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Abstract

The Symmetry Improved Two-Particle-Irreducible (SI2PI) formalism is a powerful tool to calculate the 
effective potential beyond perturbation theory, whereby infinite sets of selective loop-graph topologies can 
be resummed in a systematic and consistent manner. In this paper we study the Renormalization-Group 
(RG) properties of this formalism, by proving for the first time a number of new field-theoretic results. 
First, the RG runnings of all proper 2PI couplings are found to be UV finite, in the Hartree–Fock and sunset 
approximations of the 2PI effective action. Second, the SI2PI effective potential is exactly RG invariant, 
in contrast to what happens in the ordinary One-Particle-Irreducible (1PI) perturbation theory, where the 
effective potential is RG invariant only up to higher orders. Finally, we show how the effective potential 
of an O(2) theory evaluated in the SI2PI framework, appropriately RG improved, can reach a higher level 
of accuracy, even up to one order of magnitude, with respect to the corresponding one obtained in the 
1PI formalism.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The effective potential constitutes a fundamental tool in Quantum Field Theory, widely used 
to study a multitude of physical phenomena, such as spontaneous symmetry breaking, tunnelling 
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rates due to vacuum instability, and thermal phase transitions. With the ever increasing exper-
imental precision on the determination of the Standard Model (SM) Higgs boson mass at the 
CERN Large Hadron Collider (LHC), more accurate computations of the SM effective potential 
can now be performed up to next-to-next-to-leading order (NNLO). Assuming no new physics 
and ignoring quantum-gravity effects, such NNLO studies [1–3] imply that the SM vacuum 
may well be metastable. Most remarkably, the actual profile of the effective potential at large 
Higgs-field values was found to be extremely sensitive to very small variations of the input pa-
rameters at the electroweak scale [2,4], thereby rendering such precision computations rather 
subtle. Interestingly enough, this unusual feature seems to have sparked in the last years renewed 
interest in studying several field-theoretical aspects of the effective potential, which include the 
development of new semi-analytical techniques beyond ordinary perturbation theory [5–7], the 
treatment of infrared (IR) divergences due to the masslessness of the SM would-be Goldstone 
bosons [8–10], more precise field-theoretical approaches to estimating tunnelling rates [11,12]
and assessing their gauge dependence [13–15], as well as evaluations of SM metastability rates 
in the presence of Planck-scale suppressed operators [16,17].

The Two-Particle-Irreducible (2PI) effective action, as introduced by Cornwall, Jackiw and 
Tomboulis [18], provides a powerful approach to resumming infinite series of higher-order di-
agrams of a given loop-graph topology in a systematic and self-consistent way. Nevertheless, 
simple restrictions of the 2PI effective action to considering only a finite number of loop-
graph topologies usually cause residual violations of possible underlying symmetries of the 
theory, which in turn introduce inconsistencies to the equations of motion. Most notably, for 
theories realizing spontaneous breakdown of global symmetries, naive truncations of the 2PI 
effective action lead to massive Goldstone bosons (see, e.g. [19]). A potentially interesting 
theoretical framework for addressing this problem is the so-called Symmetry Improved Two-
Particle-Irreducible (SI2PI) formalism [5], in which symmetry-consistent restrictions to the 2PI 
truncated equations of motion were implemented. The resulting SI2PI effective action has a num-
ber of satisfactory field-theoretical properties [5], including the masslessness of the Goldstone 
bosons and the proper prediction of a second order thermal phase transition for O(N) scalar 
theories. Further applications and developments of the SIP2PI formalism may be found in [6,10,
20–25]. In particular, in [10] (see also [20]), the effect of fermions has been included in a semi-
perturbative way and the SI2PI effective potential has been used to address from first principles
the IR divergence problem of the perturbative SM effective potential due to the masslessness of 
the would-be Goldstone bosons. Hence, the results of this SI2PI approach have proved to be very 
useful, as they enable one to assess the regime of validity of other simplified and partially ad hoc
approaches [8,9].

In this paper we study the renormalization-group (RG) properties of the SI2PI formalism, 
and prove for the first time a number of remarkable field-theoretical results. First, after briefly 
reviewing the formalism in Sec. 2, we show in Sec. 3 that the runnings of all proper 2PI quartic 
couplings are ultra-violet (UV) finite, without ignoring higher-order terms, in the Hartree–Fock 
and sunset approximations of the 2PI effective action. In fact, as this result is highly non-trivial, 
one may even conjecture that the UV finiteness of all proper 2PI quartic couplings will hold true 
to any arbitrarily high loop order of truncation of the SI2PI effective action.

An equally important result of our study is presented in Sec. 4, where we show how the SI2PI 
effective potential is exactly RG invariant at a given loop order of truncation, in stark contrast 
to what happens in the usual 1PI formalism, where the perturbative effective potential is RG 
invariant only up to higher order terms. This is a remarkable result, as it helps us to clarify the 
relation between the 2PI resummation and the frequently considered RG-improved approach to 
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the 1PI effective potential. Specifically, the former takes into account precisely the higher-order 
contributions needed to restore exact RG invariance when the effective potential is evaluated at 
a given loop level, whereas the latter attempts to minimize these higher-order terms by plausibly 
guessing the value of the RG scale µ, so as to avoid large logarithmic contributions. At this 
point, it is important to clarify that the approach we follow here differs conceptually from the 
one presented in [26,27], where functional methods were employed to reinforce RG invariance 
in the 2PI effective action.

In Sec. 5 we modify the SI2PI formalism by appropriately improving the RG running of the 
quartic couplings. This enables us to reach a high level of accuracy, and compare our results with 
the 1PI NNLO potential, which includes two-loop threshold corrections matched with 3-loop 
RG running. We show that, as a consequence of the exact RG-invariance shown in Sec. 4, the 
predictions for the profile of the effective potential in the SI2PI framework can reach a higher 
level of accuracy, even up to one order of magnitude, than the corresponding one obtained in 
the 1PI formalism. This is indeed a significantly new result obtained for a simple O(2) theory 
that certainly encourages further studies within the context of more realistic theories. In a similar 
vein, in Sec. 6 we draw our conclusions and present possible future directions to this field.

2. Symmetry improved 2PI effective potential

In this section we briefly review the 2PI formalism by applying it to the scalar O(2) model and 
present the equations of motion used to analyze the RG properties derived from this formalism. 
A more detailed discussion may be found in [5,20].

Our starting point is the Lagrangian of the O(2) model,

L = 1
2
(∂µφi )(∂µφi ) + m2

2
(φi )2 − λ

4
(φi )2(φj )2 , (2.1)

where φi , i = 1, 2 is the O(2) scalar multiplet, which can be expanded in terms of a Higgs and a 
Goldstone mode as

φ1 = φ + H , φ2 = G . (2.2)

The 2PI effective action is obtained by introducing, in addition to a local source J (x) as in the 
usual 1PI effective action, a bi-local source K(x, y), both with implicit O(2) group structure. By 
Legendre-transforming the connected generating functional with respect to these sources, one 
obtains the 2PI effective action $[φ, %], depending on the background field φ and the dressed
propagators %. By expanding $[φ, %] up to two-loop graph topologies, one finds [5,20]

$(2)[φ,%H ,%G] =
! "

Z0

2
(∂µφ)2 + m2 + δm2

0

2
φ2 − λ + δλ0

4
φ4

#

− ih̄

2
Tr

$
ln%H

%
− ih̄

2
Tr

$
ln%G

%

− ih̄
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Z1 ∂2 +
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− ih̄
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Z1 ∂2 +
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λ + δλA

1
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φ2 −
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m2 + δm2

1
%(
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)

− ih̄2
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− i(3λ + δλA

2 + 2δλB
2 )
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− 2i(λ + δλA
2 )

!
i%H i%G − i(3λ + δλA

2 + 2δλB
2 )

!
i%Gi%G

+

− ih̄2

,

+
-

, (2.3)

where the integrals are meant to be evaluated in position space over the common spacetime vari-
able of the relevant fields and propagators. In the last line of (2.3), thick lines denote the dressed 
Green’s functions %, whereas in the following thin lines are reserved to represent tree-level prop-
agators.

