0, a∗i ∈ ξt} where ε∗(a∗i ) is the

optimal value of the objective function of LP4.

Proposition 4. For any cluster ξt ∈ Ψs, s = 1, ..., l, and any reference alternative a∗i ∈ ξt, we have

min
V(a∗j )∈Θ(P (ξt))

U(a∗j ) ≤ U(a∗i ) ≤ max
V(a∗j )∈Θ(P (ξt))

U(a∗j ).

Proof. Let us consider the following LP problem: maxU = uTV, s.t., V ∈ P (ξt), where u is fixed. As
we know, the optimal solution of an LP problem can be obtained from one of the vertices of the feasible
region. Thus, a particular vertex V(a∗j∗) ∈ Θ(P (ξt)), a

∗
j∗ ∈ ξt, corresponding to the maximum value of the

objective function of the above LP model, i.e., max
V(a∗j )∈Θ(P (ξt))

U(a∗j ) = U(a∗j∗) = uTV(a∗j∗). On the other

hand, because a∗i ∈ ξt, thus V(a∗i ) ∈ P (ξt) and U(a∗i ) ≤ max
V(a∗j )∈Θ(P (ξt))

U(a∗j ). Analogously, we can prove that

U(a∗i ) ≥ min
V(a∗j )∈Θ(P (ξt))

U(a∗j ). Thus, we have min
V(a∗j )∈Θ(P (ξt))

U(a∗j ) ≤ U(a∗i ) ≤ max
V(a∗j )∈Θ(P (ξt))

U(a∗j ). �

Proposition 4 states that for any cluster, the maximum and minimum values of the reference alternatives

in the cluster can be found in the vertices of the polyhedron generated by the cluster.

Definition 6. Let U =
{
u|eTu = 1, u ≥ 0

}
. For any cluster ξt ∈ Ψs, s = 1, ..., l, (a) the upper preferential

boundary of ξt is defined as the part of boundary of P (ξt) that is expanded by characteristic vectors V(a∗) of

reference alternatives a∗ ∈ ξt whose values could be the maximum among all reference alternatives in ξt for at

least one vector u ∈ U ; (b) the lower preferential boundary of ξt is defined as the part of boundary of P (ξt)

that is expanded by characteristic vectors V(a∗) of reference alternatives a∗ ∈ ξt whose values could be the

minimum among all reference alternatives in ξt for at least one vector u ∈ U .

According to Proposition 4, the reference alternatives lying in preferential boundaries of ξt can be found in

the vertices of the polyhedron generated by ξt. Let B+(ξt) and B−(ξt) denote the set of reference alternatives
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lying in the upper and lower preferential boundaries of ξt, respectively. For any reference alternative a∗i ∈ ξt such

that V(a∗i ) ∈ Θ(P (ξt)), we can solve the following LP models to check whether a∗i ∈ B+(ξt) or a∗i ∈ B−(ξt).

LP5 : ε(a∗i ) = max ε,

s.t. uTV(a∗i ) ≥ uTV(a∗j ) + ε, a∗j ∈ ξt, i 6= j,

eTu = 1,

u ≥ 0.

LP6 : ε(a∗i ) = max ε,

s.t. uTV(a∗i ) ≤ uTV(a∗j )− ε, a∗j ∈ ξt, i 6= j,

eTu = 1,

u ≥ 0.

In LP5, if ε(a∗i ) ≥ 0, a∗i ∈ B+(ξt); otherwise, a∗i /∈ B+(ξt). Analogously, in LP6, if ε(a∗i ) ≥ 0, a∗i ∈ B−(ξt);

otherwise, a∗i /∈ B−(ξt). If reference alternatives in B+(ξt) and B−(ξt) are correctly classified, then all the

other reference alternatives in ξt are also correctly classified. Thus, reference alternatives lying in preferential

boundaries of clusters are the ones that are active to develop the sorting model.

2.5. Constructing balanced reference alternatives lying in preferential boundaries of clusters

In this section, in order to construct a balanced set of assignment examples, we propose a balancing

algorithm to balance reference alternatives lying in preferential boundaries of clusters. The algorithm uses an

augmenting strategy to iteratively add artificial alternatives until the distribution of active reference alternatives

across categories is adjusted to be balanced.

Let N = max

{
max

s=1,...,l−1

∑
ξt∈Ψs

|B+(ξt)|, max
s=2...,l

∑
ξt∈Ψs

|B−(ξt)|
}

denote the number of adjusted reference

alternatives lying in upper or lower preferential boundaries of clusters in each category output by the balancing

algorithm. That is to say, for each category Cs, s = 1, ..., l, the balancing algorithm aims to add artificial

alternatives to B+(ξt) and B−(ξt), ξt ∈ Ψs, so that
∑

ξt∈Ψs

|B+(ξt)|, s = 1, ..., l−1, and
∑

ξt∈Ψs

|B−(ξt)|, s = 2, ..., l,

increases to N after adjustment. Note that N is fixed. Moreover, we do not consider the reference alternatives

lying in the upper preferential boundaries of clusters in Cl and the reference alternatives lying in the lower

preferential boundaries of clusters in C1, as the constraint of U(a∗) < bl = 1+ε for a∗ ∈ ARl and the constraint

of U(a∗) ≥ b0 = 0 for a∗ ∈ AR1 can always be satisfied.

Let M = min

{
min

s=1,...,l−1

∑
ξt∈Ψs

|B+(ξt)|, min
s=2...,l

∑
ξt∈Ψs

|B−(ξt)|
}

. In each iteration of the balancing algo-

rithm, two reference alternatives a∗i , a
∗
j satisfying the following four conditions from a category Cs such that

∑
ξt∈Ψs

|B+(ξt)| = M < N(Note that the case of
∑

ξt∈Ψs

|B−(ξt)| = M < N can be analyzed analogously) are
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selected to create a new artificial reference alternative a∗k satisfying V(a∗k) = 1
2 (V(a∗i ) + V(a∗j )):

(a) i < j; (13)

(b) a∗i , a
∗
j ∈ B+(ξt), ξt ∈ Ψs; (14)

(c) ε∗(a∗i , a
∗
j ) > 0 for the following LP model LP7, if |ξt| > 2; (15)

(d) I(a∗i , a
∗
j ) is the maximum among all a∗i′ , a

∗
j′ satisfying (a),(b),(d). (16)

Condition (b) ensures that a∗i , a
∗
j are in the set of reference alternatives lying in the upper preferential boundary

of the same cluster ξt. Condition (c) guarantees that the line through V(a∗i ) and V(a∗j ) is located at the upper

preferential boundary of ξt so that the created artificial reference alternative a∗k will be also located at the

boundary.

LP7 : ε∗(a∗i , a
∗
j ) = max ε, (17)

s.t. pTV(a∗i ) + q = 0, (18)

pTV(a∗j ) + q = 0, (19)

pTV(a∗t ) + q ≥ 0, a∗t ∈ ξt\{a∗i , a∗j}, (20)

pTV(a∗t ) + q ≤ ε, a∗t ∈ ξt\{a∗i , a∗j}, (21)

pTV(a∗t ) + q ≥ ε− υ(a∗t ), a∗t ∈ ξt\{a∗i , a∗j}, (22)
∑

a∗t∈ξt\{a∗i ,a∗j }
υ(a∗t ) =

∣∣ξt\{a∗i , a∗j}
∣∣− 1, (23)

υ(a∗t ) ∈ {0, 1}, a∗t ∈ ξt\{a∗i , a∗j}, (24)

0 ≤ ε ≤ 1. (25)

where p ∈ Rγ and q, ε ∈ R and υ(a∗t ) ∈ {0, 1} are variables. LP7 checks whether the line through V(a∗i ) and

V(a∗j ) is located at the preferential boundary of ξt. If ε∗(a∗i , a
∗
j ) > 0, then V(a∗i ) and V(a∗j ) are located at the

hyperplane H = {V ∈ Rγ |p∗TV+q∗ = 0}, where p∗, q∗ are the values of the variables of LP7 at the optimum,

and V(a∗t ) of a∗t ∈ ξt\{a∗i , a∗j} is located at the hyperplane H or at the side H ′ = {V ∈ Rγ |p∗TV + q∗ > 0},
and therefore, the line through V(a∗i ) and V(a∗j ) is located at the preferential boundary of ξt; otherwise, the

line through V(a∗i ) and V(a∗j ) is located at the inner of the polyhedron P (ξt). Constraints (21)-(24) are used

to identify the maximum value of pTV(a∗t ) + q of a∗t ∈ ξt\{a∗i , a∗j}.
The case for lower preferential boundary can be solved analogously. The balancing algorithm is described

in Algorithm 2.
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Algorithm 2 The balancing algorithm

Input:

Reference alternatives lying in preferential boundaries of clusters B+(ξt) and B−(ξt), ξt ∈ Ψs, s = 1, ..., l;

1: N ← max

{
max

s=1,...,l−1

∑
ξt∈Ψs

|B+(ξt)|, max
s=2...,l

∑
ξt∈Ψs

|B−(ξt)|
}

;

2: M ← min

{
min

s=1,...,l−1

∑
ξt∈Ψs

|B+(ξt)|, min
s=2...,l

∑
ξt∈Ψs

|B−(ξt)|
}

;

3: Ω← ∅;
4: while M < N do

5: Choose category Cs, s = 1, ..., l, such that
∑

ξt∈Ψs

|B+(ξt)| = M or
∑

ξt∈Ψs

|B−(ξt)| = M ;

6: Choose two reference alternatives a∗i , a
∗
j ∈ B+(ξt) or a∗i , a

∗
j ∈ B−(ξt), ξt ∈ Ψs satisfying the conditions

13 - 16 and (a∗i , a
∗
j ) /∈ Ω;

7: Create a new reference alternative a∗k such that V(a∗k) = 1
2 (V(a∗i ) + V(a∗j ));

8: B+(ξt)← B+(ξt) ∪ a∗k or B−(ξt)← B−(ξt) ∪ a∗k;

9: Ω← Ω ∪ (a∗i , a
∗
j );

10: Update M ;

11: end while

Output:

Adjusted reference alternatives lying in preferential boundaries of clusters B+(ξt) and B−(ξt), ξt ∈ Ψs,

s = 1, ..., l.

