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Abstract
This thesis investigates the choices under risk in the framework of non-expected utility theories.
One of the key contributions of this thesis is providing an approach that allows for a complete
characterisation of Cumulative Prospect Theory (CPT) preferences without prior knowledge
of the reference point. The location of the reference point that separates gains from losses
is derived endogenously, thus, without any additional assumptions on the decision maker’s
risk behaviour. This is di¤erent to the convention used in the literature, according to which,
the reference point is preselected. The problem arising from imposing the location of the
reference point is that the underlying preference conditions might not be alligned with the
predictions made by the model. Consequently, it is di¢ cult to verify such a model or to test
it empirically. The present contribution o¤ers a set of normatively and descriptively appealing
preference conditions, which enable the elicitation of the reference point from the decision
maker’s behaviour. Since these conditions are derived using objective probabilities, they can
also be applied to settings such as health or insurance, where the continuity of the utility
function is not required. As a result, the obtained representation theorem is not only the most
general foundation for CPT currently available, but it also provides further support for the use
of CPT as a modelling tool in decision theory and …nance.
Another contribution that this thesis can be credited with is an application of rank-dependent
utility theory (RDU) to the problem of insurance demand in the monopoly market a¤ected by
adverse selection. The present approach extends the classical model of Stiglitz (1977) by accounting for an additional component of heterogeneity among consumers, the heterogeneity in
risk perception. Speci…cally, consumers employ distinctive probability weighting functions to
assess the likelihood of risky events. This aspect of consumers’behaviour highlights the importance that the probabilistic risk attitudes within the RDU framework, such as optimism and
pessimism, have for the choice of insurance contract. The analysis yields a separating equilibrium, with full insurance for a su¢ ciently pessimistic decision maker. An important implication
of this result is that any low-risk individual who su¢ ciently overestimates his probability of
loss will induce the uninformed insurer to o¤er him full coverage, thereby, a¤ecting the highrisk type adversely. This outcome is consistent with the recent empirical puzzle regarding the
correlation between ex-post risk and insurance coverage, according to which, agents with low
exposure to risk receive a larger amount of compensation. By providing an explanation of this
pattern of individual behaviour, the current work demonstrates that theory and practice of
insurance demand can be reconciled to a greater extent. The paper also provides a behavioural
rationale for policy intervention in the market with RDU agents, where the initial distortions
in contracts due to unobservable risks are aggravated by the non-linear weighting of probability
of a risky event.
Key words: asymmetric information, expected utility, probabilistic risk attitudes, probability weighting function, prospect theory, rank-dependent utility, reference dependence.
JEL classi…cation: D81, D82, G22
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Part I

Thesis Introduction
The research on non-expected utility theory models and their applications in the context of risk
has been provoked by Allais (1953), who by means of a cleverly designed experiment demonstrated de…ciencies of the classical theory, the expected utility theory (EUT) model of von
Neumann and Morgenstern (1944, 1947, 1953). The experiment revealed that the overwhelming majority of the decision makers systematically violate the axiom of independence underlying
EUT. This discovery has initiated a long string of research proposing di¤erent variants of relaxing the criticised independence condition. The purpose of these studies has been to gain
an improvement in the descriptive ability of the standard model. The family of non-expected
utility models emerged as one of the most prominent alternatives to, or, as many argue, generalisations of EUT. Indeed, the models such as cumulative prospect theory (CPT) by Tversky
and Kahneman (1992) and its special case, the rank-dependent utility model (RDU) by Quiggin
(1982, 1993),1 share several important properties with EUT.2 Yet, there are numerous aspects in
which the CPT model departures from the expected utility hypothesis. One of such departures
is the presence of the non-linear probability weighting function, which transforms cumulative
probabilities of outcomes. As claimed by Fehr-Duda and Epper (2012), this feature of CPT
model provides a unifying framework for explaining a large number of world phenomena and its
neglect may prevent researchers from understanding and predicting further phenomena. This
and another feature of CPT, the reference dependence, which implies that the utility (value)
function depends on gains and losses, have proven to successfully accommodate several patterns
of the behaviour unexplained within the EUT framework, including simultaneous gambling and
insuring (Friedman and Savage, 1948), the discrepancy between willingness to pay and willingness to accept (Kahneman et al., 1990; Bateman et al., 1997; Viscusi et al., 1987; Viscusi and
Huber, 2012), equity and overtime premium puzzles (Mehra and Prescott, 1985, and Dunn,
1996, respectively), status quo bias (Samuelson and Zeckhauser, 1988), the endowment e¤ect
(Thaler, 1980; Loewenstein and Adler, 1995) and the famous Allais paradox, itself. The aim of
this thesis is to investigate both features in more depth. First, the present study addresses the
question regarding the conditions on the decision maker’s preferences that allow the derivation
of the reference dependence from behaviour. Second, this work examines the impact that the
non-linear weighting of probabilities has on the choice of insurance contracts in the market
a¤ected by asymmetric information. Providing the answers to these relevant questions enables
to emphasise the contribution of CPT to decision making under risk, in both, theoretical and
applied contexts.
1

It will be clear later that RDU is a special case of CPT, which does not account for reference dependence.
Hence, RDU will be labelled CPT when the aspect of reference dependence is not important.
2
For the discussion of similarities and di¤erences between the models see Machina (1995).
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The property of reference dependence has been considered as a “cornerstone” of prospect
theory (Kahneman and Tversky, 1979, p. 273) due to its importance for the derivation of further de…ning features of this theory. In particular, loss aversion (a stronger sensitivity towards
losses as compared to equally sized gains) and sign-dependence (di¤erent treatment of probabilities associated with gain and loss outcomes) require reference dependence. Nevertheless,
the popularity of reference dependence has not sheltered this feature from criticism. What has
not been clari…ed is why this central feature of cumulative prospect theory has not yet been
supported by the appropriate preference conditions. Despite a high volume of existing literature
on CPT-foundations (Tversky and Kahneman, 1992; Wakker and Tversky, 1993; Chateauneuf
and Wakker, 1999; Zank, 2001; Wakker and Zank, 2002; Köbberling and Wakker, 2003, 2004;
Schmidt and Zank, 2009; Wakker, 2010; and Kothiyal, Spinu and Wakker, 2011), not one of
these approaches has analysed how to derive the reference point - the key ingredient of and the
basis for the reference dependence - endogenously. Instead, the location of the reference point
has been set a priori, providing inadequate information on the decision maker’s behaviour.
This point has been recently challenged by Shalev (2000, 2002), K½oszegi and Rabin (2006) and
K½oszegi (2010), who developed a theory about the formation of reference point in a dynamic
setting. Their approach is di¤erent to the approach adopted in this thesis as it appeals to
the equilibrium notions used in the classical game theory and can lead to multiple reference
points. The purpose of this work is to derive CPT with a unique reference point revealed
through decision maker’s choice behaviour but without appealing to strategic consideration.
This idea is developed by Schmidt and Zank (2012), who obtained a representation theorem
for CPT without prior knowledge of the reference point. Nonetheless, like the previous CPT
foundations, the setting in which they derived the reference dependence required continuity of
the utility function. This assumption is sensible for monetary outcomes. Yet, when outcomes
are discrete, e.g., as in health or insurance, this requirement cannot be satis…ed. Consequently,
it is di¢ cult to say whether the conditions obtained based on the assumption of the continuity
of the utility function are necessary and su¢ cient for the CPT model to hold.
The representation theorem that this study o¤ers, avoids this problem. The present approach imposes no assumptions on the set of outcomes, but instead it employs the objective
probabilities of outcomes to de…ne the behavioural conditions underlying CPT. Speci…cally,
the main preference condition, probability midpoint consistency, is invoked to test for signdependence. If the consistency test fails, the sign-dependence will hold, revealing the presence
of the probability weighting functions for gains and for losses. Thus, there must be an outcome,
the reference point, which separates gains from losses associated with those functions. As a
result, the reference point is derived from the probabilistic risk behaviour of the decision maker
implying that the obtained representation theorem for CPT delivers in one stroke conditions
characterising CPT preferences and a method to elicit the reference point from behaviour.
The probabilistic risk component of the individual behaviour captured by the probability
10

weighting function plays a crucial role in determining the location of the reference point endogenously. This feature of the CPT model is further applied to examine the robustness of
one of the most fundamental results in the classical insurance theory. This result is o¤ered by
Stiglitz (1977), who investigates the demand for insurance among heterogeneous agents in the
monopoly market a¤ected by asymmetry of information. Stiglitz shows that in a market with
two risk classes of consumers, an equilibrium is always reached, but at the cost of the lowrisk individual being adversely a¤ected by the presence of the high-risk type. Speci…cally, the
equilibrium entails full insurance for the latter agent and only partial coverage for the low-risk
consumer. As compared with the symmetric information benchmark, the low-risk type su¤ers
welfare loss, an outcome which provides a justi…ed rationale for policy intervention.
Like the vast majority of the literature on insurance economics, the work by Stiglitz is
based within the EUT framework, where probabilities of risky events are evaluated in a linear
fashion. Yet, there is a large number of empirical and experimental data on insurance demand
that questions the assumption of linearity in probabilities. One of the recent developments
demonstrates that agents with lower exposure to risk receive more insurance (e.g., Finkelstein
and Poterba, 2004; Finkelstein and McGarry, 2006). This observation is at odds with insurance
theory, which has promoted the positive link between the ex-post risk and the amount of
insurance coverage as one of the most robust outcomes of insurance analysis. In fact, posing
high-risk types to have the incentive to purchase a larger quantity of insurance served for years as
an indicator or even a prerequisite of the presence of adverse selection in the insurance market
(Chiappori, et al., 2000). Nevertheless, an empirical examination delivered by Finkelstein
and Poterba (2004) has shown that heterogeneity in risk might instead lead to the so called
advantageous selection - the case when the individuals with low exposure to risk acquire a
larger quantity of an insurance asset.
In the following, a theoretical model of insurance demand is developed, which provides an
account of the aforementioned behaviour. In particular, the present analysis veri…es what nonexpected utility theory, the RDU model in particular, can contribute to insurance economics
by examining the impact that non-linear probability treatment has on the insurance choices of
agents in the monopoly market. Explicitly, the agents in the current framework perceive their
loss probabilities di¤erently. While for some agents the treatment of probabilities is consistent
with the linearity imposed by the EUT preferences, for others distorting probabilities is the
way to rationalise the disparity between their beliefs and objective likelihood. As a result,
distinctive probabilistic risk attitudes drive the di¤erence in consumers’ choices of insurance
contract.
In this study of insurance demand, reference dependence is omitted. One reason for omitting
this feature has been advocated by Barberis (2012), who …nds that in the studies of risk
involving insurance, probability weighting has proven to be the central property underlying
decision maker’s choice behaviour. Indeed, introducing reference dependence to the model of
11