The additional counter-terms (CTs) in (2.3) with respect to the 1PI formalism are related to the 
appearance of several operators with mass-dimensions 2 and 4 in the 2PI effective action [28–30]. 
In addition, there is a perturbative 1PI-like CT δλ for the quartic coupling λ that appears at two-
and higher loop orders [30]. At the order of truncation considered here, however, this last CT δλ

is not needed to be included in the vertices of the diagrams in the last line of (2.3), as such a CT 
would be necessary to cancel subdivergences of higher-order diagrams, in close analogy to the 
usual 1PI perturbation theory.

For the full effective action $[φ, %], the Equation of Motions (EoMs) are given by

δ$

δφ
= 0 ,

δ$

δ%
= 0 . (2.4)

In practice, however, the effective action can be calculated by considering only a finite number 
of 2PI topologies, for instance up to two-loop graph topologies as in (2.3), so that we can write 
$ = $(2) +$?, where $? is unknown. A common strategy is to set $? = 0, based on our ignorance 
of it, so that the EoMs are obtained by replacing $ → $(2) in (2.4). However, in the presence of 
symmetries this leads to a number of artefacts, most importantly to violations of the usual Ward 
identities, thus giving rise to massive Goldstone bosons (see [5] and references therein) in the-
ories with spontaneous breaking of global symmetries. This long-standing issue was addressed 
in [5] (see also [10]) by considering the so-called Symmetry Improved Two-Particle Irreducible 
(SI2PI) formalism. In this approach, rather than setting $? = 0, one exploits the symmetries of 
the system to improve upon the expected form of $?, implying that the EoMs needed to be solved 
are

δ$(2)

δ%
= 0 , −φ %−1

G (k = 0) = 0 . (2.5)

Notice that, although we have written the above equations using the two-loop order truncation 
of the 2PI effective action in (2.3), these will still be valid at any order of truncation. It has been 
shown in [5] that this approach has a number of satisfactory field-theoretical properties, besides 
the masslessness of the Goldstone bosons in the spontaneously-symmetry-broken phase of the 
theory. Moreover, the SI2PI effective potential V (φ) may be uniquely determined as a solution 
to the first-order differential equation

dV

dφ
= −φ %−1

G (k = 0,φ) , (2.6)

subject to the initial condition V (φ = v) = 0, where v is the VEV of the scalar field φ1.
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As discussed above, the EoMs for the dressed propagators %H, G(k) are obtained by differ-
entiating $(2)[φ, %H , %G] in (2.3) with respect to these propagators. After Wick-rotating to the 
Euclidean momentum space, we obtain

%−1
H (k) = (1 + δZ1) k2 + (3λ + δλA

1 + 2δλB
1 )φ2 − (m2 + δm2

1)

+ (3λ + δλA
2 + 2δλB

2 ) h̄TH + (λ + δλA
2 ) h̄TG

− 18λ2φ2 h̄IHH (k) − 2λ2φ2 h̄IGG(k) , (2.7)

%−1
G (k) = (1 + δZ1) k2 + (λ + δλA

1 )φ2 − (m2 + δm2
1)

+ (λ + δλA
2 ) h̄TH + (3λ + δλA

2 + 2δλB
2 ) h̄TG − 4λ2φ2 h̄IHG(k) , (2.8)

where δZ1 = Z1 − 1. Here, we have introduced the tadpole and sunset integrals:

Ta = µ2ϵ

!

p

i%a(p) , Iab(k) = µ2ϵ

!

p

i%a(k + p) i%b(p) , (2.9)

where a, b = H, G and lnµ2 = lnµ2 + γ − ln(4π), and µ is the so-called MS renormalization 
mass scale.

At the two-loop level of the 2PI effective action, there is no wavefunction renormalization for 
the radial field φ, and so we can set its CT δZ1 to zero. The EoMs (2.7) and (2.8) are renormalized 
by cancelling separately the subdivergences proportional to the renormalized tadpole integrals 
and the overall divergences proportional to the field powers φ0 and φ2, as described in detail in 
[5,10,31]. Out of 2 ×4 relations, only 5 of them are found to be independent, which uniquely fixes 
the value of the 5 CTs appearing in (2.7) and (2.8). Following this procedure, the renormalized 
EoMs are found to be [5,20]

%−1
H (k) = k2 + (λA

1 + 2λB
1 )φ2 − m2 + (λA

2 + 2λB
2 ) h̄T fin

H + λA
2 h̄T fin

G

− 18λ2φ2 h̄Ifin
HH (k) − 2λ2φ2 h̄Ifin

GG(k) + h̄2*
2PI,(2)
H , (2.10)

%−1
G (k) = k2 + λA

1 φ2 − m2 + λA
2 h̄T fin

H + (λA
2 + 2λB

2 ) h̄T fin
G − 4λ2φ2 h̄Ifin

HG(k)

+ h̄2*
2PI,(2)
G , (2.11)

where the analytic expressions for the renormalized, UV-finite integrals T fin
a and Ifin

ab are given 
in Appendix A. Keeping only the tadpole integrals T fin

a in (2.10) and (2.11) is known as the 
Hartree–Fock (HF) approximation. Including also the remaining one-loop integrals Ifin

ab is com-
monly referred to as the sunset approximation. In order to obtain a level of accuracy higher than 
the two-loop order in perturbation theory, we have included also the renormalized two-loop 2PI 
self-energies *2PI,(2)

a . However, as discussed in [10,20], the latter contributions result from a 
three-loop order truncation of the 2PI effective action, and so we approximate them by their 
usual 1PI form evaluated in the zero-momentum limit k → 0. Their analytic expressions are 
given in Appendix C. We will include them only in Sec. 5 when calculating explicitly the SI2PI 
effective potential. In (2.10) and (2.11) we have generalized the analysis in [5] by taking the 
various 2PI quartic couplings different from each other, even at the renormalized level (not only 
the corresponding CTs). This is done so in anticipation of the results that will be derived in the 
next section, where we will show that the RG running of the various 2PI quartic couplings will 
be, in general, different and so they can be taken to be equal only at some fixed RG scale µ∗.
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Fig. 1. Typical topologies of graphs that are implicitly resummed by the one-loop 2PI self-energies, i.e. (2.10) and (2.11)
in the sunset approximation.

Fig. 2. Typical set of graphs that are also resummed when including the two-loop 2PI self-energies *2PI,(2)
a in the 

EoMs (2.10) and (2.11). Notice that the propagators belonging to two-loop 2PI topologies do not get dressed, since these 
are approximated by their usual 1PI forms.