2.6. Inferring a sorting model from reference alternatives lying in preferential boundaries of clusters

In this section, a LP model LP8 is proposed to infer a sorting model by minimizing the sum of violations

between values of reference alternatives and the corresponding category thresholds.

LP8 : min
∑

a∗i∈B+(ξt), ξt∈Ψs, s=1,...,l−1

σ+(a∗i ) +
∑

a∗i∈B−(ξt), ξt∈Ψs, s=2,...,l,

σ−(a∗i ), (26)

s.t. uTV(a∗i )− σ+(a∗i ) ≤ bs − ε, a∗i ∈ B+(ξt), ξt ∈ Ψs, s = 1, ..., l − 1, (27)

uTV(a∗i ) + σ−(a∗i ) ≥ bs−1, a∗i ∈ B−(ξt), ξt ∈ Ψs, s = 2, ..., l, (28)

eTu = 1, (29)

u ≥ 0, (30)

bs + ε ≤ bs, s = 0, 1, ..., l − 1, (31)

b0 = 0, (32)

bl = 1 + ε, (33)

σ+(a∗i ) ≥ 0, a∗i ∈ B+(ξt), ξt ∈ Ψs, s = 1, ..., l − 1, (34)

σ−(a∗i ) ≥ 0, a∗i ∈ B−(ξt), ξt ∈ Ψs, s = 2, ..., l, (35)
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where ε is a small positive number. For reference alternative a∗i , the variables σ+(a∗i ) and σ−(a∗i ) represent the

violations between U(a∗i ) and the upper threshold bs and the lower threshold bs−1, respectively. As the set of

reference alternatives lying in preferential boundaries of clusters in each category are adjusted to be balanced

via the balancing algorithm, the LP model LP8 can account for classification accuracy of each category equally

and avoid generating biased results across categories.

Let u∗ and b∗ be the optimal solutions of LP8. With the inferred parameters u∗ and b∗, we can apply the

sorting rule (8) to obtain the assignment for non-reference alternatives a ∈ A, i.e.,

b∗s−1 ≤ U(a) = u∗TV(a) < b∗s ⇒ a ∈ Cs. (36)

2.7. Complexity analysis

In the phase of the clustering analysis (i.e., Step 1), we need to solve at most
∑l
s=1 (rs − 1)(r − rs) LP model

LP1 and
∑l
s=1


 rs

2


 LP models LP2, and

∑l
s=1


 rs

2


 LP models LP3. In the phase of identifying reference

alternatives lying in upper and lower preferential boundaries of each cluster (i.e., Step 2), we need to solve at

most
∑l
s=1

∑
ξ∈Ψs

|ξ| LP model LP4,
∑l
s=1

∑
ξ∈Ψs

|ξ| LP model LP5, and
∑l
s=1

∑
ξ∈Ψs

|ξ| LP model LP6. In

the phase of applying the balancing algorithm (i.e., Step 3), we need to solve at most
∑l
s=1

∑
ξ∈Ψs


 |ξ|

2


 LP

model LP7. The phase of inferring a sorting model (i.e., Step 4) consists of solving only one LP model (i.e.,

LP8). Assume that the complexity of solving a single LP model is O(1), and as a result, the computational

complexity of the proposed approach is




∑l

s=1
(rs − 1)(r − rs) + 2

∑l

s=1


 rs

2


+ 3

∑l

s=1

∑
ξ∈Ψs

|ξ|+
∑l

s=1

∑
ξ∈Ψs


 |ξ|

2


+ 1



O(1)

≤
{
r2 + 2r2 + 3r + r2 + 1

}
O(1) =

{
4r2 + 3r + 1

}
O(1) = O(r2).

3. Experimental analysis

3.1. A hypothetical MCS problem

In this section, a hypothetical MCS problem will be presented, followed by the application of the proposed

approach. The MCS problem aims to classify 200 alternatives a1−a200 into three predefined and preferentially

ordered categories C1, C2, and C3, where C1 and C3 consist of the worst and best alternatives, respectively.

From the set of alternatives, the first half of alternatives AR = {a1, ..., a100} are the reference ones and the

other half of alternatives A = {a101, ..., a200} are the non-reference ones. The alternatives are evaluated on two

criteria g1 and g2, and the evaluation scale on each criterion gj , j = 1, 2, is bounded in [0,1]. The evaluations

of the alternatives on the considered criteria can be found in Appendix A.

In order to construct an imbalanced set of reference alternatives, we assume that the actual preference

model of the DM is a linear additive value function U(a) = 0.35g1(a) + 0.65g2(a), a ∈ AR ∪ A, and the

vector of actual category thresholds is b = (b0 = 0, b1 = 0.6876, b2 = 0.8484, b3 = 1.0001). According to the
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actual preference model and the actual category thresholds, we can calculate the value U(a∗) of each reference

alternative a∗ ∈ AR and assign a∗ to categories based on the comparison between U(a∗) and b. Then, we obtain

an imbalanced reference set: the category C1 containing 70 reference alternatives, the category C2 containing

22 reference alternatives, and the category C3 containing 8 reference alternatives. Note that we change the

actual assignments of five reference alternatives and consider them as outliers: changing the assignment of

a4 from C3 to C2, changing the assignment of a27 from C1 to C3, changing the assignment of a39 from C1

to C3, changing the assignment of a51 from C1 to C3, and changing the assignment of a85 from C1 to C2.

The assignment examples of the reference alternatives can also be found in Appendix A. The characteristic

vectors of the reference alternatives are plotted in Figure 3, in which the characteristic vectors of the reference

alternatives of the categories C1, C2, and C3 are represented by “·”, “×”, and “∗”, respectively. From Figure

3, one can observe that the characteristic vectors of the reference alternatives of different categories are not

linearly separable due to the existence of outliers.
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Figure 3: Characteristic vectors of reference alternatives.

We will apply the proposed approach to this MCS problem with an imbalanced set of assignment examples.

In Step 1, the hierarchical clustering algorithm is used to group reference alternatives into clusters based on

their characteristic vectors. The result of the clustering analysis is reported in Table 2 and depicted in Figure

4, where each cluster of more than one alternative is bounded by dashed lines. It can be observed that the

reference alternatives of the categories C1, C2, and C3 are grouped into six, three, and four clusters, respectively.

Particularly, two clusters of the category C2 and three clusters of the category C3 consist of only one reference

alternative for each cluster, which corresponds to a specific outlier.

In Step 2, the proposed approach uses the LP models LP5 and LP6 to identify reference alternatives lying
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Table 2: Result of clustering analysis.

ξt Cs {ai}
ξ1 C1 {a9, a10, a11, a13, a14, a16, a19, a37, a52, a55, a61, a63, a99}

ξ2 C1

{a2, a7, a12, a20, a21, a30, a32, a33, a34, a35, a36, a41, a42, a44, a54, a56, a57, a65, a66, a70, a73,

a74, a78, a83, a87, a92}
ξ3 C1 {a3, a6, a24, a40, a64, a79}
ξ4 C1 {a1, a8, a28, a38, a47, a49, a60, a69, a71, a77, a81, a82, a86, a88, a98, a100}
ξ5 C1 {a15, a58, a62, a93, a96}
ξ6 C1 {a43, a45, a48, a53}
ξ7 C2 {a5, a17, a18, a22, a25, a26, a29, a31, a50, a59, a67, a68, a72, a76, a80, a90, a91, a94, a95, a97}
ξ8 C2 {a85}
ξ9 C2 {a4}
ξ10 C3 {a23, a46, a75, a84, a89}
ξ11 C3 {a39}
ξ12 C3 {a27}
ξ13 C3 {a51}
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Figure 4: Result of clustering analysis.

in upper and lower preferential boundaries of each cluster. The result is shown in Table 3 and Figure 5, in

which the dashed lines represent preferential boundaries of clusters. As we mentioned in Section 2.4, we do not

consider the reference alternatives lying in the upper preferential boundaries of clusters in Cl and the reference

alternatives lying in the lower preferential boundaries of clusters in C1. One can observe that the reference
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Table 3: Reference alternatives lying in upper and lower preferential boundaries of each cluster.