insurance demand adds to the complexity of the analysis without, necessarily, providing more
substantial insights into the implications of the insurance demand problem. The reason behind
this claim is the choice of the reference point for the analysis of insurance demand, which is not
obvious and di¢ cult to justify, but can considerably a¤ect the resulting predictions. Another
reason that prevents the use of the reference point in the present model of insurance demand is
the increased mathematical complexity of the underlying analysis. The analysis with reference
dependence entails a lower level of tractability by enforcing the separation of gains from losses.
Such an analysis would be desirable if one wanted to determine the impact of altering the
location of the reference point on the implications of the model of insurance demand. Since
the current analysis focuses exclusively on the e¤ects of heterogeneity in agents’risk perception
on the market equilibrium, adding reference dependence is undesirable. Thus, to provide a
model of insurance demand that is mathematically tractable, the following analysis employs
RDU preferences, which are also easier to work with empirically (Machina, 1994). In that way,
the present study allows to examine how agents’ probabilistic risk attitudes captured by the
curvature of the probability weighting function, and not the choice of the reference point, a¤ect
the equilibrium contracts received by both types of consumers.
This study of insurance demand can be credited with at least three contributions. First,
it extends the analysis of Stiglitz (1977) by incorporating the heterogeneous risk perceptions
among consumers. The obtained equilibrium is separating with full insurance for the agents
who su¢ ciently overestimate their odds of loss, and partial coverage for the EU consumers.
This result provides further support for the adverse e¤ect of asymmetric information in the insurance market. Second, this study reconciles the theory and practice of insurance by providing
an explanation of the negative risk-coverage relationship. It shows that the behaviour of the
low-risk agent who estimates his risk beyond that of the high-risk type and who, accordingly,
receives full insurance, complies with the RDU preferences. This …nding is important as it
implies that heterogeneity in the way agents view their risks is one of the crucial determinants
of consumers’choices. Thus, not only the underlying risk, but also the weighting of this risk
should be accounted for when investigating insurance decisions. Finally, this study shows how
to model the heterogeneity in risk preferences by means of di¤erent probability weighting functions. Despite strong empirical and experimental support for this modelling method (Bruhin,
et al., 2010; Conte, Hey and Mo¤at, 2011), the paper does not claim that employing di¤erent
probability weighting functions is the only manner to account for subjectivity in perception
of risk. However, this work hopes to convince the reader that employing the non-EUT preferences in the assessment of risky choices sheds a light on the previously ignored aspects of
the individual behaviour, thus, providing an improvement in the predictive power of economic
theory.
This thesis is composed of two parts. Part II is concerned with the CPT axiomatisation that
enables the derivation of the property of reference dependence from behaviour. Part III provides
12

an application of RDU, a special case of GPT, to the problem of asymmetric information in
the monopoly insurance market. Part II is organised as follows. It begins by laying out the
motivation for a new representation theorem for CPT and it highlights the key di¤erences
between the new approach and the existing CPT axiomatisations. Section 2 introduces the
notation used in this part. This section is followed by the presentation of the set of preference
conditions that are necessary for CPT. The key preference condition is introduced in Section 3,
where it is shown that the combination of the o¤ered conditions is not only necessary but also
su¢ cient for CPT and it allows to pin down the reference point endogenously. The remaining
part of the …rst part discusses the relevant extensions and summarises the key results. In
addition, Section 5 is introduced to critically review the obtained representation theorem in
the context of loss aversion. The aim of this section is to expose the di¢ culties arising from
deriving the preference conditions for CPT based on the property of loss aversion. Section 6
concludes.
Part III analyses the impact of the non-expected utility preferences on the insurance choices
in the market with heteogeneous consumers. The …rst section of this part reviews the theoretical literature on asymmetric information in the monopoly insurance market and examines
its relation to the practice observed in that market. Particularly, this section aims to motivate
the application of the RDU model to the analysis of insurance demand. Section 3 presents the
key features of the RDU model focusing on the inverse-S probability weighting function. The
next three sections analyse insurance demand in di¤erent contexts, including symmetric information case, asymmetric information case with heterogeneity in risk perception only, and the
asymmetric information case with heterogeneity in both, risk and risk perception. In addition,
Section 6 provides the implications of the two-dimensional heterogeneity for the existence of
pooling equilibria, the need for policy intervention and the risk-coverage relationship. The …nal
section of Part III gives a brief summary of the main …ndings.
Finally, a general conclusion following both parts is drawn upon the entire thesis, tying up
the key …ndings in order to emphasise the contribution that the non-expected utility theory
models have to o¤er to the study of individual decision making under risk. All the proofs can be
found in the Appendices, where Appendix 1 and Appendix 2 provide the proofs of the results
obtained in Part II and Part III, respectively.

13

Part II

Foundations for Prospect Theory
through Probability Midpoint
Consistency

1

Introduction

Kahneman and Tversky (1979) provided us with a powerful descriptive theory for decision under risk that integrates behavioural …ndings from psychology into economics. The three major
advancements of original prospect theory concern reference dependence (outcomes are gains or
losses relative to a reference point), loss aversion (a loss leads to greater disutility than the
utility of a comparative gain) and sign dependence (decision weights for gains di¤er from those
for losses). Later, in Tversky and Kahneman (1992), prospect theory3 (PT) was extended to
uncertainty and ambiguity by incorporating the requirements of rank-dependence introduced
by Quiggin (1981, 1982) for risk and by Schmeidler (1989) for ambiguity, and it received a sound
preference foundation by using the tools underlying continuous utility measurement developed
in Wakker (1989); see also Wakker and Tversky (1993). Due to its ability to incorporate and
account for sign-dependent probabilistic risk attitudes, ambiguity attitudes, reference dependence, loss aversion and diminishing sensitivity in outcomes and probabilities, PT has become
one of the most well-known descriptive theories for risk and uncertainty (Starmer, 2000; Kahneman and Tversky, 2000; Wakker, 2010).
The aim of this work is to provide a behavioural preference foundation for PT for decision
under risk without assuming prior knowledge of a reference point. To position the contribution
of this work it is important to brie‡y recall the existing PT-foundations for risk. Remarkably,
it took many years since the 1979’ model to develop the …rst foundations of PT for decision
under risk; this was done by Chateauneuf and Wakker (1999). Later, Kothiyal, Spinu and
Wakker (2011) provided foundations of PT for continuous probability distributions. More
recently, Schmidt and Zank (2012) derived PT with endogenous reference points by exploiting
sign dependence and diminishing sensitivity of the utility. All these theoretical developments
3

Some authors prefer to distinguish the original prospect theory of Kahneman and Tversky (1979) from
the modern version, cumulative prospect theory, of Tversky and Kahneman (1992). Indeed, as Wakker (2010,
Apendix 9.8) clari…es, in general these models make di¤erent predictions. Here the attention is restricted to the
modern version, and hence, the shorter name prospect theory is used.
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assumed that the set of outcomes is endowed with a su¢ ciently rich structure that allows for
the derivation of continuous cardinal utility.
This study takes a di¤erent approach to obtain foundations for PT. It does not assume
richness of the set of outcomes but, instead, it follows the traditional approach pioneered by
von Neumann and Morgenstern (1944) of using the natural structure given by the probability
interval. This approach has been used to derive preference foundations for rank-dependent
utility (RDU) by Chateauneuf (1999), Abdellaoui (2002) and Zank (2010); speci…c parametric
probability weighting functions were provided by Diecidue, Schmidt and Zank (2009), Abdellaoui, l’Haridon and Zank (2010) and Webb and Zank (2011). Neither of these results have
looked at PT-preferences,4 although, intuitively, most of those preference foundations for RDU
can be extended to PT if the reference point is given. In the absence of this information such
extensions become a challenge. This may explain why until now PT has not been derived using
the “probabilistic approach”. This study …lls this gap and shows that PT can be obtained from
preference conditions where objective probabilities are given and the set of outcomes can be
very general. The reference point in this approach is revealed through probabilistic risk behavior and its existence is not assumed a priori. This shows that, also in this respect, the present
model extends all existing PT-foundations for risk. There is a related literature discussing
reference point formation in dynamic settings (Shalev, 2000; 2002; K½oszegi and Rabin, 2006;
K½oszegi 2010). This work is complementary as it provides existence results for reference points
in the traditional static framework.
The importance of having sound preference foundations for decision models, in particular
for PT, has recently been reiterated by Kothiyal, Spinu and Wakker (2011, pp. 196–197). If
a continuous utility is not available, as a result of outcomes being discrete (e.g., as in health
or insurance), the relationship between the empirical primitive (i.e., the preference relation)
and the assumption of PT becomes unclear, which is undesirable. In that case one can no
longer be sure that the predictions and estimates are in line with the behaviour underlying the
preferences. The conditions presented here are necessary and su¢ cient for PT and, therefore,
they help to clarify which assumptions one makes by invoking the model. In particular, the new
foundations highlight the di¤erence between expected utility, RDU and PT in a transparent
way.
The key preference condition is based on the idea of probability midpoint elicitations. If
the reference point is known, this condition simply requires that elicited probability midpoints
are independent of the outcomes (i.e., the stimuli) used to derive those midpoints, whenever
all outcomes are of the same sign (i.e., either all outcomes are gains or all are losses). Indeed,
under PT the probability weighting function for probabilities of gains may be di¤erent to the
probability weighting function for probabilities of losses. This feature, called sign-dependence,
has widely been documented (Edwards, 1953, 1954; Hogarth and Einhorn, 1990; Tversky and
4