As shown in Figs. 1 and 2, the EoMs (2.10) and (2.11) represent selective resummations of 
infinite set of diagrams of certain loop-graph topologies, which are obtained by dressing the 
propagators with one- and two-loop self-energies by an arbitrary number of times. Here, we 
must note that the one-loop self-energies can also be dressed, in a recursive way by an arbitrary 
number of times in fair analogy to considerations from fractal geometry, whereas the two-loop 
self-energies cannot, since these have been approximated by their usual 1PI forms.

Before concluding this section, we briefly comment on the potential issue regarding the IR 
sensitivity of the sunset approximation in the SI2PI formalism, which was recently raised in [24], 
concerning the (IR-divergent) Higgs propagator in the limit k → 0. We have checked explicitly 
that for values of scalar quartic couplings under study, i.e. λ ∼ 0.13, the alleged IR-sensitive 
effects on IR-safe observables of interest here and in [5], such as the pole mass of the unstable 
Higgs particle and the 2PI effective potential, are absent at the level of accuracy we have been 
considering. In fact, we have numerically varied the IR cutoff by a few orders of magnitude and 
carefully verified that our results for the effective potential remain stable. This check for the 
effective potential away from its minimum complements analogous checks that were performed 
already in [5] at the minimum of the potential.

3. Finiteness of the RG running

In this section we calculate the RG running of the proper 2PI couplings in the HF and sunset 
approximations, and prove that they are UV finite without ignoring higher order terms, as usually 
done in the 1PI perturbation theory. This is the first important result of this analysis, which holds 
true for both the 2PI and SI2PI formalisms. In fact, the UV finiteness of the proper 2PI couplings 
is a highly non-trivial RG property. As we illustrate in Sec. 3.1, it requires delicate cancellations 
between 1/ϵn poles with different n-powers and at different orders in the loop (h̄) expansion. 
While in 1PI perturbation theory this result is guaranteed by “h̄-expanding” the full 1PI effective 
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action, no analogous argument holds for the respective 2PI action, since no series-expansion 
parameter exists in this case for the solutions to the EoMs.

3.1. Finiteness of the 1PI RG running

Following [32], the bare quartic couplings λbare
i assume in the 1PI MS scheme the general 

form

λbare
i = µ2ϵ (λi + δλi ) = µ2ϵ

.
λi +

∞/

n=1

ai
n

ϵn

0
, (3.1)

in d = 4 − 2ϵ dimensions, where ϵ is a dimensional-regularization (DR) parameter. Upon impo-
sition of µ-independence on the bare quartic couplings in (3.1),

µ
d

dµ
λbare

i = 0 , (3.2)

one finds that the RG running of the renormalized quartic couplings λi depends only on the 
coefficients of the single poles ai

1, i.e.

µ
dλi

dµ
= −2ϵλi + βi , (3.3)

with

βi = −2ai
1 +

/

j

2λj
∂ai

1

∂λj
. (3.4)

Instead, the coefficients an of the higher-order 1/ϵn poles, with n ≥ 2, have to conspire, in such 
a way that the RHS of (3.2) vanishes identically. This can happen, iff the recursive relations,

2ai
n+1 =

/

j

2λj

∂ai
n+1

∂λj
−

/

j

βj
∂ai

n

∂λj
, (3.5)

are satisfied for all n ≥ 1. We note that these recursive relations are a consequence of subtle 
cancellations required in order to have finite β-functions βi . Most remarkably, they involve co-
efficients an of poles with different powers of ϵ, and when (3.3) and (3.5) are expanded in series 
of loops, these cancellations occur among different loop levels.

All the relations presented in this subsection are valid to all orders in perturbation theory. In 
the 1PI formalism, they can be expanded in a series of the loop parameter h̄, and are therefore 
valid at a given loop order as well. This result shows the UV finiteness of the RG running at fixed 
loop order in the 1PI formalism.

3.2. 2PI RG running

We first consider the RG running of all 2PI couplings in the HF approximation, which will 
help us to gain valuable insight into the structure of the CTs and their RG properties. Then, we 
extend our considerations to the less trivial case of the sunset approximation.

In order to renormalize the EoMs in the HF approximation (cf. (2.7) and (2.8) with the sunset 
integrals Iab neglected) as sketched in Sec. 2 and detailed in [5], the following CTs are needed:



A. Pilaftsis, D. Teresi / Nuclear Physics B 920 (2017) 298–318 305

δλ = 0 , (3.6)

δλA
1 = δλA

2 = LλA

ϵ

λA

.
2 − 4LλB

ϵ

0
+ 4λB

.
1 − LλB

ϵ

0

1 − 2L(λA + 2λB)

ϵ
+ 4L2λB(λA + λB)

ϵ2

, (3.7)

δλB
1 = δλB

2 = LλB

ϵ

2λB

1 − 2LλB

ϵ

, (3.8)

δm2 = Lm2

ϵ

2(λA + λB)

1 − 2L(λA + λB)

ϵ

, (3.9)

with L ≡ h̄/(16π2) and δm2 ≡ δm2
1. Here, we have generalized the results reported in [5], by 

taking λA ≠ λB , with λA = λA
1 = λA

2 and λB = λB
1 = λB

2 . As we will see below, we have done 
so, since λA and λB run differently.

Notice that the CTs stated in (3.6)–(3.9) contain contributions from all orders in L or h̄, 
including infinite inverse powers of ϵ. Hence, it is far from obvious that these CTs will lead to a 
finite running for the renormalized couplings λA and λB , according to our discussion in Sec. 3.1. 
However, as we will now show, the RG running of the proper 2PI couplings λA and λB is exactly
UV finite, within the HF approximation itself.

To this end, let us first consider the expansion of (3.8) in powers of 1/ϵ,

δλB
1,2 = 2L(λB)2

ϵ
+ 4L2(λB)3

ϵ2 + . . . . (3.10)

Employing the notation of Sec. 3.1, we may identify a1 = 2L(λB)2 and a2 = 4L2(λB)3. Hence, 
(3.3) yields βB = 4L(λB)2 and the 1/ϵ pole in the running is cancelled, provided (3.5), for n = 1, 
is satisfied, i.e.

8L2(λB)3 = 2λB × 12L2(λB)2 − 4L(λB)2 × 4LλB . (3.11)

It is not difficult to verify that this is indeed the case. To prove the cancellation of all 1/ϵn, 
it is more convenient to follow a different strategy and use (3.2) directly with the all-orders 
expressions (3.6)–(3.9). For instance, by plugging (3.8) into (3.2), we must have

µ
d

dµ

'
µ2ϵ

1
λB + δλB

2(
= µ

d

dµ

"
µ2ϵ

.
λB + 2L(λB)2

ϵ

1
1 − 2LλB/ϵ

0#

= µ2ϵ 2ϵλB

1 − 2LλB/ϵ
+ µ2ϵ 1

(1 − 2LλB/ϵ)2 µ
dλB

dµ
= 0 .