ξt Cs B+(ξt) B−(ξt)

ξ1 C1 {a16, a61, a63} not considered

ξ2 C1 {a7, a30} not considered

ξ3 C1 {a3, a64, a79} not considered

ξ4 C1 {a8, a49, a60, a98} not considered

ξ5 C1 {a58, a96} not considered

ξ6 C1 {a43, a45} not considered

ξ7 C2 {a5, a18, a90, a97} {a5, a31, a67}
ξ8 C2 {a85} {a85}
ξ9 C2 {a4} {a4}
ξ10 C3 not considered {a23, a75, a89}
ξ11 C3 not considered {a39}
ξ12 C3 not considered {a27}
ξ13 C3 not considered {a51}

alternatives lying in upper preferential boundaries of clusters are located at the top-right of the figure while

those lying in lower preferential boundaries of clusters are located at the bottom-left.
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Figure 5: Reference alternatives lying in upper and lower preferential boundaries of each cluster.

In Step 3, the approach uses the developed balancing algorithm to add artificial reference alternatives to

the set of reference alternatives lying in preferential boundaries of clusters in each category in order to obtain
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Table 4: Added artificial reference alternatives by the balancing algorithm.

ξt Cs Reference alternatives added to B+(ξt) Reference alternatives added to B−(ξt)

ξ7 C2

(0.282,0.987),(0.369,0.983),(0.455,0.978),

(0.611,0.954),(0.576,0.964),(0.744,0.884),

(0.808,0.834),(0.871,0.784),(0.412,0.980),

(0.498,0.976)

(0.408,0.862),(0.726,0.673),(0.303,0.927),

(0.513,0.798),(0.249,0.959),(0.355,0.894),

(0.460,0.830),(0.566,0.765),(0.673,0.703),

(0.780,0.642),(0.329,0.910)

ξ10 C3

(0.730,0.952),(0.753,0.917),(0.765,0.910),

(0.788,0.895),(0.812,0.881),(0.836,0.867),

(0.859,0.852),(0.883,0.838),(0.906,0.823),

(0.776,0.902)

a balanced set of assignment examples. As the number of reference alternatives lying in upper preferential

boundaries of clusters in C1 is the maximum, i.e., N = 16, the goal of the balancing algorithm is to adjust the

numbers of reference alternatives lying in preferential boundaries of clusters in other categories to be N . The

outcome of the balancing algorithm is presented in Table 4 and shown in Figure 6. It can be observed that the

added artificial reference alternatives are located at the preferential boundaries of clusters.
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Figure 6: Adjusted reference alternatives lying in upper and lower preferential boundaries of each cluster.

Finally, the proposed approach infers a sorting model by minimizing the sum of violations between the

values of reference alternatives lying in preferential boundaries of clusters and the corresponding category

thresholds, and then applys the inferred sorting model to assign non-reference alternatives into categories. The

inferred value function is U(a) = 0.3451g1(a) + 0.6549g2(a), a ∈ AR ∪A, and the inferred category thresholds
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is b = (b0 = 0, b1 = 0.6847, b2 = 0.8507, b3 = 1.0001). For non-reference alternatives, the actual assignments

and the assignments obtained by applying the inferred sorting model are listed in Table 5. Moreover, in order

to validate the proposed approach, we also apply the UTADIS method to infer a sorting model. The inferred

value function from UTADIS is U(a) = 0.4415g1(a) + 0.5585g2(a), a ∈ AR ∪ A, and the inferred category

thresholds is b = (b0 = 0, b1 = 0.6619, b2 = 0.8224, b3 = 1.0001). Actually, the UTADIS method identifies

eight assignment examples a4 → C2, a5 → C2, a27 → C3, a39 → C3, a49 → C1, a51 → C3, a85 → C2, a98 → C1

as the ones causing the inconsistency. We note that as C3 is the smaller category that contains eight reference

alternatives, three assignment examples are identified as the inconsistent ones, which means a low classification

accuracy. Then, we apply these sorting models to the non-reference alternatives to obtain assignments that

are also reported in Table 5. We observe that for the proposed approach, the assignment of a125 is different

from the actual assignment and the assignments of the rest non-reference alternatives remain the same as the

actual assignment. However, for the UTADIS method, there are six non-reference alternatives, i.e., a105, a122,

a171, a177, a182, and a196, whose assignments are different from their actual assignments.

Table 5: Sorting results of different approaches.

ai
Actual

assignment

Assignment of

the proposed

approach

Assignment

of UTADIS
ai

Actual

assignment

Assignment of

the proposed

approach

Assignment

of UTADIS

a101 C1 C1 C1 a151 C1 C1 C1

a102 C1 C1 C1 a152 C3 C3 C3

a103 C3 C3 C3 a153 C1 C1 C1

a104 C2 C2 C2 a154 C1 C1 C1

a105 C2 C2 C3 a155 C1 C1 C1

a106 C1 C1 C1 a156 C1 C1 C1

a107 C1 C1 C1 a157 C2 C2 C2

a108 C1 C1 C1 a158 C1 C1 C1

a109 C1 C1 C1 a159 C1 C1 C1

a110 C1 C1 C1 a160 C1 C1 C1

a111 C1 C1 C1 a161 C1 C1 C1

a112 C1 C1 C1 a162 C1 C1 C1

a113 C1 C1 C1 a163 C1 C1 C1

a114 C1 C1 C1 a164 C1 C1 C1

a115 C1 C1 C1 a165 C1 C1 C1

a116 C1 C1 C1 a166 C1 C1 C1

a117 C2 C2 C2 a167 C1 C1 C1

a118 C2 C2 C2 a168 C1 C1 C1
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a119 C1 C1 C1 a169 C3 C3 C3

a120 C1 C1 C1 a170 C1 C1 C1

a121 C1 C1 C1 a171 C2 C2 C3

a122 C1 C1 C2 a172 C1 C1 C1

a123 C1 C1 C1 a173 C2 C2 C2

a124 C1 C1 C1 a174 C1 C1 C1

a125 C3 C2 C3 a175 C1 C1 C1

a126 C1 C1 C1 a176 C2 C2 C2

a127 C1 C1 C1 a177 C1 C1 C2

a128 C3 C3 C3 a178 C1 C1 C1

a129 C1 C1 C1 a179 C1 C1 C1

a130 C1 C1 C1 a180 C1 C1 C1

a131 C1 C1 C1 a181 C1 C1 C1

a132 C1 C1 C1 a182 C1 C1 C2

a133 C1 C1 C1 a183 C1 C1 C1

a134 C1 C1 C1 a184 C1 C1 C1

a135 C1 C1 C1 a185 C1 C1 C1

a136 C1 C1 C1 a186 C2 C2 C2

a137 C2 C2 C2 a187 C1 C1 C1

a138 C1 C1 C1 a188 C1 C1 C1

a139 C1 C1 C1 a189 C1 C1 C1

a140 C1 C1 C1 a190 C2 C2 C2

a141 C3 C3 C3 a191 C1 C1 C1

a142 C1 C1 C1 a192 C1 C1 C1

a143 C1 C1 C1 a193 C1 C1 C1

a144 C1 C1 C1 a194 C1 C1 C1

a145 C1 C1 C1 a195 C1 C1 C1

a146 C1 C1 C1 a196 C2 C2 C3

a147 C1 C1 C1 a197 C1 C1 C1

a148 C1 C1 C1 a198 C1 C1 C1

a149 C1 C1 C1 a199 C2 C2 C2

a150 C1 C1 C1 a200 C2 C2 C2

Furthermore, we depict the sorting models inferred from different approaches in Figure 7, in which each

sorting model is represented by two parallel lines U(a) = b1 and U(a) = b2. One can observe that the sorting

model inferred from the proposed approach is very close to the actual sorting model. On the other hand, the

sorting model inferred from the UTADIS method is far way from the actual sorting model due to the difference
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between the inferred criteria weights and the actual ones.
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Figure 7: Actual sorting model, sorting model inferred from the proposed approach, sorting model inferred from UTADIS.

3.2. Test on real data sets

In this section, we present the results of an experimental study that was conducted in order to validate the

practical performance of the proposed approach. To this end, we compare it with the UTADIS method on a

number of benchmark data sets.

3.2.1. Data description

The data sets are selected from the UCI repository1 and the WEKA machine learning datasets2. For these

data sets, the assumption of monotonicity can be made on the input variables and the output variable. Thus,

the input and output variables can be deemed as criteria and category, respectively. Note that, in the phase

of preprocessing, the input variables of non-monotonicity (eg. name, gender and so on) are removed, and

numerical output variables are categorized by setting thresholds, and incomplete instances are removed. The

description of these data sets and their properties is summarized in Table 6. One can observe that out of the

nine data sets, six data sets have imbalanced distributions of alternatives in categories except DBS, CPU, and

MMG.