An exception is Prelec (1998), however, the key preference condition is his work requires a continuous utility.
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Kahneman, 1992; Abdellaoui, 2000; Bleichrodt, Pinto, and Wakker, 2001; Etchard-Vincent,
2004; Payne, 2005; Abdellaoui, Vossmann and Weber, 2005; Abdellaoui, l’Haridon and Zank,
2010).5 The original elicitation technique for nonparametric probability weighting functions
was presented by Abdellaoui (2000) and Bleichrodt and Pinto (2000). They invoke utility measurements prior to the elicitation of probability weighting functions. A simpli…ed version of this
method appeared recently in van de Kuilen and Wakker (2011) and requires a single utility midpoint elicitation. In contrast, the method of Wu, Zhang and Abdellaoui (2005) can be applied
in the probability triangle and does not necessitate utility midpoint elicitation. This study
assumes that probabilities are given and extends these methods to derive PT axiomatically.
In this way preference conditions are obtained that are empirically meaningful and provide
behavioural foundations of PT for decision under risk.
The elicitation tool for probability midpoints is based on joint shifts in probabilities away
from intermediate outcomes. Additionally, and central to the present preference foundation for
PT, is the incorporation of a behavioural test for sign-dependence. This study invokes consistency of probability shifts to worse outcomes and consistency of probability shifts to better
outcomes for given pairs of prospects. If no sign-dependence is revealed, the two midpoint
consistency requirements become compatible and, thus, they imply RDU. In that case it is
di¢ cult to obtain a distinction of outcomes into gains and losses by looking at probabilistic
risk attitudes. However, if sign-dependence is present, an incompatibility of the two consistency properties is revealed. As a result outcomes can be divided into two disjoint sets with
consistency of probability midpoints holding on each set. That is, there must be a special
outcome, i.e., the reference point, that demarcates the set of gains from the set of losses. In the
presence of standard preference conditions, the two principles of consistency are su¢ cient to
obtain either RDU (i.e., absence of reference points), a special case of PT, or genuine PT with
sign-dependent probability weighting. In addition, some extreme forms of optimistic and pessimistic behaviour are permitted. Although these are compatible with PT, the corresponding
preference functionals are more general. Speci…cally, if consistency reveals that there is only
one gain, it may not be possible to separate the weighting function for gain probabilities from
the utility of that gain due to asymptotic behaviour for probabilities close to one. Similarly,
consistency may reveal that there is only one loss and the weighting function for loss probabilities is unbounded at 1. As the objective of the current study is to avoid any structural
assumptions on the set of outcomes these extreme cases cannot be excluded. The derived class
of preference functionals can be combined as general prospect theory.
Next we present our notation and recall the standard preference condition with implications
thereof. In Section 3 we present the main preference condition and the theorem. Extensions
are discussed in Section 4. Conclusion in Section 6 is followed by Appendix 1 with proofs.
5

Sign-dependence is one of the consequences of reference dependence.
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2

Preliminaries

This section recalls the standard ingredients for decision under risk and the traditional preference conditions that are shared by expected utility and prospect theory.

2.1

Notation

Let X denote the set of outcomes. Initially, several simplifying assumptions are made. In
Section 4, these are relaxed to demonstrate the full generality of our approach. First, assume a
…nite set of outcomes, such that X = fx1 ; : : : ; xn g, with n 4. A prospect is a …nite probability
distribution over X. Prospects can be represented by P = (p1 ; x1 ; : : : ; pn ; xn ) meaning that
outcome xj 2 X is obtained with probability pj , for j = 1; : : : ; n. Naturally, pj
0 for each
Pn
j = 1; : : : ; n and i=1 pi = 1. Let L denote the set of all prospects.
A preference relation < is assumed over L, and its restriction to subsets of L (e.g., all
degenerate prospects where one of the outcomes is received for sure) is also denoted by <. The
symbols (strict preference) and (indi¤erence) are de…ned as usual. No two outcomes in X
are indi¤erent; they are ordered from best to worst, i.e., x1
xn . As in this section the
outcomes are …xed they are dropped from the notation without loss of generality.
Recall, that under expected utility (EU) prospects are evaluated by
EU (p1 ; : : : ; pn ) =

n
X

(1)

pj u(xj );

j=1

with a utility function, u, which assigns to each outcome a real number and is strictly monotone
(that is, u agrees with the preference ordering over outcomes: u(xi )
u(xj ) , xi < xj ,
i; j 2 f1; : : : ; ng). Under EU the utility is cardinal, i.e., it is unique up to multiplication by a
positive constant and translation by a location parameter.
A more general model is rank-dependent utility (RDU) where prospect P = (p1 ; : : : ; pn ) is
evaluated by6
RDU (p1 ; : : : ; pn ) =

n
X

[w(p1 +

+ pj )

w(p1 +

+ pj 1 )]u(xj ):

(2)

j=1

Utility is similar to EU, however, RDU involves a weighting function for probabilities, w; that
is uniquely determined. Formally, the weighting function, w, is a mapping from the probability
interval [0; 1] into [0; 1] that is strictly increasing with w(0) = 0 and w(1) = 1. In this study the
axiomatically derived weighting functions are continuous on [0; 1]. There is, however, empirical
and theoretical interest in discontinuous weighting functions at 0 and at 1 (Kahneman and
Tversky, 1979; Birnbaum and Stegner, 1981; Bell, 1985; Cohen, 1992; Wakker, 1994, 2001;
6

As usual, the convention used is that the sum

Pm

j=i

fj = 0 when m < i.
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Chateauneuf, Eichberger and Grant, 2007; Webb and Zank, 2011; Andreoni and Sprenger,
2009, 2012). Relaxing the continuity assumption at the extreme probabilities is discussed in
Section 4. It is well known that RDU reduces to EU if w(p) = p.
The main model of interest in this work extends RDU by incorporating reference dependence: the model assumes an outcome xk 2 X, 1 k n, exists, such that outcomes preferred
to it are gains and outcomes worse than it are losses. This may have the implication that, in
contrast to RDU, the weighting function will depend on whether the weighted (decumulative)
probabilities are those of gains or of losses. For this reason the term sign-dependence is used to
highlight that the nonlinear treatment of decumulative probabilities depends on the sign of the
outcome attached to each probability. Under prospect theory (PT) prospect P = (p1 ; : : : ; pn ) is
evaluated by
P T (p1 ; : : : ; pn ) =

Pk 1 +
+ pj ) w+ (p1 +
+ pj 1 )]u(xj )
j=1 [w (p1 +
Pn
+ j=k [w (pj +
+ pn ) w (pj+1 +
+ pn )]u(xj );

(3)

where u(xk ) = 0; w+ and w are continuous and strictly increasing probability weighting functions for decumulative probabilities of gains and losses, respectively. Under PT the utility is
a ratio scale (i.e., it is unique up to multiplication by a positive constant) and the weighting functions are uniquely determined. If the dual probability weighting function for losses,
w^ (p) := 1 w (1 p); for all p 2 [0; 1], is identical to w+ , then PT reduces to RDU. In that
case sign-dependence does not hold.
As mentioned in the introduction, several preference foundations for PT have been proposed
using the approach based on continuous utility. Foundations with general continuous utility
include Tversky and Kahneman (1992), Wakker and Tversky (1993), Chateauneuf and Wakker
(1999), Köbberling and Wakker (2003, 2004), Wakker (2010), Kothiyal, Spinu and Wakker
(2011), and Schmidt and Zank (2012). Derivations of CPT with speci…c forms of the utility
function (linear/exponential, power, and variants of multiattribute utility) have been provided
in Zank (2001), Wakker and Zank (2002), Schmidt and Zank (2009). Bleichrodt, Schmidt
and Zank (2009) assume attribute speci…c reference points for derivations of functionals that
combine PT and multiattribute utility. The next subsection presents the standard preference
conditions that all functionals presented in this section have to satisfy.

2.2

Traditional Preference Conditions

This subsection presents the classical preference conditions that are necessary for EU, RDU
and PT. The interest is in conditions for a preference relation, <; on the set of prospects L
that represent < by a function, V , that assigns a real value to each prospect, such that for all
P; Q 2 L;
P < Q , V (P ) V (Q):
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A requirement for the representation is that < is a weak order, i.e., the following axiom holds:
Weak Order: The preference relation < is complete (P < Q or P 4 Q for all P; Q 2 L)
and transitive.
Further requirements are those of …rst order stochastic dominance and of continuity in
probabilities.
Dominance: The preference relation satis…es …rst order stochastic dominance (or monotonicP
Pi
ity in decumulative probabilities) if P
Q whenever ij=1 pj
j=1 qj for all i =
1; : : : ; n and P 6= Q.
Continuity: The preference relation < satis…es Jensen-continuity on the set of prospects L
if for all prospects P
Q and R there exist ; 2 (0; 1) such that P + (1
)R Q
7
and P
R + (1
)Q.
A monotonic weak order that satis…es Jensen-continuity on L also satis…es the stronger
Euclidean-continuity on L (see, e.g., Abdellaoui 2002, Lemma 18). Further, the three conditions
taken together imply the existence of a continuous function V : L ! R; strictly increasing in
each decumulative probability, that represents <.8 The latter follows from results of Debreu
(1954).