(3.12)

This last constraint implies the finite RG running for λB ,

µ
d

dµ
λB = −2ϵλB + 4L(λB)2 , (3.13)

within the HF approximation only. By analogy, the RG running of the remaining parameters in 
the HF approximation are found to be
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µ
d

dµ
λ = 0 , (3.14)

µ
d

dµ
λA = −2ϵλA + 4LλA(λA + 2λB) , (3.15)

µ
d

dµ
m2 = 4Lm2 (λA + λB) . (3.16)

From the finiteness of the above RG equations, we see that the RG running is fully determined 
by the single 1/ϵ poles of the CTs, whereas all higher order 1/ϵn>1 poles occurring in the re-
summed 2PI CTs in (3.6)–(3.9) cancel precisely against each other. Evidently, we observe the 
extraordinary RG property that higher-order poles in the resummed 2PI CTs appear in such a 
way that make no contributions to the RG running, in complete analogy with what happens in 
the 1PI formalism to all orders.

We now turn our attention to the RG running of the 2PI kinematic parameters in the sunset 
approximation. Proceeding as above and using the formulae for the CTs reported in Appendix A, 
the following RG equations may be derived:

µ
d

dµ
λ = −2ϵ λ , (3.17)

µ
d

dµ
λA

1 = −2ϵ λA
1 + 4L(λB

1 λA
2 + λA

1 λA
2 + λA

1 λB
2 + 2λ2) − 16L2λ2(3λA

2 + λB
2 ) ,

(3.18)

µ
d

dµ
λB

1 = −2ϵ λB
1 + 4L(λB

1 λB
2 + 4λ2) − 32L2λ2λB

2 , (3.19)

µ
d

dµ
λA

2 = −2ϵ λA
2 + 4LλA

2 (λA
2 + 2λB

2 ) , (3.20)

µ
d

dµ
λB

2 = −2ϵ λB
2 + 4L(λB

2 )2 , (3.21)

µ
d

dµ
m2 = 4Lm2 (λA

2 + λB
2 ) . (3.22)

Notice that the RG equations (3.18) and (3.19) for the proper 2PI couplings λA
1 and λB

1 , respec-
tively, contain contributions up to two-loop order. Even though the sunset EoMs are formally 
expressed in terms of 2PI one-loop integrals only, the resulting O(L2) terms in the RG runnings 
of λA

1 and λB
1 are a consequence of non-trivial resummation effects. Consequently, in the sunset 

approximation all the quartic couplings exhibit different RG runnings. This is shown in Fig. 3, 
where the RG running of all quartic couplings is displayed, using the common value λ∗ = 0.13
at µ∗ = 125 GeV as initial renormalization condition. This choice of values for λ∗ and µ∗ was 
motivated by the expected strength of the SM Higgs quartic coupling at scales close to the mass 
of the observed Higgs boson at the LHC. Although the RG runnings of all different quartic cou-
plings will coincide when the full 2PI effective action is considered, we observe that the spread 
between them is still significant in the sunset approximation.

4. Exact RG invariance

In this section our aim is to prove that the SI2PI effective potential is exactly RG invariant in 
the HF approximation. In Appendix B, we extend our proof of exact RG invariance to the full 
one-loop truncated SI2PI effective potential which includes the sunset approximation.
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Fig. 3. The running of the various 2PI quartic couplings in the sunset approximation, starting from a common value 
λ∗ = 0.13 at µ∗ = 125 GeV. For comparison, we also show the one-loop running of the coupling λ1PI in the 1PI 
formalism.

This explicit demonstration of exact RG invariance of the SI2PI effective potential is one of 
the central results of this work. We should remind ourselves that no exact RG invariance can be 
achieved in the perturbative 1PI effective potential. In fact, the perturbative 1PI effective potential 
is approximately RG invariant, as the residual RG-violating terms are formally of higher order in 
the h̄ expansion. To minimize the significance of these higher order terms, one makes educated 
guesses for the value of the RG scale µ, usually taken to be close to the field value φ, in order 
to avoid potentially sizable uncertainties from large logarithmic contributions to the effective 
potential. This approach forms the basis of the well-known procedure of RG improvement of the 
1PI effective potential. Instead, this approach of RG improvement is no longer necessary within 
the SI2PI framework. As we explicitly show below, the SI2PI effective potential is exactly RG 
invariant by itself, and no ad hoc choices of the value of the RG scale µ need to be made. In 
particular, for a fixed value of φ, the SI2PI effective potential does not depend on µ, so any 
choice of µ can be made, including µ = φ, for example.

Proving the exactness of RG invariance in the HF approximation becomes a straightforward 
exercise, because the integrals involved can be performed analytically. In particular, we have 
%−1

a (k) = k2 + M2
a in the Euclidean space and [5]

h̄T fin
a = LM2

a

.
ln

M2
a

µ2 − 1
0

, (4.1)

with a = H, G. Let us now analyze the responses of all relevant parameters under an infinitesimal 
shift of the renormalization scale: t → t + δt , with t ≡ ln(µ/µ∗). Obviously, the field φ remains 
constant under this shift, i.e. δφ = 0, since the wavefunction renormalization vanishes at this 
order [5]. The other parameters of the 2PI effective action then vary as follows:

δm2 = m2γm2 δt , δλ = 0 , δλA,B = βA,B δt , (4.2)

where δt = δµ/µ and the explicit form of the β- and γ -functions can be read off from (3.13)–
(3.16) for ϵ = 0. Likewise, the variation of the tadpole integral in (4.1) is given by

δ(h̄T fin
a ) = L ln

.
M2

a

µ2

0
δM2

a − 2LM2
a δt . (4.3)
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Under the same infinitesimal RG shift: µ → µ + δµ, the variation of the EoM (2.10) for the field 
H in the HF approximation may be calculated by virtue of (4.2) and (4.3) to be

δM2
H = (βA + 2βB)φ2δt − m2γm2δt

+ (βA + 2βB)h̄T fin
H δt + (λA + 2λB)

"
L ln

.
M2

H

µ2

0
δM2

H − 2LM2
H δt

#

+ βAh̄T fin
G δt + λA

"
L ln

.
M2

G

µ2

0
δM2

G − 2LM2
Gδt

#
. (4.4)

Making now use of the explicit forms for the β- and γ -functions, as given by (4.2) and 
(3.13)–(3.16), we finally arrive at

"
1 − (λA + 2λB)L ln

.
M2

H

µ2

0#
δM2

H −
"
λAL ln

.
M2

G

µ2

0#
δM2

G = 0 × δt = 0 . (4.5)

It is important to remark here that all terms proportional to δt = δµ/µ vanish identically.
We may now proceed in a similar fashion by considering the variation of the EoM (2.11) for 

the Goldstone field G in the HF approximation. In this case, we obtain another homogeneous 
equation linearly independent of (4.5) for δMH and δMG,

"
λAL ln

.
M2

H

µ2

0#
δM2

H −
"

1 − (λA + 2λB)L ln
.