1http://archive.ics.uci.edu/ml/
2http://www.cs.waikato.ac.nz/ml/weka/datasets.html
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Table 6: Data sets and their properties.

Data set #Alternatives #Criteria #Categories Distribution

Den Bosch (DBS) 120 8 2 60/60

CPU 209 6 4 50/53/53/53

Breast Cancer (BCC) 278 7 2 196/82

Auto MPG (MPG) 392 7 4 107/154/100/31

Employee Selection (ESL) 488 4 9
2/12/38/100/116/

135/62/19/4

Mammographic (MMG) 830 5 2 427/403

Employee Rejection/Acceptance (ERA) 1000 4 4 415/330/206/49

Lecturers Evaluation (LEV) 1000 4 5 93/280/403/197/27

Car Evaluation (CEV) 1728 6 4 1210/384/69/65

3.2.2. Experiment method and evaluation measures

In our experiment, we use one half of alternatives in each data set as the reference set and the rest as the

test set. Moreover, the distribution of reference alternatives in each reference set is set to be the same with

that of test alternatives in the corresponding test set. We infer sorting models using the proposed approach

and UTADIS from each reference set. Then, the inferred sorting models are used to obtain assignments for

alternatives in the corresponding test set. We repeat this procedure for 100 random splits of each data set.

Note that, for the convenience of the following analysis, the number of sub-intervals on each cardinal criterion

is set to be equal in our experimental setting while for each ordinal criterion, the evaluations of alternatives

are considered as the characteristic points.

In case of l categories, the confusion matrix regarding the MCS problem can be presented in Table 7 where

the number of alternatives that are actually assigned to category Ci and predicted to be assigned to category

Cj by the sorting method is denoted by mij , 1 ≤ i, j ≤ l. We consider the following measures to evaluate the

performances of the sorting methods. The first measure is classification accuracy, which is defined as

Accuracy =

∑l
i=1mii∑l
i,j=1mij

.

This metric provides a simple way of describing the performance of a sorting method on a given data set.

However, it is inadequate in reflecting the performance on each single category, especially on those small

categories. In lieu of accuracy, other evaluation measures are frequently adopted in the literature to provide

comprehensive assessments of imbalanced learning problems, namely, Precision, Recall, F − measure, and

G−mean [47, 48], as follows:

Recalli =
mii∑l
j=1mij

,

P recisioni =
mii∑l
j=1mji

,
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Table 7: Confusion matrix.

Predicted category

C1 C2 ...... Cl

Actual C1 m11 m12 ...... m1l

category C2 m21 m22 ...... m2l

. . . . .

. . . . .

. . . . .

Cl ml1 ml2 ...... mll

F −measurei =
(1 + β)

2 ·Recalli · Precisioni
β2 ·Recalli + Precisioni

,

G−mean = (

l∏

i=1

Recalli)
1/l,

where β is a coefficient to adjust the relative importance of recall versus precision (usually, β = 1). Intuitively,

Recalli is a measure of completeness (i.e., how many alternatives that are actually assigned to category Ci are

correctly assigned by the sorting method), whereas Precisioni is a measure of exactness (i.e., of the alternatives

that are assigned to category Ci by the sorting method, how many are actually assigned to category Ci). Recalli

and Precisioni share an inverse relationship between each other. Thus, the F −measurei metric combines

precision and recall as a measure of the performance of the sorting method. It is obvious that if the F−measurei
metric is high when both Recalli and Precisioni should be high. The G − mean metric accounts for each

Recalli equally and thus is capable of measuring the balanced performance among all the categories.

The platform for conducting the experimental analysis is a Linux PC with 4.2GHz CPU and 16GB RAM. We

solved all optimization problems (linear and mixed-integer) using CPLEX 12.7 and implement all algorithms

with Java language.

3.2.3. Experiment results

Appendix B reports the classification results (mean values of Accuracy, F − measure, and G − mean)

obtained with the proposed approach and UTADIS and the results of t-test that is used to check whether

any paired classification results are significantly different from each other with 95% confidence. Accuracy

and G−mean measure the overall classification performances of MCS methods on all the categories, whereas

F −measurei assesses the classification performance on each individual category. One can observe that, on

one hand, the proposed approach and UTADIS attain similar classification performances on balanced datasets

(i.e., DBS, CPU, and MMG), including the overall classification performances on all the categories and those

on each individual category. The result of t-test for most Accuracy and G−mean on DBS, CPU, and MMG

is not significant. On the other hand, the proposed approach outperforms UTADIS on those imbalanced

data sets (i.e., BCC, MPG, ESL, ERA, LEV, and CEV). Particularly, the proposed approach obtains higher
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Table 8: Average of number of misclassified test alternatives whose characteristic vectors are located at convex hulls of clusters.

Data set
The proposed approach UTADIS

Reference alternatives Test alternatives Reference alternatives Test alternatives

DBS 8.36 7.83 5.89 6.32

CPU 8.31 9.47 10.24 11.58

BCC 27.63 30.92 48.65 43.85

MPG 40.91 48.53 55.39 53.87

ESL 22.92 25.35 39.20 42.76

MMG 46.13 54.80 68.81 79.11

ERA 30.41 32.85 91.17 102.13

LEV 67.08 84.33 127.33 134.14

CEV 42.45 61.41 109.15 114.45

F−measure on small categories than UTADIS, which shows that the performance of the proposed approach on

small categories is improved than UTADIS. The result of t-test for most Accuracy, G−mean, and F−measurei
is significant.

To investigate why the proposed approach outperforms UTADIS, we report the average of number of

misclassified alternatives (including reference ones and test ones) whose characteristic vectors are located at

convex hulls of clusters in each test in Table 8. As proved by Proposition 4, if reference alternatives lying in

preferential boundaries of a cluster are correctly classified, then all the others in this cluster are also correctly

classified. Thus, we believe that more alternatives whose characteristic vectors are located at convex hulls of

clusters can be correctly classified by the proposed approach. Table 8 confirms our expectation and illustrates

that less alternatives whose characteristic vectors are located at convex hulls of clusters are misclassified by

the proposed approach. In contrast, as UTADIS does not utilize the distribution of characteristic vectors of

alternatives, the developed sorting model will be biased towards categories with more reference alternatives,

which leads to the misclassification of more alternatives.

Furthermore, to demonstrate the combination of the clustering algorithm with the balancing algorithm, we

report the classification results of applying the model LP8 to the results of the clustering algorithm without the

balancing algorithm in Appendix C. One can clearly observe that the results obtained without the balancing

algorithm are worse than those obtained with the combination of the clustering algorithm with the balancing

algorithm, and the difference is statistically significant with 95% confidence. Particularly, for small categories

in imbalanced data sets, the F −measurei metrics of the results without the balancing algorithm deteriorate

severely, such as F −measure4 in MPG and F −measure1 and F −measure9 in ESL. This illustrates that the

improvement of the proposed approach is due to the combination of the clustering algorithm and the balancing

algorithm.

Table 9 summarizes the average computation time (in CPU seconds) and proportion of each phase of the
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Table 9: Average CPU time and portion of each step of the proposed approach for each data set.

CPU time
%Clustering

analysis

%Finding B+(ξt)

and B−(ξt)

%Balancing

algorithm

%Inferring

sorting model

DBS 10.14 41.27 35.32 17.43 5.98

CPU 62.07 46.98 34.29 14.24 4.49

BCC 105.79 47.24 31.87 10.32 10.57

MPG 214.87 58.29 29.76 7.43 4.52

ESL 312.49 61.27 26.40 8.72 3.61

MMG 1009.64 68.72 17.45 6.26 7.57

ERA 1354.66 74.91 12.31 5.23 7.55

LEV 1446.14 72.87 11.43 7.26 8.44

CEV 4012.81 86.38 6.39 4.20 3.03

proposed approach on the data sets. As we discussed in Section 2.7, the proposed approach requires more

computation time with the increase of the size of a data set. Most of the total CPU time is spent on grouping

reference alternatives into clusters. Particularly, the portion of computation time for the clustering analysis

increases when a data set contains more alternatives, from 41.27% on DBS to 86.38% on CEV.

4. Conclusions

In this paper, we presented a new approach for the MCS problem with an imbalanced set of reference

alternatives. The approach employs a piecewise-linear additive value function as the preference model and

adopts the disaggregation-aggregation paradigm to infer a sorting model from the assignment examples provided

by the DM. It employs a hierarchical clustering algorithm and several linear programming models to identify

reference alternatives that are active to develop the sorting model and proposes a balancing algorithm to

balance active reference alternatives across categories, so that a balanced set of assignment examples can be

obtained. The sorting model is obtained by minimizing the sum of violations between values of active reference

alternatives and corresponding category thresholds. The experimental study has shown that the approach can

achieve improved sorting results in comparison with the UTADIS method especially when a set of reference

alternatives reveal severe imbalance.