2.3

Additive Separability Over Decumulative Probabilities

This subsection presents a separability or independence property that is shared by EU, RDU
and PT. It is formulated as a preference condition involving common elementary shifts in the
probabilities of outcomes. Given the prospect P 2 L, the prospect resulting from an elementary
shift of probability " from outcome xi to the adjacent outcome xi+1 in P is denoted by
"i;i+1 P := (p1 ; : : : ; pi

"; pi+1 + "; pi+2 ; : : : ; pn ):

Whenever this notation is used, it is implicitly assumed that pi " > 0 and i 2 f1; : : : ; n 1g.
Similarly, write "i+1;i P for the prospect that results from an elementary probability shift of "
from outcome xi+1 to outcome xi in P (whereby pi+1 " > 0, i 2 f1; : : : ; n 1g is implicit in
this notation). In general, one writes "i;j P for a (not necessarily elementary) shift of probability
from outcome xi to xj of prospect P .
Expected utility satis…es the following property of invariance of the preferences under common elementary probability shifts.
7
8

The -probability mixture of P with R is the prospect P + (1
This function may be unbounded at xn or x1 .
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)R = ( p1 + (1

)r1 ; : : : ; pn + (1

)rn ).

Independence: The preference relation < satis…es independence of (common elementary)
probability shifts (IPS)
P < Q , "i;i+1 P < "i;i+1 Q;
whenever P; Q; "i;i+1 P; "i;i+1 Q 2 L.
One can demonstrate that IPS is necessary for EU. Substitution of Eq. (1) in the preceding
equivalence gives
n
n
X
X
P <Q,
pj u(xj )
qj u(xj ):
j=1

j=1

Adding "[u(xi+1 ) u(xi )] to both sides of the latter inequality, one obtains the equivalence
"i;i+1 P < "i;i+1 Q, whenever P; Q; "i;i+1 P; "i;i+1 Q 2 L. Su¢ ciency of IPS, in the presence of
weak order, …rst order stochastic dominance and J-continuity, has been shown in Webb and
Zank (2011, Theorem 5).
RDU and PT generally violate IPS. However, they satisfy a restricted version of the principle:
Comonotonic Independence: The preference relation < satis…es comonotonic independence of (common elementary) probability shifts (CIS) if
P < Q , "i;i+1 P < "i;i+1 Q;
whenever P; Q; "i;i+1 P; "i;i+1 Q 2 L such that

Pi

j=1

pj =

Pi

j=1 qj .

CIS says that common elementary probability shifts maintain the preference between two
prospects if the two prospects o¤er identical “good news” probabilities of obtaining outcome
xi or better. That is, the decumulative probabilities of obtaining xi or a better outcome is the
same in both prospects. Obviously, this is equivalent to saying that the cumulative probability
of obtaining xi+1 or a worse outcome is the same in both prospects, so they have identical
“bad news” probabilities. Therefore, CIS requires that elementary shifts in probabilities between common decumulative probabilities of outcomes are permitted. If one writes prospects
as (de)cumulative distributions over X, it can be immediately observed that CIS translates into
an independence requirement on a rank-ordered or comonotonic set of probability distributions,
hence, the name for CIS. Substitution of RDU from Eq. (2) into the preceding equivalence gives
P
Pn

Q
,

j=1 [w(p1

Pn

+

j=1 [w(q1

+

+ pj )

w(p1 +

+ qj )

w(q1 +
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+ pj 1 )]u(xj )
+ qj 1 )]u(xj )

This inequality remains una¤ected if to both sides [w( + pi+1 + ")) w( + pi+1 )]u(xi+1 )
P
P
is added and [w( ) w(
")]u(xi ) is subtracted, where := ij=1 pj = ij=1 qj is set. Thus,
the equivalence to "i;i+1 P < "i;i+1 Q is obtained, whenever P; Q; "i;i+1 P; "i;i+1 Q 2 L such that
Pi
Pi
j=1 pj =
j=1 qj .
The preceding calculations show that CIS is necessary for RDU. Similarly, it can be shown
that CIS is necessary for PT. Both models require additional properties in order to distinguish
them. However, CIS and the preference conditions in the previous subsection, imply that an additive separability property across outcomes holds for the representing function V . The result is
formulated next and its proof follows from results of Wakker (1993) for additive representations
on comonotonic sets.
Lemma 1 The following two statements are equivalent for a preference relation < on L:
(i) The preference relation < on L is represented by an additive function
V (P ) =

n 1
X
j=1

j
X
Vj ( pi );

(4)

i=1

with continuous strictly increasing functions V1 ; : : : ; Vn 1 : [0; 1] ! R which are bounded
with the exception of V1 and Vn 1 which could be unbounded at extreme decumulative
probabilities (i.e., V1 may be unbounded at 1 and Vn 1 may be unbounded at 0).
(ii) The preference relation < is a Jensen-continuous weak order that satis…es …rst order
stochastic dominance and comonotonic independence of common elementary probability
shifts.
The functions V1 ; : : : ; Vn 1 are jointly cardinal, that is, they are unique up to multiplication
by a common positive constant and addition of a real number.
Next section presents the condition that, if added to Lemma 1, delivers general PT.
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Figure 1: Elicited probability midpoint .

3

Consistent Probability Midpoints

This section presents consistency requirements for elicited probability midpoints. To motivate the term “probability midpoint”, suppose we have two prospects P; Q over outcomes
fx1 ; x2 ; x3 ; x4 g. Let P = ( ; 0; 1 p
; p) and Q = ( ; 0; 1 q
; q) with < such that
P Q. A probability shift of
from x3 to x1 in prospect P requires a shift of probability
from x3 to x1 in prospect Q in order to obtain indi¤erence between the resulting prospects.
Thus, we obtain (
)3;1 P
(
)3;1 Q. The conditions presented in the previous section
ensure that such prospects P; Q and probability exist if and (and, therefore, p and q) are
su¢ ciently close. Figure 1 above illustrates these indi¤erences in the probability triangle with
outcomes x1 ; x3 and x4 .
Substituting the additive representation in Eq. (4) into the preceding two indi¤erences
yields
P Q , V1 ( ) + V2 ( ) + V3 (1 p) = V1 ( ) + V2 ( ) + V3 (1 q)
and
(

)3;1 P

(

)3;1 Q , V1 ( ) + V2 ( ) + V3 (1

p) = V1 ( ) + V2 ( ) + V3 (1

Taking the di¤erence between the resulting equations implies
[V1 ( ) + V2 ( )]

[V1 ( ) + V2 ( )] = [V1 ( ) + V2 ( )]
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[V1 ( ) + V2 ( )]:

q):

Figure 2: Equally spaced good news probabilities.
Thus, is a probability midpoint between and for the sum of functions V1 + V2 of Eq. (4).
Suppose that we know more about preferences, speci…cally, assume that the preference is a
PT-preference and that x3 is a gain (Case 1). Then substitution of Eq. (2) into the indi¤erences
P
Q and (
)3;1 P
(
)3;1 Q, subtraction of the second equation from the …rst, and
cancellation of common terms give
w+ ( )

w+ ( ) = w+ ( )

w+ ( ):

(5)

That is, is a probability midpoint between and for the probability weighting function for
gains, w+ (see Figure 2).
In practice one elicits midpoints by …xing the probabilities ; p; q and asking for the probability that makes a person indi¤erent between prospects P and Q. Figure 3 presents such
an elicitation question.
Figure 3 indicates that replacing p in the left prospect with q (thus, shifting probability
q p from x3 to x4 ) requires some appropriate probability being shifted from x3 to x1 in the
prospect on the right in order to obtain indi¤erence. The required probability shift from x3 to
x1 is then found to be
. Subsequently, is replaced by in the left prospect and one
asks for the probability mass that needs to be shifted from x3 to x1 in order to maintain the
indi¤erence. This way one obtains
. Continuing with this elicitation process, behaviour
reveals a standard sequence of equally spaced probabilities based on the the initial probability
shift q p from x3 to x4 as unit of measurement.
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Figure 3: Eliciting standard sequences of probabilities.
Sequences of elicited probability midpoints are not meaningful unless they are independent of
the outcomes used to elicit the sequence and the measurement unit q p. Therefore, consistency
in measuring such standard sequences is required. For example, instead of shifting
and
from x3 to x1 , shifting the same probabilities from x3 to x2 should also leave the indi¤erence
una¤ected. That is, (
)3;2 P
(
)3;2 Q should be obtained. Indeed, Eq. (5) follows
from substitution of PT in P Q and in (
)3;2 P (
)3;2 Q, subtraction of the second
equation from the …rst, and cancellation of common terms.
Next we continue our analysis but assume that x2 is a gain while x3 is the reference point
(Case 2) or a loss (Case 3). In Case 2 with the indi¤erences P Q and (
)3;1 P (
)3;1 Q,
substitution of PT into these indi¤erences, subtraction of the second equation from the …rst
and cancellation of common terms, give
[w+ ( )

2w+ ( ) + w+ ( )]u(x1 ) = 0:

The latter holds only if
is a probability midpoint between
and
for w+ . The same
conclusion is obtained if PT is substituted into P
Q and (
)3;2 P
(
)3;2 Q. Thus,
consistency in probability shifts is obtained.
Let us now turn to Case 3 (x2 is a gain and x3 is a loss). Then, substituting PT into the
indi¤erences P Q and (
)3;1 P (
)3;1 Q implies
[w+ ( )

2w+ ( ) + w+ ( )]u(x1 ) = [w (1

)

2w (1

and substituting PT in the second pair of indi¤erences P
implies
[w+ ( )

2w+ ( ) + w+ ( )]u(x2 ) = [w (1
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)

) + w (1

Q and (

2w (1

)3;2 P

) + w (1

)]u(x3 )
(

)]u(x3 ):

)3;2 Q

(6)

Combining the two equations yields
[w+ ( )

2w+ ( ) + w+ ( )]u(x1 ) = [w+ ( )