M2
G

µ2

0#
δM2

G = 0 × δt = 0 , (4.6)

which implies

δM2
H = δM2

G = 0 . (4.7)

This means that the solutions to the H - and G-boson EoMs in the HF approximation are both 
independent of µ, provided the 2PI RG equations (3.13)–(3.16) are used. Since the SI2PI effec-
tive potential is obtained precisely from the solution to the EoM of the Goldstone propagator 
[cf. (2.6)], we conclude that the SI2PI effective potential is exactly RG invariant, at least in the 
HF approximation. The same statement holds true for the full one-loop truncated SI2PI poten-
tial, which includes the sunset approximation, but the proof is more laborious and is therefore 
presented in Appendix B. As these findings are highly non-trivial, we feel tempted to conjecture 
that this basic property of exact RG invariance of the SI2PI potential will persist for any arbitrary 
high loop-order truncation of the 2PI effective action.1

In Fig. 4 we plot the SI2PI effective potential in the sunset approximation, along with the 
1PI unimproved (µ = µ∗) and RG-improved (µ = φ) one-loop effective potentials. Here and in 
the following, we neglect the electroweak-scale mass m, since we are interested in large field 
values φ ≫ m. As expected, we see that the difference between the unimproved and improved 
1PI effective potentials becomes significant for high field values φ. Instead, the SI2PI effective 
potential is µ-independent, yielding the same value for any choice of µ. Nevertheless, we see 
that the results for the SI2PI effective potential differ significantly from the corresponding ones 
obtained in the RG-improved 1PI framework. In the next section we identify the origin of this 
difference, which we address. As a consequence, this will enable us to develop a novel method to 
calculate the effective potential semi-perturbatively, thereby increasing considerably its precision 
in comparison to the standard RG-improved 1PI approach.

1 It would be interesting to explore whether this property holds true for the traditional, ‘unimproved’ 2PI effective 
potential as well. To address this question requires an extensive and independent study, as the EoM for the field φ differs 
from the one that would be obtained in the SI2PI formalism.
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Fig. 4. The effective potential calculated with different methods. The solid line is the SI2PI one in the sunset approxi-
mation. The 1PI effective potential is calculated at the one-loop order, both unimproved (dotted line) and RG-improved 
(dashed line), with one-loop running. The parameters are as in Fig. 3. For numerical purposes, we have worked in the 
massless approximation m ≃ 0, since mass effects for field values much larger than the electroweak scale are expected 
to be negligible.

5. Renormalization group and symmetry improved 2PI effective potential

In the previous section, we have shown that the complete one-loop truncated SI2PI effective 
potential is exactly RG invariant, provided all the 2PI parameters run as given by (3.17)–(3.22) in 
the sunset approximation. Nevertheless, the predictions obtained in this SI2PI framework for the 
effective potential differ from those found for the RG-improved 1PI effective potential. In this 
section, we first clarify the origin of this difference and then present a new computational method 
of higher precision for the effective potential by unifying the two theoretical approaches of RG 
improvement and Symmetry improvement in the context of the 2PI effective action. We call the 
effective potential computed with this new method the Renormalization Group and Symmetry 
Improved 2PI (RG-SI2PI) effective potential.

To start with, let us first compare the RG equations of the 2PI quartic couplings (3.17)–(3.21)
with the one for the 1PI quartic coupling λ1PI at the one-loop level,

µ
d

dµ
λ1PI = −2ϵ λ1PI + 20Lλ2

1PI . (5.1)

We observe that, if we take all 2PI quartic couplings equal in (3.17)–(3.21), some O(L) con-
tributions are still missing. In fact, the omission of these contributions is exactly the origin of 
the limited accuracy of the predictions for the SI2PI effective potential through this order. The 
remaining O(L) terms are generated when one includes the higher-order 2PI self-energy dia-
grams as shown in Fig. 5. In particular, their O(L) contribution to the RG running of the quartic 
couplings is described by the extra terms

µ
d

dµ
λ ⊃ 20Lλ2 + O(L2) , (5.2)

µ
d

dµ
λA

2 ⊃ 8Lλ2 + O(L2) , (5.3)

µ
d

dµ
λB

2 ⊃ 16Lλ2 + O(L2) . (5.4)
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Fig. 5. The two-loop 2PI self-energies whose subdivergences contribute to the O(L) running. As can be seen by com-
parison with (2.7) and (2.8), the first two diagrams contribute to the running of λ, and the third diagram to the running 
of λ

A,B
2 .

When these terms are added to the RHS of the RG equations (3.17), (3.20) and (3.21), the 1PI 
O(L) result (5.1) is recovered in the limit where all the quartic couplings are taken to be equal. 
In other words, although the contribution of the diagrams in Fig. 5 to the EoMs is subleading in 
the sunset approximation, their contribution to the running of the couplings is still at the same 
leading order. Therefore, without going through the strenuous procedure of 2PI renormalization 
at higher orders, one practical way to obtain accurate results will be to appropriately amend the 
β-functions as given by ordinary perturbation theory through the desired loop order for all the 
2PI couplings and calculate the SI2PI effective potential using these improved RG equations. 
We will adopt this novel method below in order to compute a RG and Symmetry improved 2PI 
effective potential for a O(2) theory, beyond the NNLO.

In detail, the RG equations that we will be utilizing with this method are

µ
d

dµ
λ̄ = 20Lλ̄2 − 240L2λ̄3 + 8L3$617 + 384ζ(3)

%
λ̄4 , (5.5)

µ
d

dµ
φ̄ = −

$
4L2λ2 − 20L3λ3% φ̄ , (5.6)

where λ̄ collectively denotes all running quartic couplings and φ̄ = φ̄(µ) is the running field, 
which enters both the RG-SI2PI effective potential and the corresponding NNLO-improved 1PI 
effective potential. In (5.5) and (5.6), we use the perturbative three-loop β- and γ -functions for 
the quartic coupling λ and the running field φ̄ (see e.g. [33]). By construction, within the adopted 
method, the so-derived RG-SI2PI effective potential contains all the two-loop graphs present in 
the respective perturbative 1PI effective potential. In addition, the RG-SI2PI effective potential 
contains selective fractal-type resummations of higher-order diagrams as sketched in Figs. 1
and 2, whereas the running of the field φ̄ and of the quartic couplings is the same as that used for 
evaluating the corresponding 1PI effective potential.

Within the approximate method that we follow here, the RG-SI2PI effective potential is no 
longer exactly RG invariant, because not all restoring corrections of RG invariance as dictated 
by the 2PI formalism were introduced to the running of the kinematic parameters. Thus, in order 
to minimize the impact of the residual large logarithms, we may choose a sliding renormaliza-
tion scale µ = O(1) × φ̄. This is standard procedure for RG improvement of the 1PI effective 
potential, but it introduces some subtleties in the SI2PI framework. For a φ-dependent RG scale 
µ = µ(φ), the 1PI Ward Identity (2.6), used to obtain the SI2PI effective potential, gives now 
only the partial derivative of the effective potential:

∂

∂φ̄
V

$
φ̄; λ̄(µ(φ̄)),µ(φ̄)

%
= −φ̄ %−1

G

$
k = 0, φ̄; λ̄(µ(φ̄)),µ(φ̄)

%
, (5.7)

where the running field φ̄ becomes now an implicit function of φ: φ̄(µ = µ∗) = φ. However, in 
order to compute the SI2PI effective potential, we are interested in the total derivative
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d

dφ̄
V

$
φ̄; λ̄(µ(φ̄)),µ(φ̄)

%
= ∂V

∂φ̄
+ ∂V

∂λ̄

dλ̄

dµ

dµ

dφ̄
+ ∂V

∂µ

dµ

dφ̄
. (5.8)

Hence, this last relation can be rewritten in the equivalent integral form as

V (φ) =
φ̄(φ)!