We envisage further research towards several different directions. Firstly, we hope to extend this study to

other forms of preference models including outranking relations and rule-based models. Then, we will compare

the approach to cost-sensitive techniques that incorporates a misclassification cost matrix into classical MCS

methods in terms of the classification accuracy and the robustness concern. Moreover, considering that how

to set γj is an important concern to apply the proposed approach, we intend to propose several selection

criteria that combine the accuracy measure and the model complexity, and perform a resampling analysis (e.g.,

cross-validation) to choose the optimal γj . Finally, as one can observe from the results of experimental study,
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it becomes computationally difficult to group reference alternatives into clusters when the number of reference

alternatives increases. One possible way to address such a problem is to utilize the MapReduce framework [49]

to divide a large reference set into splits and use the clustering algorithm to group reference alternatives into

clusters in parallel. Then, a collective sorting model can be developed by aggregating the clustering results

from each split in a consistent way.
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[3] S. Corrente, S. Greco, M. Kadziński, R. S lowiński, Robust ordinal regression in preference learning and

ranking, Machine Learning 93 (2-3) (2013) 381–422.
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Appendix A. Evaluations of alternatives on considered criteria.
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a1 0.904 0.375 C1 a101 0.382 0.187

a2 0.059 0.537 C1 a102 0.119 0.191

a3 0.311 0.099 C1 a103 0.864 0.96

a4 0.773 0.984 C2 a104 0.807 0.742

a5 0.196 0.991 C2 a105 0.824 0.825

a6 0.203 0.127 C1 a106 0.092 0.578

a7 0.586 0.635 C1 a107 0.783 0.131

a8 0.982 0.319 C1 a108 0.37 0.646

a9 0.174 0.751 C1 a109 0.231 0.859

a10 0.336 0.836 C1 a110 0.322 0.586

a11 0.176 0.867 C1 a111 0.137 0.055

a12 0.011 0.647 C1 a112 0.578 0.207

a13 0.104 0.785 C1 a113 0.777 0.047

a14 0.024 0.96 C1 a114 0.906 0.025

a15 0.702 0.094 C1 a115 0.117 0.623

a16 0.311 0.872 C1 a116 0.706 0.296

a17 0.49 0.856 C2 a117 0.347 0.95

a18 0.541 0.974 C2 a118 0.55 0.851

a19 0.084 0.85 C1 a119 0.971 0.366

a20 0.048 0.431 C1 a120 0.485 0.171

a21 0.53 0.146 C1 a121 0.226 0.368

a22 0.611 0.859 C2 a122 0.829 0.566

a23 0.741 0.924 C3 a123 0.511 0.029

a24 0.198 0.034 C1 a124 0.208 0.022

a25 0.789 0.69 C2 a125 0.941 0.803

a26 0.846 0.705 C2 a126 0.689 0.281

a27 0.728 0.35 C3 a127 0.078 0.194

a28 0.771 0.54 C1 a128 0.925 0.959

a29 0.606 0.783 C2 a129 0.429 0.033

a30 0.388 0.701 C1 a130 0.414 0.082

a31 0.833 0.612 C2 a131 0.272 0.159

a32 0.481 0.326 C1 a132 0.071 0.235

a33 0.052 0.587 C1 a133 0.974 0.175

a34 0.442 0.248 C1 a134 0.586 0.62

a35 0.15 0.628 C1 a135 0.021 0.556

a36 0.145 0.582 C1 a136 0.19 0.741
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a37 0.173 0.857 C1 a137 0.612 0.792

a38 0.695 0.458 C1 a138 0.782 0.076

a39 0.406 0.124 C3 a139 0.809 0.439

a40 0.07 0.043 C1 a140 0.605 0.056

a41 0.095 0.401 C1 a141 0.937 0.939

a42 0.38 0.179 C1 a142 0.93 0.107

a43 0.839 0.132 C1 a143 0.788 0.182

a44 0.296 0.422 C1 a144 0.579 0.507

a45 0.947 0.098 C1 a145 0.2 0.131

a46 0.993 0.979 C3 a146 0.164 0.363

a47 0.705 0.566 C1 a147 0.684 0.561

a48 0.839 0.099 C1 a148 0.551 0.287

a49 0.779 0.597 C1 a149 0.103 0.816

a50 0.902 0.725 C2 a150 0.843 0.068

a51 0.788 0.118 C3 a151 0.6 0.476

a52 0.306 0.83 C1 a152 0.97 0.814

a53 0.931 0.027 C1 a153 0.481 0.709

a54 0.375 0.692 C1 a154 0.205 0.766

a55 0.053 0.935 C1 a155 0.552 0.059

a56 0.511 0.533 C1 a156 0.716 0.045

a57 0.535 0.32 C1 a157 0.645 0.877

a58 0.752 0.34 C1 a158 0.69 0.026

a59 0.531 0.805 C2 a159 0.065 0.235

a60 0.969 0.419 C1 a160 0.398 0.057

a61 0.09 0.998 C1 a161 0.46 0.77

a62 0.795 0.186 C1 a162 0.557 0.736

a63 0.391 0.817 C1 a163 0.196 0.61

a64 0.403 0.011 C1 a164 0.719 0.054

a65 0.311 0.523 C1 a165 0.666 0.182

a66 0.45 0.419 C1 a166 0.247 0.058

a67 0.619 0.733 C2 a167 0.465 0.394

a68 0.637 0.84 C2 a168 0.368 0.058

a69 0.684 0.547 C1 a169 0.997 0.959

a70 0.526 0.174 C1 a170 0.211 0.608

a71 0.614 0.523 C1 a171 0.737 0.897

a72 0.508 0.837 C2 a172 0.398 0.354
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a73 0.424 0.673 C1 a173 0.697 0.917

a74 0.054 0.63 C1 a174 0.172 0.627

a75 0.93 0.809 C3 a175 0.126 0.59

a76 0.672 0.73 C2 a176 0.67 0.86

a77 0.772 0.567 C1 a177 0.901 0.547

a78 0.329 0.328 C1 a178 0.212 0.151

a79 0.18 0.169 C1 a179 0.692 0.477

a80 0.435 0.961 C2 a180 0.275 0.434

a81 0.828 0.518 C1 a181 0.91 0.244

a82 0.875 0.385 C1 a182 0.809 0.584

a83 0.409 0.542 C1 a183 0.287 0.769

a84 0.991 0.914 C3 a184 0.239 0.685

a85 0.361 0.797 C2 a185 0.496 0.746

a86 0.858 0.502 C1 a186 0.785 0.773

a87 0.51 0.194 C1 a187 0.197 0.25

a88 0.688 0.5 C1 a188 0.466 0.245

a89 0.718 0.98 C3 a189 0.471 0.012

a90 0.681 0.934 C2 a190 0.394 0.915

a91 0.492 0.971 C2 a191 0.016 0.866

a92 0.211 0.361 C1 a192 0.559 0.094

a93 0.725 0.119 C1 a193 0.791 0.242

a94 0.78 0.828 C2 a194 0.48 0.736

a95 0.675 0.82 C2 a195 0.332 0.13

a96 0.8 0.256 C1 a196 0.861 0.836

a97 0.934 0.734 C2 a197 0.11 0.022

a98 0.866 0.589 C1 a198 0.116 0.552

a99 0.119 0.784 C1 a199 0.617 0.969

a100 0.891 0.392 C1 a200 0.934 0.725

Appendix B. Classification results of the proposed approach and UTADIS.
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Data set Measure Classification performance

DBS γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8068 0.8162 0.0629 0.8136 0.8192 0.1273 0.8362 0.8274 0.0708

F −measure1 0.7973 0.7952 0.1776 0.8034 0.8020 0.1842 0.8271 0.8254 0.1860

F −measure2 0.8032 0.8035 0.2127 0.8087 0.8106 0.1920 0.8319 0.8333 0.2023

G−mean 0.7993 0.8004 0.2064 0.8061 0.8062 0.2233 0.8292 0.8295 0.2113

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8297 0.8235 0.1159 0.8271 0.8202 0.1044 0.8144 0.8184 0.1539

F −measure1 0.8196 0.8186 0.2008 0.8155 0.8152 0.2018 0.8016 0.7993 0.1813

F −measure2 0.8244 0.8265 0.1860 0.8207 0.8230 0.1808 0.8069 0.8088 0.1895

G−mean 0.8220 0.8224 0.2081 0.8181 0.8190 0.1952 0.8043 0.8042 0.2061

CPU γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.9034 0.9089 0.1207 0.9127 0.9119 0.1964 0.9307 0.9286 0.1892

F −measure1 0.8802 0.8757 0.1381 0.8899 0.8905 0.2031 0.9151 0.9104 0.1386

F −measure2 0.9039 0.9019 0.1904 0.9186 0.9177 0.2088 0.9329 0.9329 0.2125

F −measure3 0.9062 0.9078 0.1954 0.9169 0.9125 0.1422 0.9277 0.9281 0.2170
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F −measure4 0.8875 0.8898 0.1709 0.8985 0.8989 0.2129 0.9128 0.9135 0.1984