2w+ ( ) + w+ ( )]u(x2 );

which holds only if [w+ ( ) 2w+ ( ) + w+ ( )] = 0 (as u(x1 ) > u(x2 ) is assumed). Equivalently,
this means that is a probability midpoint between and for w+ . But then, substitution
into Eq. (6) says that 1
is a probability midpoint between 1
and 1
for the probability
weighting function w . Reformulated in terms of the dual of w it means that is a probability
midpoint between and for w^ . If this holds for all elicited midpoints, then preferences are
not sign-dependent and are represented by RDU.
For Cases 1 and 2 it can be concluded that genuine PT (that is, PT with sign-dependence)
and the requirement of consistency in probability shifts leads to being a probability midpoint
between and for w+ independent of outcomes, as long as x3 is a gain or the reference point.
When x3 is a loss, sign-dependence and consistency cannot hold jointly. The …rst property
states the consistency requirement for general prospects but without a priori knowledge of
whether sign-dependence holds.
Good News Midpoint Consistency: The preference relation < satis…es consistency
in probability midpoints above xi or good news midpoint consistency (GMC) at xi ; i 2
f2; : : : ; ng if
P = ( ; 0; : : : ; 0; pi ; : : : ; pn )

Q = ( ; 0; : : : ; 0; qi ; : : : ; qn )

and (

)i;1 P

(

)i;1 Q

imply (

)i;j P

(

)i;j Q;

for all j 2 f1; : : : ; i 1g whenever
and (
)i;1 Q are well-de…ned.9

<

<

are probabilities such that P; Q; (

)i;1 P;

It can be veri…ed that RDU satis…es GMC at xi for all i = 2; : : : ; n. This has been shown
in Zank (2010). Further, RDU also satis…es a property, dual to GMC, de…ned next.
Bad News Midpoint Consistency: The preference relation < satis…es consistency in
probability midpoints at xi or bad news midpoint consistency (BMC) at xi ; i 2 f1; : : : ; n
1g if
P = (p1 ; : : : ; pi ; 0; : : : ; 0; )

9

Q = (q1 ; : : : ; qi ; 0; : : : ; 0; )

and (

)i;n P

(

)i;n Q

imply (

)i;j P

(

)i;j Q;

In this de…nition the case i = 2 is included, which holds trivially, for completeness.
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for all j 2 fi + 1; : : : ; ng whenever <
and (
)i;n Q are well-de…ned.10

<

are probabilities such that P; Q; (

)i;n P;

In contrast to RDU, genuine PT does satisfy GMC at xi only for i 2 f2; : : : ; kg and it satis…es
BMC at xi only for i 2 fk; : : : ; n 1g. Unless PT-preferences agree with RDU, there are no
further outcomes, except the reference point xk , where both GMC and BMC hold. Usually,
in applications of PT the reference point is unknown. However, the preceding consistency
properties for probability midpoints can serve as a test for detecting at which outcome one of
the properties fails. Thus, GMC and BMC provide a critical test for PT-preferences through
sign-dependence for elicited probability midpoints. This test is built into the next preference
condition.
Sign-Dependent Midpoint Consistency: The preference relation < satis…es sign - dependent probability midpoint consistency (SMC) if for each outcome xi , i 2 f2; : : : ; n 1g
the preference satis…es good news midpoint consistency at xi or bad news midpoint consistency at xi (or both).
Let us look at the implications of SMC. First, consider that M 2 f3; : : : ; n 1g is such that
GMC holds at xM . Let M be maximal with this property. That is, there is no j > M such
that GMC holds at xj . If M n 1 then BMC holds at xi for all i = M; : : : ; n 1. Let m be
minimal with the property that BMC holds at xm . Two cases can occur:
(i) M = m, in which case sign-dependence holds. Then k := M can be set, and xk is a
(unique) reference point;
(ii) m < M , in which case sign-dependence does not hold, thus, there is no reference point.
Suppose now that M = 2 and there is no j > M such that GMC holds at xM . Then BMC
holds at xi for all i = M; : : : ; n 1. Then Case (i) above can be obtained with M = m = 2
and sign-dependence. Therefore, either sign-dependence holds and there is a unique reference
point, or sign-dependence does not hold, hence, there is no reference point. As the main result
below shows, Case (ii) gives RDU, the special case of PT without reference dependence, and if
3 M = m n 2 then Case (i) gives genuine PT.
The cases M = m = 2 and M = m = n 1, however, warrant special attention. The reason
for this is the possible unboundedness of the functions V1 at 1 and of Vn 1 at 0 as stated in
Lemma 1. For example, representing functionals of the following form are compatible with all
preference conditions presented above:
W (P ) = V1 (p1 ) +

n
X
[w (pj +

+ pn )

w (pj+1 +

+ pn )]u(xj );

(7)

j=2

10

Similar to GMC, in this de…nition we have included the case i = n 1, which holds trivially, for completeness.
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where u and w are as in PT and V1 converging to 1 at 1 is as in Lemma 1 above, or
W (P ) =

n 2
X

[w+ (p1 +

+ pj )

w+ (p1 +

+ pj 1 )]u(xj ) + Vn 1 (1

pn 1 );

(8)

j=1

where u and w+ are as in PT and Vn 1 converging to 1 at 0 (i.e., when pn 1 approaches 1)
is as in Lemma 1 above.
Speci…cally one can choose V1 (p1 ) = [ 1 p1p1 ]u(x1 ) and Vn 1 (1 pn ) = [ 1 pnpn ]u(xn ) in Eqs. (7)
and (8) above. In the …rst case (Eq. (7)) one can think of a patient who has been diagnosed
with a severe disease, such as cancer. The various available treatments can lead to outcomes
of which the best one is x1 = “healed”. It should be obvious that this outcome is so attractive
that any treatment with even the smallest positive probability for x1 will be superior to any
other treatment that has zero probability for x1 . Another related example is documented in
Thaler and Johnson (1990) and analysed in Barberis, Huang and Santos (2001). After having
faced a series of losses, many investors attempt to break even by taking additional risks despite
the chances to break even being small. By contrast, the second representation above (Eq.
(8)), can be thought of an extreme form of pessimism, where the possible loss xn is extremely
unattractive and any prospect with positive likelihood for xn will be regarded as inferior to a
prospect with zero probability for xn . Individuals exhibiting this form of pessimism are willing
to buy insurance at prices far above the actuarially fair value to avoid the loss xn .
Behaviour described above with extreme optimism for a good outcome or extreme pessimism
for a bad outcome is not excluded here. Instead, the current study allows for such preferences
and refers to the resulting representations as “generalised”prospect theory, that is, PT including
the cases of k = 2 and V1 in Lemma 1 unbounded, or k = n 1 and Vn 1 in Lemma 1 unbounded.
Now the main result can be presented.
Theorem 1 The following two statements are equivalent for a preference relation < on L:
(i) The preference relation < on L is represented by generalised prospect theory, with the
functions V1 or Vn 1 in Lemma 1 possibly unbounded.
(ii) The preference relation < is a Jensen-continuous weak order that satis…es …rst order
stochastic dominance, comonotonic independence of common elementary probability shifts,
and sign-dependent probability midpoint consistency.
Whenever V1 and Vn 1 are bounded, the probability weighting functions are uniquely determined. If further w+ 6= w^ , the reference point is unique and the utility function is a ratio
scale; otherwise, if w+ = w^ , utility is cardinal. If V1 (or Vn 1 ) is unbounded then w (w+ ) is
uniquely determined and V1 (or Vn 1 ) and u are jointly cardinal with u(xk ) = 0 restricting the
location parameter of u to 0.
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4

Extensions

In the previous sections it has been assumed that outcomes are strictly ordered. The strict
ordering can be relaxed if there are at least four strictly ordered outcomes. If X is …nite all
results remain valid if one takes representatives for each set of indi¤erent outcomes. These
outcomes will then be given the same utility value. If, however, X is in…nite, then results
remain valid for each …nite subset of outcomes Y that contains at least four outcomes that are
strictly ordered. Then the PT-representations on the sets of prospects over the di¤erent …nite
subsets, Y and Y 0 , can be extended to a general PT-representation by using the fact that the
representations on any such sets of prospects over Y and of prospects over Y 0 must agree with
the representation on the set of prospects over Y [ Y 0 . Hence, a common PT-representation
must exist over prospects with …nite support in the possibly in…nite X.
If there are only three strictly ordered outcomes, the sign-dependent probability midpoint
consistency principle is trivially satis…ed. In that case, stronger tools to obtain additive separability (Lemma 1) are required. An additive representation can still be derived by using stronger
conditions like the Thomsen condition or triple cancellation as in Wakker (1993, Theorem 3.2).
Those additive functions can be seen as the product of utility times the corresponding weighting
function and one immediately obtains generalised PT. To obtain the special case of RDU, one
has to additionally invoke the probability tradeo¤ consistency principle of Abdellaoui (2002) or
a re…nement of that principle as proposed in Köbberling and Wakker (2003). For fewer than
three strictly ordered outcomes …rst order stochastic dominance and weak order are su¢ cient
for an ordinal representation of preferences.
In the present derivation of PT it has been essential that the weighting functions are continuous at 0 and at 1. Discontinuities at these extreme probabilities are, however, empirically meaningful. One could adopt a weaker version of Jensen-continuity that is restricted to
prospects that have common best and worst outcomes with positive objective probability. Such
conditions have been used in Cohen (1992) and more recently in Webb and Zank (2011) where
probability weighting functions are derived that are linear and discontinuous at extreme probabilities. These weighting functions can then be described by two parameters one for optimism
and one for pessimism. As Webb and Zank show, this relaxation of continuity in probabilities
comes at a price. They require additional structural assumptions for the preference in order
to obtain consistency of the parameters across sets of prospects with di¤erent minimal and
maximal outcomes. Also, speci…c consistency principles that imply the uniqueness of these parameters are required. The conjecture derived from the current study is that in this framework
such consistency principles can be formulated for nonlinear weighting functions that are discontinuous at 0 and at 1. A formal derivation of PT with such weighting functions is, however,
beyond the scope of this work.
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5