0

dφ′ ∂V

∂φ′
$
φ′; λ̄(µ),µ

%3333
µ(φ̄(φ))

. (5.9)

While the first term on the RHS of (5.8) is obtained by virtue of (5.7), the remaining terms 
need to be approximated by their 1PI expressions through the two-loop order considered here. 
These additional terms can be computed, given the explicit two-loop order expression for the 
1PI effective potential given in Appendix C [cf. (C.2)]. In this way, one can integrate (5.8) with 
respect to φ̄ and obtain V (φ) = V (φ̄(φ)). Notice that this additional step is introduced by the 
procedure of RG-improving the effective potential, within our approximate method. Instead, it is 
not necessary for the exactly RG-invariant SI2PI effective potential calculated in Sec. 4. To make 
this explicit, note that the latter satisfies

V
$
φ̄; λ̄(µ(φ̄)),µ(φ̄)

%
= V

$
φ̄; λ̄(µ = µ∗),µ = µ∗% , (5.10)

so that the total and partial derivatives coincide, which implies that the second and third term on 
the RHS of (5.8) cancel exactly.

Following the approximate method outlined above, we can now solve numerically the 2PI 
EoMs (2.10) and (2.11). We remind the reader that as described in Sec. 2, these include contribu-
tions from one- and two-loop 2PI self-energies; the latter were approximated by their perturbative 
1PI forms. We have adapted the numerical code in [5] by including these two-loop 2PI contri-
butions and a φ-dependent renormalization scale µ = µ(φ̄) (see also discussion below). We first 
solve numerically the coupled system of EoMs for the H - and G-propagators for different val-
ues of φ̄, and then utilize the solution for the G-propagator in (5.7) to find the SI2PI effective 
potential by means of (5.8). To maximize the numerical accuracy, we have rescaled the EoMs 
by re-expressing all mass-dimensional terms in units of φ̄, so that no large mass hierarchies are 
present during the numerical computation. Also, in the large-field φ regime of interest here, we 
have safely set m ≃ 0. We have used grids of 1001 points in momentum space, with a UV cutoff 
- = 50 φ̄, tolerating a relative threshold error of 10−6 for the convergence of the numerical al-
gorithm. The IR cutoff is chosen to be 10−5 φ̄, and we have checked that all our predictions for 
the RG-SI2PI effective potential remain stable against variations of either the UV or the IR cut-
off. These checks provide firm support of our regularization treatment in numerically solving the 
relevant 2PI EoMs in the sunset approximation, whilst the potential IR-sensitive effects claimed 
in [24] have no noticeable impact on the physical quantities that we have been studying.

In Fig. 6 we present numerical estimates of the RG-SI2PI effective potential and the cor-
responding RG-improved 1PI effective potential through NNLO, as functions of the field φ. 
The predicted values are displayed for several choices of the RG scale µ. The first obvious 
choice is µ = φ̄. In addition, we have considered other relevant mass-scales of the theory, such 
as MH ≃

√
3λφ̄ and MG ≃

√
λφ̄. Following [34], we have taken µ to be equal to either of them, 

i.e. µ =
√

3λ φ̄ and µ =
√

λ φ̄. For all the different cases, we have chosen the value of λ at the 
scale µ∗ = 125 GeV, such that the value of the effective potentials calculated at different RG 
scales coincides at φ ≈ µ∗. The precise values of λ(µ∗) required to achieve to this are given in 
Table 1.

The bands formed by the different lines in Fig. 6 give a kind of a measure for the 
µ-dependence of the theoretical predictions, and as such, they should be viewed as theoretical 
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Fig. 6. The RG-improved effective potential calculated in the two-loop 1PI formalism (blue lines) and the SI2PI one (red 
lines), for different choices of the renormalization scale µ. We have normalized the results to the 1PI µ = φ̄ case, for 
convenience of presentation. The area between the different blue and red lines provides an estimate for the accuracy of the 
results obtained in the two methods. The input values at the scale µ∗ = 125 GeV are given in Table 1. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
The input values for the scalar quartic coupling λ

for different RG-improved methods utilized to calcu-
late the effective potential, plotted in Fig. 6, chosen 
so as to match the different lines at the electroweak 
scale µ = µ∗ = 125 GeV.

Method λ(µ∗)

SI2PI µ =
√

λ φ̄ 0.13
SI2PI µ =

√
3λ φ̄ 0.13000235

SI2PI µ = φ̄ 0.13000469
1PI µ =

√
λ φ̄ 0.13000003

1PI µ =
√

3λ φ̄ 0.13000287
1PI µ = φ̄ 0.13000985

uncertainties inherent to these NNLO calculations. We observe that the bands predicted for the 
RG-SI2PI potential all lie within the respective ones for the 1PI effective potential, which clearly 
shows that the predictions for the former potential suffer less from µ-dependent theoretical un-
certainties. Most impressively, the uncertainty of the SI2PI effective potential is significantly 
smaller than the 1PI one, which may be reduced by up to one order of magnitude when com-
pared with the 1PI results, e.g. for the bands restricted by the lines µ = φ̄ and µ =

√
3λ φ̄. These 

findings should not be too surprising, as the RG-SI2PI effective potential, albeit not exactly RG 
invariant, carries a sort of a memory effect of exact RG invariance that the SI2PI formalism seems 
to be endowed with.

6. Conclusions

We have studied the RG properties of the Symmetry Improved Two-Particle-Irreducible ef-
fective action truncated to two-loop order, within the context of a simple O(2) scalar theory. We 
have been able to prove a number of remarkable field-theoretical results, which to the best of our 
knowledge have not been discussed adequately in the existing literature.
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Unlike the perturbative 1PI effective action, the loop-truncated 2PI effective action of a simple 
φ4-theory requires different renormalizations for all mass and coupling parameters, in order to 
obtain UV finite results for all possible operators consisting of the renormalized field φ and its 
dressed propagator %. Working in this loop-truncated 2PI framework, we have shown that the 
RG equations for all relevant 2PI masses and couplings of a simple O(2) model are exactly UV 
finite in both the HF and sunset approximations, as all 1/ϵn poles of order n = 2 and higher 
vanish identically in dimensional regularization. This is the first important result of our study, 
which is highly non-trivial. In fact, in ordinary 1PI perturbation theory, such cancellations of 
the higher order 1/ϵ poles occur at different loop orders, and they become only complete to all 
orders. As shown in Fig. 3, the different 2PI couplings exhibit different RG runnings, even though 
they are taken to be equal at some given scale µ = µ∗. Note that this variance in the running of 
the quartic couplings is expected to decrease, as the order of loop truncation of the 2PI effective 
action increases. Thus, we expect to obtain a universal RG running for all 2PI quartic couplings 
to all loop orders.

Another important result of our study was to prove that the one-loop truncated SI2PI effective 
potential is exactly RG invariant in the HF and the sunset approximations. This is an extraor-
dinary property and should be contrasted with what happens in the usual 1PI formalism, where 
the effective potential becomes RG invariant, only upon ignoring unknown higher order terms. 
Therefore, whilst one needs to do educated guesses for the RG scale µ so as to RG-improve the 
effective potential and minimize the impact of these unknown terms in the 1PI formalism, there 
is no need to do so in the 2PI framework, as the SI2PI effective potential is exactly µ-independent 
and as such, its value will be equal for both fixed µ = µ∗ and sliding µ = µ(φ), e.g. µ = φ.