G−mean 0.8940 0.8933 0.2098 0.9056 0.9045 0.2006 0.9209 0.9219 0.1989

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.9476 0.9388 0.0720 0.9376 0.9217 0.0477* 0.9321 0.9201 0.0363*

F −measure1 0.9362 0.9338 0.1835 0.9222 0.9167 0.1247 0.9170 0.9145 0.1803

F −measure2 0.9480 0.9464 0.1893 0.9375 0.9388 0.1876 0.9355 0.9337 0.1812

F −measure3 0.9448 0.9441 0.1988 0.9314 0.9377 0.1076 0.9322 0.9339 0.1865

F −measure4 0.9272 0.9277 0.2131 0.9196 0.9182 0.1907 0.9107 0.9138 0.1726

G−mean 0.9377 0.9388 0.1898 0.9274 0.9276 0.2027 0.9236 0.9237 0.2238

BCC γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.7803 0.7145 0.0000* 0.7921 0.7298 0.0000* 0.7754 0.7194 0.0000*

F −measure1 0.8085 0.8308 0.0000* 0.8396 0.9148 0.0000* 0.8275 0.9057 0.0000*

F −measure2 0.7067 0.6717 0.0000* 0.7247 0.6858 0.0000* 0.6992 0.6668 0.0000*

G−mean 0.7759 0.7476 0.0000* 0.7870 0.7582 0.0000* 0.7721 0.7435 0.0000*

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.7439 0.7023 0.0000* 0.7531 0.6993 0.0000* 0.7476 0.6841 0.0000*
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F −measure1 0.8003 0.8831 0.0000* 0.8087 0.8902 0.0000* 0.8041 0.8863 0.0000*

F −measure2 0.6400 0.6253 0.0000* 0.6584 0.6378 0.0000* 0.6484 0.6309 0.0000*

G−mean 0.7387 0.7090 0.0000* 0.7489 0.7200 0.0000* 0.7433 0.7141 0.0000*

MPG γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8408 0.8328 0.0000* 0.8493 0.8394 0.0000* 0.8502 0.8428 0.0000*

F −measure1 0.8284 0.8674 0.0000* 0.8299 0.8745 0.0000* 0.8351 0.8778 0.0000*

F −measure2 0.8715 0.9505 0.0000* 0.8795 0.9539 0.0000* 0.8817 0.9557 0.0000*

F −measure3 0.8518 0.8807 0.0000* 0.8606 0.8857 0.0000* 0.8610 0.8890 0.0000*

F −measure4 0.7007 0.6623 0.0001* 0.7102 0.6819 0.0000* 0.7101 0.6765 0.0000*

G−mean 0.8346 0.8269 0.0000* 0.8417 0.8334 0.0000* 0.8434 0.8354 0.0000*

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8552 0.8361 0.0000* 0.8601 0.8329 0.0000* 0.8501 0.8319 0.0000*

F −measure1 0.8373 0.8801 0.0000* 0.8444 0.8886 0.0000* 0.8259 0.8757 0.0000*

F −measure2 0.8802 0.9571 0.0000* 0.8873 0.9633 0.0000* 0.8790 0.9550 0.0000*

F −measure3 0.8667 0.8896 0.0000* 0.8756 0.8948 0.0000* 0.8645 0.8843 0.0000*

F −measure4 0.7191 0.6849 0.0000* 0.7187 0.6820 0.0000* 0.7184 0.6801 0.0000*

G−mean 0.8463 0.8337 0.0000* 0.8538 0.8436 0.0000* 0.8420 0.8336 0.0000*

ESL γj = 1 γj = 2 γj = 3
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The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8754 0.8134 0.0000* 0.8829 0.8238 0.0000* 0.9105 0.8564 0.0000*

F −measure1 0.1772 0.0691 0.0000* 0.1801 0.0755 0.0000* 0.2289 0.1050 0.0000*

F −measure2 0.6981 0.5593 0.0000* 0.7293 0.5864 0.0000* 0.7941 0.6657 0.0000*

F −measure3 0.8832 0.8516 0.0000* 0.8855 0.8565 0.0000* 0.9126 0.8894 0.0000*

F −measure4 0.9739 0.9167 0.0000* 0.9778 0.9197 0.0000* 0.9916 0.9410 0.0000*

F −measure5 0.9924 0.9227 0.0000* 0.9937 0.9274 0.0000* 0.9974 0.9469 0.0000*

F −measure6 0.9978 0.9227 0.0000* 0.9983 0.9314 0.0000* 0.9987 0.9488 0.0000*

F −measure7 0.9366 0.9239 0.0000* 0.9392 0.9285 0.0000* 0.9579 0.9444 0.0000*

F −measure8 0.8484 0.8784 0.0000* 0.8531 0.8882 0.0000* 0.8697 0.9095 0.0000*

F −measure9 0.4397 0.3908 0.0000* 0.4464 0.3913 0.0000* 0.4820 0.3920 0.0000*

G−mean 0.8121 0.7974 0.0000* 0.8150 0.8020 0.0000* 0.8307 0.8246 0.0000*

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8927 0.8598 0.0000* 0.8881 0.8347 0.0000* 0.8672 0.8245 0.0000*

F −measure1 0.2031 0.0819 0.0000* 0.1956 0.0721 0.0000* 0.1567 0.0653 0.0000*

F −measure2 0.7430 0.6134 0.0000* 0.7436 0.5893 0.0000* 0.6912 0.5608 0.0000*

F −measure3 0.8960 0.8661 0.0000* 0.8925 0.8542 0.0000* 0.8770 0.8408 0.0000*

F −measure4 0.9848 0.9275 0.0000* 0.9803 0.9241 0.0000* 0.9687 0.9088 0.0000*

F −measure5 0.9968 0.9347 0.0000* 0.9960 0.9256 0.0000* 0.9898 0.9180 0.0000*

F −measure6 0.9988 0.9388 0.0000* 0.9984 0.9302 0.0000* 0.9983 0.9232 0.0000*

F −measure7 0.9470 0.9340 0.0000* 0.9436 0.9252 0.0000* 0.9317 0.9161 0.0000*
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F −measure8 0.8540 0.8987 0.0000* 0.8538 0.8905 0.0000* 0.8406 0.8813 0.0000*

F −measure9 0.4618 0.3928 0.0000* 0.4522 0.3884 0.0000* 0.4210 0.3835 0.0007*

G−mean 0.8196 0.8098 0.0000* 0.8176 0.8059 0.0000* 0.8039 0.7931 0.0000*

MMG γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8289 0.8267 0.1772 0.8378 0.8371 0.1997 0.8319 0.8401 0.0826

F −measure1 0.8310 0.8336 0.1696 0.8391 0.8418 0.1657 0.8345 0.8372 0.1686

F −measure2 0.8227 0.8204 0.1705 0.8311 0.8291 0.1824 0.8263 0.8242 0.1782

G−mean 0.8269 0.8267 0.2180 0.8352 0.8283 0.1029 0.8305 0.8304 0.2082

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8467 0.8391 0.0870 0.8584 0.8434 0.0026* 0.8414 0.8391 0.1712

F −measure1 0.8496 0.8520 0.1756 0.8598 0.8622 0.1790 0.8421 0.8446 0.1676

F −measure2 0.8421 0.8401 0.1784 0.8527 0.8510 0.1826 0.8343 0.8321 0.1825

G−mean 0.8460 0.8457 0.2177 0.8563 0.8560 0.2054 0.8383 0.8381 0.2062

ERA γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8318 0.8027 0.0000* 0.8409 0.8192 0.0000* 0.8512 0.8281 0.0000*

F −measure1 0.8566 0.9466 0.0000* 0.8642 0.9475 0.0000* 0.8700 0.9544 0.0000*
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F −measure2 0.8450 0.9251 0.0000* 0.8528 0.9383 0.0000* 0.8624 0.9428 0.0000*

F −measure3 0.8279 0.8518 0.0000* 0.8406 0.8615 0.0000* 0.8529 0.8665 0.0000*

F −measure4 0.6196 0.6156 0.1554 0.6350 0.6322 0.1710 0.6568 0.6504 0.1402

G−mean 0.8275 0.8145 0.0000* 0.8371 0.8232 0.0000* 0.8464 0.8311 0.0000*

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8489 0.8209 0.0000* 0.8328 0.8197 0.0000* 0.8347 0.8263 0.0000*

F −measure1 0.8682 0.9528 0.0000* 0.8563 0.9478 0.0000* 0.8556 0.9476 0.0000*

F −measure2 0.8607 0.9442 0.0000* 0.8432 0.9299 0.0000* 0.8459 0.9301 0.0029*

F −measure3 0.8486 0.8658 0.0000* 0.8380 0.8472 0.0000* 0.8392 0.8515 0.0000*

F −measure4 0.6602 0.6386 0.0000* 0.6210 0.6204 0.2750 0.6265 0.6169 0.1869

G−mean 0.8451 0.8299 0.0000* 0.8292 0.8158 0.0000* 0.8303 0.8170 0.0000*

LEV γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8602 0.8286 0.0000* 0.8682 0.8319 0.0000* 0.8729 0.8276 0.0000*