Loss aversion in Prospect Theory

The preference representation for Prospect Theory derived in this paper has been founded
on the property of reference dependence. As a central feature of the PT model, the reference
dependence can be exposed in various ways, and the way chosen in this study had been through
sign-dependence, the principle that enables the weighting functions to depend on the sign of
outcomes. Other means by which the reference dependence manifests itself in the decision
maker’s behaviour, such as diminishing sensitivity for outcomes (a greater sensitivity to outcome
changes near the reference point than to changes remote from it) and loss aversion, have not
been considered in the present analysis. Yet, one would expect that it is also possible to elicit
the reference point from choice behaviour using these properties.
Indeed, Schmidt and Zank (2012) demonstrate how to identify the reference point endogenously by employing the aspect of diminishing sensitivity for outcomes. In PT with diminishing
sensitivity, the utility function is concave in the domain of gains and convex in the domain of
losses, with the reference point marking the change in the domains. Thus, in order to account
for the preferences consistent with diminishing sensitivity under PT, the underlying axioms
must incorporate the change in the shape of the utility function. The representation theorem
o¤ered by Schmidt and Zank (2012) accredits this change by implementing the so called “rich
outcome set” approach, which assumes the continuum of outcomes. This assumption enables
the elicitation of a continuous utility function, on which the axioms of choice are focused. Nevertheless, there are various reasons for which this approach to derive the reference point has
not been extended to account for loss aversion.
Loss aversion is said to re‡ect a greater sensitivity to loss outcomes than to gain outcomes
of equal magnitude (Tversky and Kahneman, 1992). This notion is usually interpreted by the
means of the utility function for losses being steeper than the corresponding utility function
for gains, and have received considerable empirical support (e.g., Odean, 1998; Rabin, 2000;
Rabin and Thaler, 2001; Genesove and Mayer, 2001). Yet, despite laying down the foundations
for the modern study of behavioural economics, this intrinsic property of PT has not been
assigned a unique quanti…cation method. Instead, several de…nitions of loss aversion have
emerged in the economic literature (e.g., Wakker and Tversky, 1993; Benartzi and Thaler,
1995; Neilson, 2002; Sugden, 2003). For instance, Benartzi and Thaler (1995, p.74) suggest
to measure loss aversion as a ratio of utility derivatives, which implies a kink at the reference
point. Köbberling and Wakker (2005) take a similar approach and improve the earlier measure
by making it independent of the units of payments. In particular, they propose an index, which
separates loss aversion from other components of risk attitudes in PT, such as basic utility and
probability weighting. In contrast, Schmidt and Zank (2008) do not disentangle the individual
components of risk attitudes in PT, but rather they derive jointly the utility curvature and the
shape of the probability weighting functions from additional preference conditions regarding
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individual risk behaviour. By employing the ratio between gain and loss decision weights, their
proposed de…nition of loss aversion entails an additional element, the index of probabilistic loss
aversion. This index captures the distinction between the probability weighting function for
gains and the probability weighting function for losses induced by sign-dependence. In that
way, the index relates the notion of probabilistic loss aversion to probabilistic risk aversion,
as de…ned by Wakker (1994). Similarly to Köbberling and Wakker (2005), the index of loss
aversion proposed by Schmidt and Zank (2008) is constructed within the PT framework, hence,
it is speci…c to that model. Though, unlike Köbberling and Wakker (2005), this index does
not require the continuity of the weighting functions. The latter implication is particularly
important as it allows to uncover the relationship between the continuity of the weighting
function and the curvature of the utility function. In particular, it reveals that the utility
function must be concave in order to ensure the continuity in probabilities.
A more general approach to explore the notion of loss aversion requires its model-free de…nition. Such an approach is adopted by Brooks and Zank (2005) and Zank (2010), in the
context of discrete probability distributions (lotteries), and by Ghossoub (2013), in the context
of continuous distributions (objects of choice being more general than lotteries). In his purely
preference-based examination of loss aversion, Ghossoub emphasises the importance of invoking the probability weighting in the de…nition of the phenomenon. Speci…cally, he claims that
as a property of choice behaviour, loss aversion must surely account for the probabilistic risk
attitudes of decision makers, whose characterisation is embedded in the shape of the weighting
functions and not the utility function. The idea is supported by Zank (2010), who considers
the sign-dependence as a “byproduct”of loss aversion. Further, Ghossoub shows that his de…nition of loss aversion derived in the model-free environment coincides with that of Köbbeling
and Wakker (2005), for the case of sign-dependence being absent. In the framework of PT,
his de…nition of loss aversion accounts for both, individual’s tastes (as captured by the utility
function) and beliefs (as evaluated by the probability weighting functions).
Among the handful of studies exploring the notion of loss aversion outside of PT, there is also
the work of Blavatskyy (2011), who not only considers the model-free notion of (comparative)
loss aversion, but he does it for outcomes which are not necessarily monetary. Unlike Ghossoub,
this author claims that the phenomenon of loss aversion is not related to the shape of the
probability weighting function. Blavatskyy, however, does not provide a clear de…nition of the
absolute notion of loss aversion,11 neither does he investigate this phenomenon in the PT model.
Moreover, like the other studies of aversion to loss, his analysis is based on the assumption of
continuous utility function.
In this environment, where the notion of loss aversion has not been uniquely agreed-upon,
employing this behavioural phenomenon to test for reference dependence is challenging. In
11

Blavatskyy’s notion of absolute loss aversion is de…ned in terms of “more loss averse” preferences than the
“loss neutral” ones. However, he does not provide a de…nition of loss neutrality in that context.
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order to engage the utility-based de…nitions of loss aversion into the comparison of the marginal
changes in utility for gains and losses of similar size, one needs to identify and separate these
utilities …rst. An additional problem arises due to the fact that it is plausible that the kink of
the utility function at the reference point, which shall re‡ect the property of loss aversion, might
actually be an intrinsic kink of the utility function. As Köbberling and Wakker (2005) suggest,
in such case one can no longer distinguish between the source of the kink without further
information about the curvature of the utility function. Therefore, implementing loss aversion
to the derivation of the reference point from behaviour, in a setup in which loss aversion itself
is governed by the location of such a reference point, remains a topic for future research. In
addition, the present preference foundation for PT disposes of the assumption of continuity of
the utility function, on which the principle of loss aversion is built. Therefore, it is challenging
to extend the “probability weighting”-based approach presented in this work to incorporate the
principle of loss aversion in the characterisation of PT preferences.

6

Conclusion

The focus of this work has been on sign-dependence, the di¤erent treatment of probabilities
depending on whether the latter are attached to gains or to losses. The present study has
complemented existing foundations for PT in the “continuous utility approach”with preference
foundations based on the “continuous weighting function approach”by adopting and extending
a familiar tool from empirical measurement of probability weighting functions, the midpoint
consistency principle. Preference midpoints for outcomes are a useful tool for the analysis of
risk attitudes captured by utility. It was recently shown by Baillon, Driessen and Wakker
(2012), how these midpoint based tools facilitate the analysis of ambiguity preferences and
time preferences. This work demonstrates how similar midpoint tools can be adapted for the
analysis of PT-preferences. The present method facilitates the analysis of probabilistic risk
attitudes and, therefore, complements the utility-based approach. Further, it shows how the
probability midpoint principle can be employed to identify reference points in an e¢ cient and
tractable manner.
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Part III

Insurance Demand and Heterogeneity
in Risk Perception

1

Introduction

Asymmetric information has been a core problem of economic analysis since the groundbreaking work of Akerlof (1970), who highlighted the impact of information imperfections on the
existence of insurance markets. Following Akerlof, Rothschild and Stiglitz (1976) and Stiglitz
(1977) provided a benchmark models for analysing the potential of asymmetric information in
creating market failure in the competitive and monopoly insurance markets with heterogeneous
risks, respectively. Their models employed the expected utility (EU) framework, in which several common practices of the insurance market, such as the provision of deductibles, nonlinear
coinsurance and maximum limits (Young and Browne, 1997; Fluet and Pannequin, 1997), have
already been explained. Yet, there is still a large number of behavioural patterns, which are inconsistent with EU. One of them concerns the risk-coverage relationship, which, contrary to the
theoretical predictions, has been found to be advantageous (Hurd and McGarry, 1997; Cawley
and Philipson, 1999; McCarthy and Mitchell, 2003; Fang et al., 2008; Finkelstein and McGarry,
2006; Davido¤ and Welke, 2007; Wang, Huang and Tzeng, 2009). The advantageous relationship between the risk one faces and the compensation that this person receives implies that a
less risky individual is o¤ered a larger amount of insurance coverage. The present study aims
to explain this puzzle in the market for low probability - large loss events, e.g., natural disasters, by incorporating the non-linear treatment of probabilities consistent with rank-dependent
utility (RDU) by Quiggin (1982, 1993), which conforms to a wider class of binary separable
preferences.12
The consumers in the model are characterised by multi-dimensional heterogeneity. They are
distinguishable not only with respect to their risk exposure, which can be either low or high, but
also with respect to their perception of risk. Indeed, Huck and Müller (2012) and List (2004)
12