However, in the sunset approximation that we have been considering here, not all RG equa-
tions of the 2PI couplings have the required accuracy, as not all of them match to the one-loop 
β-function, βλ, known from the standard 1PI perturbation theory. We have identified the origin 
of the missing terms in the one-loop 2PI β-functions, which stem from higher order loop-graph 
topologies in the 2PI effective action that first appear at the three-loop order of truncation. To 
improve the accuracy of the RG running, we have adopted an approximate method, where the 
three-loop order 1PI β- and γ -functions were utilized for all 2PI quartic couplings and the run-
ning field φ. In this approximate method, the exact RG invariance of the SI2PI effective potential 
is lost, so we have resorted to a RG-improvement approach similar to the one performed for 
the usual 1PI effective potential. The so-derived RG-SI2PI effective potential contains all two-
loop diagrams present in the 1PI effective potential, including the three-loop RG-running of the 
quartic coupling and the radial scalar field φ. In addition, the RG-SI2PI effective potential goes 
beyond the NNLO, as it contains selective resummations of infinite series of graphs as illustrated 
in Figs. 1 and 2, which are inherent in the 2PI formalism.

As shown in Fig. 6, the RG-SI2PI effective potential gives rise to predictions that suffer less 
from µ-dependent theoretical uncertainties. Specifically, we have found that the µ-dependent 
uncertainties of the SI2PI effective potential are considerably smaller than the one obtained in 
the 1PI formalism. In particular, the theoretical uncertainties may be lowered by up to one order 
of magnitude when compared to those obtained in the 1PI framework, as can be seen from the 
bands confined by the lines µ = φ̄ and µ =

√
3λ φ̄ in Fig. 6. This last finding of our study 

underlies the remarkable RG properties of the RG-SI2PI effective potential. On the other hand, 
this should not be considered too surprising, as the RG-SI2PI effective potential seems to have 
inherited a good degree of exact RG invariance from the original SI2PI formalism.

The present study opens up new exciting vistas that deserve further detailed and rigorous ex-
ploration. In particular, it would be interesting to extend the present computation of the SI2PI 
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effective potential by including dressed chiral fermion propagators, and check its invariance un-
der RG running in both the HF and sunset approximations. This would be an important milestone 
in this line of investigations, enabling for the first time higher order precision computations for 
the SM effective potential beyond the NNLO with considerably reduced theoretical uncertainties. 
An equally interesting avenue that one could follow would be to go beyond the sunset approx-
imation, and investigate whether the exactness of RG invariance persists for the SI2PI effective 
potential. The ultimate goal of these studies would be to obtain an exactly RG-invariant SI2PI 
effective potential beyond the NNLO, which in turn will help us to obtain more accurate determi-
nations of several physical processes, such as vacuum-to-vacuum tunnelling transitions, beyond 
their state of the art.
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Appendix A. Renormalization in the sunset approximation

The renormalization in the sunset approximation is described in detail in [5]. Here we present 
useful formulae for the renormalized tadpole and sunset integrals, T fin

a and Ifin
ab , and for the 2PI 

quartic coupling CTs δλA,B
1 and δλA,B

2 in DR, which are relevant to our study. Here we assume 
that all the renormalized proper 2PI couplings, λA,B

1 and λA,B
2 , are, in principle, different from 

each other. In this way, we generalize the results of [5], beyond the HF approximation.
Working in the Euclidean momentum space, we may conveniently express the renormalized 

sunset integral as

Ifin
ab (p) ≡

!

k

.
%a(k − p)%b(k) − %0(k)2

0
, (A.1)

where a, b = H, G, and

%0(k) ≡
$
k2 + µ2%−1 (A.2)

is an auxiliary propagator introduced here with the purpose to remove UV infinities in DR.
In order to calculate the renormalized tadpole integral, we parametrize the renormalized prop-

agators as

%a(k)−1 = k2 + M2
a + .a(k) , (A.3)

where M2
a stands for all momentum-independent contributions that originate from the tree-level 

terms and the tadpole integrals in the renormalized EoMs (2.10) and (2.11), whereas .a(k) is 
the contribution of the sunset integrals, i.e.

.H (k) ≡ −18λ2φ2 h̄Ifin
HH (k) − 2λ2φ2 h̄Ifin

GG(k) , (A.4)

.G(k) ≡ −4λ2φ2 h̄Ifin
HG(k) . (A.5)

The renormalized tadpole integral is then found to be
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T fin
a ≡

!

k

'
%a(k) − %0(k) − %0(k)2

1
µ2 − M2

a + νa λ2φ2h̄If in
00 (k)

2(

− µ2

16π2 + h̄
νa λ2φ2

(16π2)2

η

2
, (A.6)

where νH = 20, νG = 4 and

η = 1 − 4i√
3

4

Li2
1 − i

√
3

2
− π2

36

5

≃ −1.34391 . (A.7)

Requiring now that the unrenormalized EoMs (2.7) and (2.8) be UV finite, we may derive the 
2PI CTs δλA

1 and δλB
1 in the sunset approximation,

δλA
1 = 1.

1 − 2
L

ϵ
λB

2

0.
1 − 2

L

ϵ
(λA

2 + λB
2 )

0

×
*

2
L

ϵ

"
λA

1 λA
2 + λB

1 λA
2 + λA

1 λB
2 + 2λ2

#

− 4L2
"

1
ϵ
(3λA

2 λ2 + λB
2 λ2) + 1

ϵ2 (λA
1 λA

2 λB
2 + λA

1 λB
2

2 − λA
2 λ2 + 3λB

2 λ2)

#

+ 8L3
"

1
ϵ2 (λA

2 λB
2 λ2 + λB

2
2
λ2) + 1

ϵ3 (λA
2 λB

2 λ2 + λB
2

2
λ2)

#+
, (A.8)

δλB
1 = 1

1 − 2L
ϵ λB

2

*
2
L

ϵ
(λB

1 λB
2 + 4λ2) − 8L2

.
1
ϵ

+ 1
ϵ2

0
λB

2 λ2
+

. (A.9)

Instead, the 2PI CTs δm2, δλA
2 and δλB

2 may be obtained by (3.7), (3.8) and (3.9), upon replacing 
λA,B with λA,B

2 .

Appendix B. Exact RG invariance in the sunset approximation

In this appendix we prove that the 2PI EoMs (2.10) and (2.11) are exactly RG invariant in the 
sunset approximation, in close analogy to the proof presented in Sec. 4 in the HF approximation.