F −measure1 0.7473 0.6936 0.0000* 0.7526 0.7015 0.0000* 0.7612 0.7088 0.0000*

F −measure2 0.9350 0.8801 0.0000* 0.9389 0.8860 0.0000* 0.9429 0.8902 0.0000*

F −measure3 0.9827 0.9050 0.0000* 0.9843 0.9104 0.0000* 0.9854 0.9124 0.0000*

F −measure4 0.9044 0.8826 0.0000* 0.9102 0.8903 0.0084* 0.9136 0.9024 0.0000*

F −measure5 0.6493 0.6580 0.0000* 0.6739 0.6808 0.0000* 0.6745 0.6816 0.0000*

G−mean 0.8553 0.8346 0.0000* 0.8624 0.8406 0.0000* 0.8686 0.8447 0.0000*
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γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.8821 0.8383 0.0000* 0.8712 0.8308 0.0000* 0.8532 0.8281 0.0000*

F −measure1 0.7795 0.7277 0.0068* 0.7553 0.7067 0.0000* 0.7275 0.6687 0.0000*

F −measure2 0.9493 0.8981 0.0000* 0.8407 0.8887 0.0000* 0.9302 0.8724 0.0000*

F −measure3 0.9860 0.9210 0.0000* 0.9855 0.9095 0.0000* 0.9823 0.8994 0.0000*

F −measure4 0.9212 0.9047 0.0000* 0.9118 0.8954 0.0000* 0.9017 0.8883 0.0000*

F −measure5 0.6833 0.7033 0.0000* 0.6591 0.6673 0.0000* 0.6423 0.6517 0.0000*

G−mean 0.8781 0.8525 0.0000* 0.8641 0.8418 0.0000* 0.8486 0.8276 0.0000*

CEV γj = 1 γj = 2 γj = 3

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

Accuracy 0.9127 0.8743 0.0000* 0.9219 0.8854 0.0000* 0.9249 0.8932 0.0000*

F −measure1 0.9933 0.9442 0.0000* 0.9931 0.9502 0.0000* 0.9927 0.9531 0.0000*

F −measure2 0.9868 0.8923 0.0000* 0.9900 0.8949 0.0000* 0.9897 0.8982 0.0000*

F −measure3 0.8067 0.7525 0.0000* 0.8041 0.7922 0.0000* 0.8126 0.7867 0.0000*

F −measure4 0.7977 0.7382 0.0483* 0.8067 0.7690 0.0000* 0.8038 0.7740 0.0004*

G−mean 0.9084 0.8496 0.0000* 0.9177 0.8551 0.0000* 0.9202 0.8565 0.0000*

γj = 4 γj = 5 γj = 6

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.

The

proposed

approach

UTADIS sig.
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Accuracy 0.9328 0.8911 0.0000* 0.9431 0.8834 0.0000* 0.9288 0.8792 0.0000*

F −measure1 0.9933 0.9593 0.0000* 0.9939 0.9642 0.0000* 0.9932 0.9553 0.0000*

F −measure2 0.9888 0.9167 0.0000* 0.9900 0.9245 0.0000* 0.9895 0.9037 0.0000*

F −measure3 0.8251 0.8082 0.0000* 0.8233 0.8221 0.1899 0.8171 0.8042 0.0012*

F −measure4 0.8175 0.7773 0.0010* 0.8175 0.8023 0.0000* 0.8091 0.7822 0.0004*

G−mean 0.9300 0.8625 0.0000* 0.9373 0.8666 0.0000* 0.9246 0.8590 0.0000*
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Appendix C. Classification results of the proposed approach without and with the balancing

algorithm.
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Data set Measure Classification performance

DBS γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7265 0.8068 0.0000* 0.7995 0.8136 0.0000* 0.8247 0.8362 0.0000*

F −measure1 0.7329 0.7973 0.0000* 0.7899 0.8034 0.0000* 0.7889 0.8271 0.0000*

F −measure2 0.7786 0.8032 0.0000* 0.7378 0.8087 0.0000* 0.7507 0.8319 0.0000*

G−mean 0.7695 0.7993 0.0000* 0.7672 0.8061 0.0000* 0.8200 0.8292 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7773 0.8297 0.0000* 0.7861 0.8271 0.0000* 0.8048 0.8144 0.0000*

F −measure1 0.7415 0.8196 0.0000* 0.7796 0.8155 0.0000* 0.7558 0.8016 0.0000*

F −measure2 0.8045 0.8244 0.0000* 0.7725 0.8207 0.0000* 0.7974 0.8069 0.0000*

G−mean 0.7874 0.8220 0.0000* 0.7499 0.8181 0.0000* 0.7483 0.8043 0.0000*

CPU γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8812 0.9034 0.0000* 0.8436 0.9127 0.0000* 0.8377 0.9307 0.0000*

F −measure1 0.8619 0.8802 0.0000* 0.8682 0.8899 0.0000* 0.8198 0.9151 0.0000*

F −measure2 0.8619 0.9039 0.0000* 0.8723 0.9186 0.0000* 0.8694 0.9329 0.0000*

F −measure3 0.8485 0.9062 0.0000* 0.8839 0.9169 0.0000* 0.8379 0.9277 0.0000*

F −measure4 0.8014 0.8875 0.0000* 0.8673 0.8985 0.0000* 0.8446 0.9128 0.0000*

G−mean 0.8583 0.8940 0.0000* 0.8817 0.9056 0.0000* 0.8587 0.9209 0.0000*

γj = 4 γj = 5 γj = 6
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Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8890 0.9476 0.0000* 0.8634 0.9376 0.0000* 0.8824 0.9321 0.0000*

F −measure1 0.8694 0.9362 0.0000* 0.8387 0.9222 0.0000* 0.8257 0.9170 0.0000*

F −measure2 0.8641 0.9480 0.0000* 0.8929 0.9375 0.0000* 0.9003 0.9355 0.0000*

F −measure3 0.9055 0.9448 0.0000* 0.9289 0.9314 0.0721 0.8828 0.9322 0.0000*

F −measure4 0.8809 0.9272 0.0000* 0.8647 0.9196 0.0000* 0.8540 0.9107 0.0000*

G−mean 0.9096 0.9377 0.0000* 0.9225 0.9274 0.0000* 0.8959 0.9236 0.0000*

BCC γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.6519 0.7803 0.0000* 0.7133 0.7921 0.0000* 0.6745 0.7754 0.0000*

F −measure1 0.7610 0.8085 0.0000* 0.7945 0.8396 0.0000* 0.7958 0.8275 0.0000*

F −measure2 0.6569 0.7067 0.0000* 0.6848 0.7247 0.0000* 0.6262 0.6992 0.0000*

G−mean 0.6829 0.7759 0.0000* 0.7309 0.7870 0.0000* 0.7042 0.7721 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.6777 0.7439 0.0000* 0.6628 0.7531 0.0000* 0.6382 0.7476 0.0000*

F −measure1 0.7257 0.8003 0.0000* 0.7447 0.8087 0.0000* 0.7698 0.8041 0.0000*

F −measure2 0.6041 0.6400 0.0000* 0.6043 0.6584 0.0000* 0.6229 0.6484 0.0000*

G−mean 0.6959 0.7387 0.0000* 0.6627 0.7489 0.0000* 0.6526 0.7433 0.0000*

MPG γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.
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Accuracy 0.7793 0.8408 0.0000* 0.8065 0.8493 0.0000* 0.7912 0.8502 0.0000*

F −measure1 0.8090 0.8284 0.0000* 0.7831 0.8299 0.0000* 0.7904 0.8351 0.0000*

F −measure2 0.8314 0.8715 0.0000* 0.8151 0.8795 0.0000* 0.8076 0.8817 0.0000*

F −measure3 0.8116 0.8518 0.0000* 0.8250 0.8606 0.0000* 0.8335 0.8610 0.0000*

F −measure4 0.6400 0.7007 0.0000* 0.6497 0.7102 0.0000* 0.6434 0.7101 0.0000*

G−mean 0.7789 0.8346 0.0000* 0.7882 0.8417 0.0000* 0.8279 0.8434 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8223 0.8552 0.0000* 0.8106 0.8601 0.0000* 0.7675 0.8501 0.0000*

F −measure1 0.8207 0.8373 0.0000* 0.7622 0.8444 0.0000* 0.8088 0.8259 0.0000*

F −measure2 0.8468 0.8802 0.0000* 0.8561 0.8873 0.0000* 0.8229 0.8790 0.0000*

F −measure3 0.8646 0.8667 0.0865 0.8577 0.8756 0.0000* 0.7925 0.8645 0.0000*

F −measure4 0.6838 0.7191 0.0000* 0.6200 0.7187 0.0000* 0.6353 0.7184 0.0000*

G−mean 0.7744 0.8463 0.0000* 0.8196 0.8538 0.0000* 0.8186 0.8420 0.0000*

ESL γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8013 0.8754 0.0000* 0.8104 0.8829 0.0000* 0.8379 0.9105 0.0000*