RDU alike, CPT of Tversky and Kahneman (1992) also incorporates the non-linear treatment of probabilities. Nevertheless, as explained in the introduction, the use of RDU preferences in the insurance demand model
is more advantageous. In fact, Starmer (2000) states that RDU has emerged as the most widely adopted model
in both theoretical and applied context.
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show that perception of risk varies among the individuals and is driven by various factors.13
Moreover, Bruhin et al. (2010) investigates the risk preferences of agents and …nd that the
majority of subjects distort probabilities of risky events using a transformation rule resembling
the inverse-S function found in Prospect Theory (Tversky and Kahneman, 1992; Prelec, 1998).
These results suggest that there is no unique preference theory that would accurately describe
the choice behaviour of all agents and a mix of such theories is more adequate for modelling
purposes (Wilcox, 2006; Conte, Hey and Mo¤att, 2011). Therefore, in this study, a fraction
of the consumers in the population is assumed to overweigh the probability of bad events
according to inverse-S probability weighting, which is consistent with the empirical evidence
by Kunreuther and Hogarth (1989), who …nd that the propensity to pay above the actuarially
fair premium for full insurance is especially marked for consumers exposed to low levels of risk.
The remaining part of consumers processes the loss probabilities in a linear fashion present
under EU. As a result, the two fractions of agents in the market necessarily di¤er with respect
to their probability-based risk attitudes, driving the di¤erence in those agents’willingness to
hedge against an equal risk.
This work demonstrates that the non-expected utility maximiser is exploited by the monopolistic insurer, supporting the claim by Segal and Spivak (1990). This result follows on
from observing that in the market with heterogeneous risk perceptions, the pessimistic type is
always willing to pay a higher premium price than any equally exposed to risk standard utility
maximiser. This implication can be further extended to the case, in which agents’exposures
to risk vary. Consequently, the equilibrium in the market with multi-dimensional heterogeneity of consumers is separating, with full insurance for the pessimistic consumer and a partial
coverage for the EU type. Unlike the work of Stiglitz (1977), where asymmetric information
always leads to a welfare loss of the low-risk individual, this study suggests that the presence
of multiple dimensions of heterogeneity does not necessarily harm the low-risk individual. In
fact, asymmetric information a¤ects negatively the low-risk individual only if this individual is
characterised by EU preferences. Hence, whenever the agents’exposures to risk are su¢ ciently
close, the expected utility maximiser will be adversely a¤ected by the monopolist’s inability to
di¤erentiate between the agents, irrespective of this agent’s risk type. As such, the equilibrium
contract is not necessarily tailored to match the risk that the consumers are exposed to.
To see it, consider a low-risk agent who perceives his probability of loss as being high.
In such case, screening of this agent induces the monopolist to o¤er full insurance at a high
price. As a result, the true high-risk expected utility maximiser who remains in the market is
forced to underinsure. This example shows that incorporating heterogeneity in risk perception
into the analysis of insurance demand allows to establish a theoretical explanation of negative risk-coverage relationship in the monopoly market o¤ering insurance against rare hazards.
13

Slovik (2000) provides a comprehensive survey reviewing the literature on heterogeneity in risk perception
and its determinants.
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Particularly, it demonstrates that irrespective of the true risk type, the agent who perceives
his chance of su¤ering a loss as being higher than the loss probability of the other type will
receive larger compensation. Henceforth, in this theoretical framework advantageous selection
is attributed to the heterogeneity in the treatment of probability.14
In the light of the obtained equilibrium characterisation, further implications of this study
are derived for the existence of pooling equilibrium and welfare. In particular, it is shown that
pooling is never optimal. This …nding is in stark contrast with a couple of papers that, like this
one, investigate the equilibrium contracts of agents with non-expected utility preferences in the
presence of adverse selection (see Ryan and Vaithianathan, 2003; and Jeleva and Villeneuve,
2004).15 These studies show that pooling equilibrium arises whenever the fraction of lowrisk pessimists su¢ ciently outnumbers the fraction of high-risk optimists or expected utility
maximisers. Yet, both studies constrain the screening menu of contracts for the pessimistic
agents and o¤er policies that do not account for these consumers’risk perception. In addition,
these authors make no assumption on the size of the di¤erence in risk that the two types of
consumers are exposed to. As a result, individuals within the same market might be facing
very di¤erent levels of risk, a scenario which is not realistic in the context of natural disasters,
such as an earthquake, a ‡ood or a hurricane, which are a focus of the present analysis. In
contrast to those studies, this work conforms to the observations from real-life by emphasising
the in‡uence that probabilistic risk attitudes exert on the individuals’ choices of insurance
against low probability extreme outcomes (see Peacock et al., 2005, who …nd that people in
Florida perceive the risk of a hurricane damaging their property very di¤erently despite similar
risk exposures). Therefore, the results of this paper are original in that they provide the
assessment of the impact that asymmetric information has on the demand for insurance in the
under-researched market for unlikely hazards.
This work also sheds a light on the welfare in the monopoly market in the context of multidimensional heterogeneity of consumers. Speci…cally, the result of welfare analysis exposes the
need for an implementation of some welfare-improving measures. This necessity arises due
to the fact that with heterogeneity in both risk exposure and risk perception the dispersion
in the agents’willingness to pay for insurance against rare catastrophes increases, forcing the
monopolist to distort to a greater extent the contracts o¤ered to the agents. Hence, the welfare
gains from intervening are larger than those derived in the case of homogeneous risk perceptions,
thereby, providing another important implication of multi-dimensionality of heterogeneity in
14

Advantageous selection has also been explained by means of the multi-dimensional heterogeneity of customers in the work of Liu and Browne (2007) and Netzer and Scheuer (2010). Both of these papers, however,
employ exclusively EU preferences.
15
Al-Nowaihi and Dhami (2010) also analyse the problem of asymmetric information in the RDU and PT
frameworks, but they employ Prelec probability weighting function, which in addition to the standard (inverseS) probability weighting function allows for underweighting of very small probabilities close to 0, while still
overweighting low probabilities. This function captures empirically observed underinsurance for low probability
- risky events (Kunreuther et al., 1978). They do not not discuss pooling.
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consumers’characteristics.
The rest of this paper is organised as follows. The next section outlines the key assumptions
of the model. This section is followed by the formal introduction of rank-dependent utility
theory and its characteristic features in Section 3. Section 4 analyses the insurance demand
problem with the symmetry of information in the monopoly market. The analysis of the
asymmetric case with heterogeneity solely in risk perception is presented in Section 5. The
robustness of these results in the presence of both dimensions of heterogeneity is investigated
in Section 6. This section also provides an implication of the current analysis for the existence of
pooling equilibrium, the need for policy intervention and the risk-coverage relationship. Finally,
Section 7 concludes. All the proofs can be found in Appendix 2.

2

Basic framework

Consider a simple model of an insurance policy to cover a potential loss. Let there be two
states of the world, good state s1 and bad state s2 . The states occur with …xed probabilities,
such that p is the probability of s1 and 1 p is the probability of s2 for p 2 (0; 1). In this risky
world, the consumers decide whether to hedge against the risk of loss by purchasing insurance.
These consumers are characterised next.

2.1

Consumers

The consumers’ population is non-uniform - the individuals are characterised by either heterogeneous risk perception (see Sections 4 and 5) or both: heterogeneous risk perception and
heterogeneous risk exposure (see Section 6). The former category entails expected utility (EU)
maximisers and consumers with rank-dependent utility (RDU) preferences who transform the
objective loss probability using a non-linear function. For simplicity, these individuals are labelled EU and RDU, respectively. The heterogeneity in risk is captured by the presence of
the low-risk and high-risk agents, who su¤er an accident with probabilities 1 pl and 1 ph ;
respectively, where 1 pl < 1 ph :16 To distinguish the low/high-risk agents from the EU/RDU
consumers, they are referred to as risk exposure and risk preference types, respectively.
The initial wealth of every consumer is given by x1 = W in the good state and by x2 =
W L > 0 in the bad state, where L is an exogenous parameter denoting monetary loss. A
utility maximising agent can insure against the loss by purchasing an insurance policy. Once
insured, an agent pays the price per unit of insurance, 1 r; independently of which state
occurs. The total premium paid by the agent amounts to R = (1 r)C; where C is the amount
of compensation, such that 0
C
L. The compensation is paid out only if a loss occurs.
16

All loss probabilities are exogenous, hence, the problem of moral hazard does not arise.
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Thus, the …nal wealth of an insuree is given by:
Without insurance
With insurance
x1 = W
x1 = W R
in s1 ;
x2 = W L
x2 = W R L + C in s2 ;
where x1 ; x2 2 R+ and x1

2.2

x2 ; so that overinsuring is excluded.

Insurer

A monopolistic risk neutral …rm supplies insurance to the market. It sells a contract = (R; C);
which speci…es the amount of premium paid and the compensation received by an agent. The
pro…t the …rm earns from this contract is denoted by and is de…ned as follows:
= (p

r)C:

The insurer requires p r in order to avoid negative pro…t: No additional cost is incurred in
writing insurance policies. The likelihood of selling a contract to an RDU individual equals
; while
denotes the probability of selling a contract to a high-risk agent: The residual
probabilities 1
and 1
denote the likelihoods of acquiring the contract by an EU agent
and by a low-risk type, respectively. Probabilities and are not correlated, and it holds that
; 2 (0; 1): The distribution of consumers’types in the population is known to all decision
makers.

2.3

Equilibrium

In the monopoly market with asymmetric information the insurer o¤ers a pair of policies,
k
( m
i ,
j ); to a random agent, where i (j) and m (k) denote the risk- and preference-types,
respectively,17 and i; j 2 fl; hg ; i 6= j; m; k 2 fEU; RDU g ; m 6= k: These policies act as a
screening device, so that each consumer selects a single policy that best corresponds to his
type.18 Contract
= ( i m ; j k ) entailing a utility maximising policy for each agent is an
equilibrium contract if it satis…es the following properties: (i) the expected pro…t of the insurer
from selling policy
is non-negative, such that ( )
0; and (ii) there is no other
contract, such that the monopolist’s pro…t from selling is at least as large as the pro…t from
contract .

17
18

Notice that no insurance is a special case of m
i = 0.
See also “self-selection” mechanism described by Salop and Salop (1976).
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3
3.1

Rank-dependent Utility preferences
RDU and two-outcome lotteries

Each insured consumer faces a binary lottery:
P = (x1 ; p; x2 ; 1

(9)

p);

where the outcomes are ranked from best to worst, such that x1 x2 :
Lottery P is evaluated di¤erently by agents with heterogeneous risk perceptions. The evaluations of the EU and RDU consumers, respectively, are given by:
EU (P ) = u(x1 )p + u(x2 )(1
RDU (P ) = u(x1 )w(p) + u(x2 ) [1

p);
w(p)] ;

(10)

where u is the von Neumann-Morgenstern utility function mapping from R+ to R; while w
is a probability weighting function which enables the non-linear processing of probabilities.
This function is strictly increasing and continuous, mapping from [0; 1] to [0; 1] ; and it satis…es
w(0) = 0 and w(1) = 1. Additionally, w(p) can be interpreted as a subjective probability of
not having an accident. For linear w, the EU and RDU evaluations of lottery P coincide.