To start with, let us first point out that in the sunset approximation, it is important to also 
include the RG runnings O(ϵ) for the field φ and the quartic coupling λ that are induced at the tree 
level in DR. These tree-level effects O(ϵ) give non-trivial finite contributions when multiplied 
with UV poles O(1/ϵ). Thus, under an infinitesimal RG shift: t → t + δt , with t ≡ lnµ, the 2PI 
kinematic parameters transform as follows:

δφ2 = 2ϵφ2δt , δm2 = m2γm2δt ,

δλ = −2ϵλδt , δλY
X = −2ϵλY

X + βY
Xδt , (B.1)

where X = 1, 2 and Y = A, B , and the β- and γ -functions can be read off from (3.17)–(3.22).
Our next step is to calculate the variation of the renormalized sunset and tadpole integrals 

stated in (A.1) and (A.6), respectively, under the same infinitesimal shift: t → t + δt . To do so, 
we first consider the integral Ifin

ab in (A.1). In this integral, the term depending on the auxiliary 
propagator %0(k) can be integrated out analytically in DR. The latter allows us to write the 
unrenormalized sunset integral Iab(p) as follows:
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h̄Iab(p) ≡ h̄µ2ϵ

!

k

%a(k)%b(p − k) = h̄Ifin
ab (p) + L

ϵ
. (B.2)

Hence, the variation of Ifin
ab is given by

δ(Ifin
ab ) = 2ϵ h̄Iabδt + h̄µ2ϵ

!

k

δ
6
%a(k)%b(p − k)

7
= 2Lδt + 2ϵ h̄Ifin

ab + O(δ%)

= 2Lδt + O(ϵ) + O(δ%) , (B.3)

where only the leading terms in a series expansion in powers of ϵ and δ% ≡ δ%H,G are kept.
Proceeding analogously for the tadpole integral (A.6), we get

h̄Ta ≡ h̄µ2ϵ

!

k

%a(k) = h̄T fin
a − M2

a

L

ϵ
+ νaλ

2φ2 L2

2

.
1
ϵ

− 1
ϵ2

0
. (B.4)

Given that δ(λ2φ2) = −2ϵλ2φ2δt , we have

δ(h̄T fin
a ) = 2ϵ h̄Taδt + O(δ%) + L

ϵ
δM2

a + 2ϵ νaλ
2φ2 L2

2

.
1
ϵ

− 1
ϵ2

0
δt

= −2LM2
aδt + L

ϵ
δM2

a + 2ϵ νaλ
2φ2L2

.
1
ϵ

− 1
ϵ2

0
δt + O(ϵ) + O(δ%) .

(B.5)

As can be seen from the last expression, one key ingredient is the variation δM2
a . This can be 

found by observing that (A.3) implies δ(M2
a + .a) = O(δ%), with a = H, G, and by varying 

(A.4) and (A.5). In this way, we have

δM2
a = − δ.a + O(δ%) = νaλ

2φ22Lδt + O(δ%) . (B.6)

Notice that we do not neglect relevant terms O(ϵ), as they can potentially give finite contributions 
when multiplied by 1/ϵ poles. Taking such terms into account, we end up with

δ(h̄T fin
a ) = −2LM2

aδt + 2L2νaλ
2φ2δt + O(ϵ) + O(δ%) . (B.7)

Thus, after RG-varying the EoM (2.10) pertinent to the inverse Higgs propagator %−1
H (k), we 

obtain in the limit ϵ → 0,

δ%−1
H = δt

'
(βA

1 + 2βB
1 )φ2 − m2γm2

+ (βA
2 + 2βB

2 )h̄T fin
H + (λA

2 + 2λB
2 )(−2LM2

H + 2L2νH λ2φ2)

+ βA
2 h̄T fin

G + λA
2 (−2LM2

G + 2L2νGλ2φ2) − νH λ2φ22L
(

+ O(δ%) .

(B.8)

Equipped now with all key equations for the variations of M2
H and M2

G in (B.6), the 
EoMs (2.10) and (2.11), and the β- and γ -functions as deduced from (3.17)–(3.22), and after 
some lengthy algebra, we finally obtain

δ%−1
H = O(δ%) + 0 × δt . (B.9)

We note that an analogous result is obtained for %G as well. Employing the identity of variations: 
δ%a = −%a δ%−1

a %a on the RHS of (B.9) for %H and its corresponding counterpart for %G, 
we get a linear system of two equations:
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AH δ%−1
H + AG δ%−1

G = 0 , (B.10)

BH δ%−1
H + BG δ%−1

G = 0 , (B.11)

where AH,G and BH,G are lengthy expression depending on %H,G(k), and all other kinematic 
parameters of the theory, such as the field φ, the mass parameter m2 and the 2PI quartic couplings. 
It can be shown that the two equations in (B.10) and (B.11) are linearly independent. This implies 
that barring fine-tunings,

δ%−1
H = δ%−1

G = 0 (B.12)

is a non-trivial solution to (B.10) and (B.11), for arbitrary values of k and φ. Hence, the solutions 
to the 2PI EoMs for the H - and G-propagators are exactly RG invariant. Therefore, we conclude 
that the SI2PI effective potential, obtained from %−1

G (k = 0), is exactly RG invariant also in the 
sunset approximation.

Appendix C. Perturbative two-loop formulae

In this appendix, we present analytical expressions for the two-loop 1PI effective potential 
V1PI(φ) and the renormalized two-loop self-energies *2PI,(2)

H,G appearing in the EoMs (2.10)
and (2.11), all in the limit of interest m2 → 0. These are calculated in perturbation theory in 
the so-called MS scheme by means of standard techniques [35,36], and approximated by their 
zero-momentum value. We adopt the compact notation of [35], and introduce the abbreviations: 
lnx ≡ ln(x/µ2) and s = −k2, where k is the Euclidean momentum. Moreover, we define the 
one-loop function

A(x) ≡ x (lnx − 1) , (C.1)

and the two-loop function I (x, y, z) evaluated at zero momentum, whose analytical expression 
may be found in [36].

The 1PI effective potential for the scalar O(2) model, up to two-loop order, is given by

V1PI(φ) = λφ4

4
+ L

λ2φ4

4

"
10

.
ln(λφ2) − 3

2

0
+ 9 ln 3

#

+ L2 λ

4

'
3A(h)2 + 2A(h)A(g) + 3A(g)2 − 12λφ2I (h,h,h)

− 4λφ2I (h, g, g)
(

, (C.2)

with h = 3λφ2 and g = λφ2.
The 2PI two-loop topologies contributing to *2PI,(2)

H,G are shown in Fig. 6 of [10], after neglect-
ing in that work the fermion and charged Goldstone-boson contributions. For the O(2) model at 
hand, we find

*
2PI,(2)
H /L2 = 6λ3φ269 (lnh)2 + 2 (lnh)(lng) + (lng)27

− 6λ2I (h,h,h) − 2λ2I (h, g, g)

− 8λ3φ2627 I (h′, h,h) + 3 I (h′, g, g) + 2 I (g′, g,h)
7

− 8λ4φ4681 I (h′, h′, h) + 6 I (h′, g′, g) + I (g′, g′, h)
7
, (C.3)
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*
2PI,(2)
G /L2 = 8λ3φ26A(h) − A(g)

72
/(h − g)2

− 2λ2I (g,h,h) − 6λ2I (g, g, g)

+ 8λ3φ263 I (g, g, g) − 3 I (h,h,h) + I (g,h,h) − I (g, g,h)
7
/(h − g)

+ 16λ4φ46 − I (g, g, g) − 3 I (h,h,h) + 5 I (g, g,h) − I (g, g,h)
7

/(h − g)2 , (C.4)

where now h = (λA
1 +2λB

1 )φ2, g = λA
1 φ2 and the prime (′) denotes differentiation of the function 

I (x, y, z) with respect to the primed argument, e.g. I (x′, y, z) ≡ ∂I (x, y, z)/∂x, I (x, y′, z) ≡
∂I (x, y, z)/∂y etc.
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