F −measure1 0.0683 0.1772 0.0000* 0.0710 0.1801 0.0000* 0.0979 0.2289 0.0000*

F −measure2 0.5402 0.6981 0.0000* 0.5328 0.7293 0.0000* 0.6083 0.7941 0.0000*

F −measure3 0.8454 0.8832 0.0000* 0.8480 0.8855 0.0000* 0.8663 0.9126 0.0000*

F −measure4 0.8515 0.9739 0.0000* 0.8779 0.9778 0.0000* 0.8513 0.9916 0.0000*

F −measure5 0.8362 0.9924 0.0000* 0.8830 0.9937 0.0000* 0.9270 0.9974 0.0000*

F −measure6 0.8504 0.9978 0.0000* 0.8860 0.9983 0.0000* 0.8921 0.9987 0.0000*

F −measure7 0.9018 0.9366 0.0000* 0.9271 0.9392 0.0000* 0.9240 0.9579 0.0000*
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F −measure8 0.8297 0.8484 0.0000* 0.8023 0.8531 0.0000* 0.8154 0.8697 0.0000*

F −measure9 0.3824 0.4397 0.0000* 0.3602 0.4464 0.0000* 0.3549 0.4820 0.0000*

G−mean 0.7192 0.8121 0.0000* 0.7543 0.8150 0.0000* 0.7601 0.8307 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8364 0.8927 0.0000* 0.7604 0.8881 0.0000* 0.7445 0.8672 0.0000*

F −measure1 0.0809 0.2031 0.0000* 0.0708 0.1956 0.0000* 0.0608 0.1567 0.0000*

F −measure2 0.5682 0.7430 0.0000* 0.5503 0.7436 0.0000* 0.5522 0.6912 0.0000*

F −measure3 0.8433 0.8960 0.0000* 0.8114 0.8925 0.0000* 0.8028 0.8770 0.0000*

F −measure4 0.8540 0.9848 0.0000* 0.8625 0.9803 0.0000* 0.8868 0.9687 0.0000*

F −measure5 0.8785 0.9968 0.0000* 0.8816 0.9960 0.0000* 0.8660 0.9898 0.0000*

F −measure6 0.8687 0.9988 0.0000* 0.9269 0.9984 0.0000* 0.8353 0.9983 0.0000*

F −measure7 0.8650 0.9470 0.0000* 0.8965 0.9436 0.0000* 0.8673 0.9317 0.0000*

F −measure8 0.7852 0.8540 0.0000* 0.8235 0.8538 0.0000* 0.8103 0.8406 0.0000*

F −measure9 0.3832 0.4618 0.0000* 0.3508 0.4522 0.0000* 0.3645 0.4210 0.0000*

G−mean 0.7595 0.8196 0.0000* 0.7600 0.8176 0.0000* 0.7562 0.8039 0.0000*

MMG γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7753 0.8289 0.0000* 0.7697 0.8378 0.0000* 0.8214 0.8319 0.0000*

F −measure1 0.8221 0.8310 0.0000* 0.7961 0.8391 0.0000* 0.7936 0.8345 0.0000*

F −measure2 0.7916 0.8227 0.0000* 0.8080 0.8311 0.0000* 0.8072 0.8263 0.0000*

G−mean 0.8230 0.8269 0.0539 0.8074 0.8352 0.0000* 0.8236 0.8305 0.0000*

γj = 4 γj = 5 γj = 6
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Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7668 0.8467 0.0000* 0.7859 0.8584 0.0000* 0.8117 0.8414 0.0000*

F −measure1 0.7790 0.8496 0.0000* 0.8227 0.8598 0.0000* 0.7843 0.8421 0.0000*

F −measure2 0.7970 0.8421 0.0000* 0.7736 0.8527 0.0000* 0.7659 0.8343 0.0000*

G−mean 0.7617 0.8460 0.0000* 0.8348 0.8563 0.0000* 0.8202 0.8383 0.0000*

ERA γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8018 0.8318 0.0000* 0.7545 0.8409 0.0000* 0.7514 0.8512 0.0000*

F −measure1 0.8558 0.8566 0.1087 0.8283 0.8642 0.0000* 0.7832 0.8700 0.0000*

F −measure2 0.7844 0.8450 0.0000* 0.7753 0.8528 0.0000* 0.7857 0.8624 0.0000*

F −measure3 0.7814 0.8279 0.0000* 0.8077 0.8406 0.0000* 0.8363 0.8529 0.0000*

F −measure4 0.5895 0.6196 0.0000* 0.6286 0.6350 0.0000* 0.5856 0.6568 0.0000*

G−mean 0.7893 0.8275 0.0000* 0.7972 0.8371 0.0000* 0.8240 0.8464 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7867 0.8489 0.0000* 0.7913 0.8328 0.0000* 0.7549 0.8347 0.0000*

F −measure1 0.7863 0.8682 0.0000* 0.8535 0.8563 0.0631 0.8013 0.8556 0.0000*

F −measure2 0.7922 0.8607 0.0000* 0.7809 0.8432 0.0000* 0.8047 0.8459 0.0000*

F −measure3 0.8317 0.8486 0.0000* 0.7799 0.8380 0.0000* 0.8380 0.8392 0.0925

F −measure4 0.5943 0.6602 0.0000* 0.5754 0.6210 0.0000* 0.5781 0.6265 0.0000*

G−mean 0.7779 0.8451 0.0000* 0.8077 0.8292 0.0000* 0.7885 0.8303 0.0000*

LEV γj = 1 γj = 2 γj = 3

50



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7671 0.8602 0.0000* 0.7868 0.8682 0.0000* 0.8093 0.8729 0.0000*

F −measure1 0.6379 0.7473 0.0000* 0.6903 0.7526 0.0000* 0.6586 0.7612 0.0000*

F −measure2 0.8474 0.9350 0.0000* 0.8211 0.9389 0.0000* 0.8586 0.9429 0.0000*

F −measure3 0.8895 0.9827 0.0000* 0.8659 0.9843 0.0000* 0.8437 0.9854 0.0000*

F −measure4 0.8449 0.9044 0.0000* 0.8274 0.9102 0.0000* 0.8598 0.9136 0.0000*

F −measure5 0.6071 0.6493 0.0000* 0.6535 0.6739 0.0000* 0.6142 0.6745 0.0000*

G−mean 0.7629 0.8553 0.0000* 0.7840 0.8624 0.0000* 0.8302 0.8686 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7760 0.8821 0.0000* 0.7497 0.8712 0.0000* 0.7673 0.8532 0.0000*

F −measure1 0.6707 0.7795 0.0000* 0.6496 0.7553 0.0000* 0.6567 0.7275 0.0000*

F −measure2 0.8458 0.9493 0.0000* 0.8382 0.8407 0.0724 0.8196 0.9302 0.0000*

F −measure3 0.8414 0.9860 0.0000* 0.8343 0.9855 0.0000* 0.8567 0.9823 0.0000*

F −measure4 0.9034 0.9212 0.0000* 0.8754 0.9118 0.0000* 0.8634 0.9017 0.0000*

F −measure5 0.6829 0.6833 0.0000* 0.6499 0.6591 0.0000* 0.6173 0.6423 0.0000*

G−mean 0.8233 0.8781 0.0000* 0.7835 0.8641 0.0000* 0.7781 0.8486 0.0000*

CEV γj = 1 γj = 2 γj = 3

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.7964 0.9127 0.0000* 0.8415 0.9219 0.0000* 0.8692 0.9249 0.0000*

F −measure1 0.8955 0.9933 0.0000* 0.8644 0.9931 0.0000* 0.9237 0.9927 0.0000*

F −measure2 0.8683 0.9868 0.0000* 0.8443 0.9900 0.0000* 0.8561 0.9897 0.0000*

F −measure3 0.7291 0.8067 0.0000* 0.7306 0.8041 0.0000* 0.7799 0.8126 0.0000*
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F −measure4 0.6969 0.7977 0.0000* 0.7373 0.8067 0.0000* 0.7463 0.8038 0.0000*

G−mean 0.8023 0.9084 0.0000* 0.7750 0.9177 0.0000* 0.8547 0.9202 0.0000*

γj = 4 γj = 5 γj = 6

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Without

balancing

With

balancing
sig.

Accuracy 0.8334 0.9328 0.0000* 0.8298 0.9431 0.0000* 0.8227 0.9288 0.0000*

F −measure1 0.9178 0.9933 0.0000* 0.8934 0.9939 0.0000* 0.9423 0.9932 0.0000*

F −measure2 0.8532 0.9888 0.0000* 0.9165 0.9900 0.0000* 0.8317 0.9895 0.0000*

F −measure3 0.7880 0.8251 0.0000* 0.7511 0.8233 0.0000* 0.7538 0.8171 0.0000*

F −measure4 0.7576 0.8175 0.0000* 0.7307 0.8175 0.0000* 0.7345 0.8091 0.0000*

G−mean 0.7871 0.9300 0.0000* 0.8127 0.9373 0.0000* 0.8182 0.9246 0.0000*
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