3.2

Risk attitude

To describe the consumers’attitude to risk a notion of second-order stochastic dominance (SSD) is introduced.
Consider two lotteries with distribution functions A and B and an equal mean.
De…nition 1 For any lotteries A and B, A second-order stochastically dominates B if and only
if the individual weakly prefers A to B under every weakly increasing concave utility function
u.
S-SD implies that the individual prefers A to B as long as he is strongly risk averse.19
Assume the following:
Assumption 1: For all p 2 ( ; 1); where 2 (0; 1); the preferences of all individuals in the
market are consistent with second-order stochastic dominance.
19

This implication is well-known in the literature and has been shown in the EU framework by Rothschild
and Stiglitz (1970), and in the PT framework by Baucells and Heukamp (2006) and Brooks, Peters and Zank
(2014).
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In order to explore the implications of the S-SD in the RDU framework a notion of meanpreserving spread (MPS) is de…ned for lottery P in (9) in the following manner:
M P S(P ) = (x1 + ; p; x2
p

1

p

;1

p);

where > 0; is su¢ ciently small to preserve the original ordering of outcomes.
Lemma 1 unravels the relationship between S-SD and MPS and provides a key implication
for the shape of the weighting function w in the RDU framework.
Lemma 1 Assume that Assumption 1 holds and A and B have an equal mean. Then, for any
lotteries A and B the following statements are equivalent:
(i) A second-order stochastically dominates B
(ii) B is a mean-preserving spread of A
(iii) u is concave for all p and w is convex for p 2 ( ; 1); where

2 (0; 1).

Lemma 1 shows that holding preferences consistent with S-SD has distinctive implications
within the EU and RDU frameworks: whereas under EU it implies the concavity of the utility
function, in the RDU framework preferences satisfying S-SD additionally require the convexity
of the probability weighting function. Thus, for any strongly risk averse EU and RDU agents
who hold an identical utility function, the RDU agent is more risk averse than the EU consumer.
This is due to the presence of the probabilistic risk component captured by the convexity of w
in the probability interval ( ; 1). This conjecture plays an important role in determining the
agents’willingness to pay.

3.3

Probability weighting function

Empirical evidence suggests that the probability weighting function is inversely S-shaped (Tversky and Kahneman, 1992; Tversky and Wakker, 1995; Gonzales and Wu, 1999; Abdellaoui,
2000).20 This shape entails concavity for a range of small probabilities and convexity for intermediate and large probabilities. In this way, inverse-S accounts for probabilistic risk attitudes, such as optimism and pessimism. In particular, the overweighting of a small probability of the best (worst) event re‡ects optimism (pessimism). The simultaneous presence
of optimism and pessimism enables the inverse-S to capture the coexistence of contradicting attitudes to risk.21 In fact, an individual can simultaneously exhibit probabilistic risk
20

For a review of extensive literature providing the evidence for the inverse-S shape probability weighting
function see Wakker (2001).
21
The simultaneous presence of concavity and convexity of the probability weighting function does not allow
for global risk aversion under RDU.
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Figure 4: Inverse-S probability weighting function.
aversion and probabilistic risk loving. This situation is shown in Figure 4, where denotes
the point of intersection of the probability weighting function and the 45 degree (certainty)
line. For all probabilities smaller than ; the agent overestimates probability p of event
s1 ; implying optimistic behaviour. For all probabilities larger than ; the agent underestimates probability p of the same event, exposing pessimism.22 Consequently, the underweighting of a large probability of a good event (equivalently, the overweighting of a small likelihood of a bad event) consititutes pessimism. This type of behaviour is equivalent to being strongly averse to risk in the RDU framework (see Lemma 1). Hence, pessimism drives
the di¤erence between the EU and RDU agents’willingness to pay for insurance against the
small probability large consequence events, such as an earthquake, a ‡ood or a hurricane.

3.4

Indi¤erence curves

To see how pessimism a¤ects the choice of insurance by an RDU type, as compared with that
of an EU agent, consider the indi¤erence curves in Figure 5 (Hirschleifer-Yaari diagram). The
two states with probabilities p and 1 p, respectively, have been …xed. Consistently with the
de…nition of strong risk aversion under RDU, p lies in the interval ( ; 1): The horizontal axis
in the diagram measures wealth level x1 , while the vertical axis shows wealth level x2 . The
22

In the direct preference-based tests of the shape of w, Camerer and Ho (1994), Wu and Gonzales (1996),
Gonzales and Wu (1999) and Abdellaoui (2000) estimate that this point is situated approximately in the [0:3; 0:4]
probability interval.
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Figure 5: Indi¤erence curves of strongly risk averse agents.
slope of the RDU indi¤erence curve below the certainty line equals
that line equals
p u0 (x1 )
.
1 p u0 (x2 )

1 w(1 p)
w(1 p)

u0 (x1 )
u0 (x2 )

w(p) u0 (x1 )
;
1 w(p) u0 (x2 )

while above

. The slope of the EU indi¤erence curve is everywhere equal to

Utility function u is strictly increasing and twice continuously di¤erentiable. The
kink of the RDU indi¤erence curve on the dotted certainty line depicts the non-smootheness
property of RDU indi¤erence curves induced by the change of the rank of outcome (from x1 to
x2 or vice versa): Figure 5 shows that due to pessimism the indi¤erence curve of the RDU agent
(the solid curve) is ‡atter than the indi¤erence curve of the EU individual (the dashed line)
0 (x )
u0 (x1 )
1
> 1 p p uu0 (x
. This property implies that an RDU agent is
for x1 > x2 , such that 1 w(p)
w(p) u0 (x2 )
2)
willing to pay a higher premium than an EU type for the equivalent level of compensation.

4

Symmetry of information

This section brie‡y considers the case of the informed insurer who observes heterogeneous risk
perceptions of consumers.
The pro…t maximisation from selling a policy to agent m requires solving the following
problem by the insurer:
max
Rm (1 pm )C m ;
(11)
m
m
(R ;C )2

where m 2 fEU; RDU g ; pRDU = w(p) and pEU = p:23 It holds that p 2 ( ; 1): The pro…t
is maximised subject to individual rationality constraint (IR) of the agent. This constraint
23

The assumptions of pRDU = w(p) and pEU = p will hold throughout the paper.
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ensures that having insurance yields at least as high utility as the utility from being uninsured:
u(x1 )pm + u(x2 )(1

pm )

u(x1 )pm + u(x2 )(1

pm )

(IR)

With the individual rationality constraint binding, full insurance is the optimal solution to the
problem of the informed monopolist.
Proposition 1 Under symmetry of information, the monopoly equilibrium contract
( EU , RDU ) entails complete coverage.

=

Recall that analogous result is obtained in the work by Stiglitz (1977), where instead of heterogeneity in risk perception, the heterogeneity is present in risk exposure. The similarity of the
results might suggest that the type of heterogeneity does not a¤ect the qualitative predictions
regarding the optimal coverage level. The next section shows that this is the case only if the
RDU consumer is su¢ ciently pessimistic.

5

Asymmetry of information

Asymmetry of information refers to the situation, in which either the supply side of the market
(insurer) is less informed than the demand side (insurees), or vice versa is true. In this section
the former case is considered, where consumers are screened based on their perceptions of risk.
Recall the results of the benchmark model of asymmetric information by Stiglitz (1977).
Assuming heterogenity in risk exposure, Stiglitz establishes that the high-risk type is served
full insurance (Property 1 ), and the low-risk type receives only partial coverage (Property 2 )
or no insurance coverage at all (Property 4 ). The latter solution is obtained if the fraction
of the high-risk agents in the population is su¢ ciently large. In addition, heterogenous risk
types never pool (Property 3 ). This section shows that these results remain robust even if
one replaces the heterogeneity in risk exposure with the heterogeneity in risk perception. In
particular, p 2 ( ; 1) is assumed to account for strong aversion to risk.
The pro…t maximisation problem of the insurer who no longer observes the consumer’s
perception of risk takes the following form
max

(RRDU ;C RDU ); (REU ;C EU )2

RRDU

(1

pRDU )C RDU + (1

) REU

(1

pEU )C EU ; (12)

where the unknown agent is subjected to his individual’s rationality constraint (IR) and the
incentive compatibility constraint (IC). The latter one is given by:
m
m
u(xm
1 )p + u(x2 )(1

where xm
1 = W

R m ; xm
2 = W

Rm

pm )

u(xk1 )pm + u(xk2 )(1

pm );

L + C m ; k; m 2 fEU; RDU g ; k 6= m:
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(IC)

The incentive compatibility constraint (IC) enables the uninformed insurer to screen between RDU and EU types. In particular, this constraint is binding for the pessimistic RDU
type. In contrast, the individual rationality constraint is binding for the EU type. As such,
one …nds an immediate correspondence between the RDU and EU types in this framework and
the high-risk and low-risk agents in the model by Stiglitz (1977). This correspondence con…rms that the qualitative predictions regarding the equilibrium contracts of EU and pessimistic
RDU consumers do not di¤er from those obtained for low- and high-risk agents, respectively.
Proposition 2 highlights this result:
Proposition 2 Under Assumption 1, the equilibrium contract in the monopoly market is separating: the RDU type receives full insurance, whereas the EU type purchases partial or no
coverage.
By analogy with Property 4 (Stiglitz), the solution with no insurance for the EU type, EU =
(0; 0); applies whenever the fraction of pessimistic agents in the population, ; becomes su¢ ciently large.
Proposition 1 and Proposition 2 provide similar insights into the role of heterogeneity in
determining the equilibrium contracts - they show that the type of consumers’heterogeneity
does not a¤ect the qualitative implications derived from the analysis of insurance demand as
long as the RDU agent is a pessimist. As a result, it is immaterial whether heterogeneity is
hidden in risk exposure or in risk perception, because the individual with a higher evaluation
of the likelihood of loss will always acquire a larger quantity of insurance. Next section shows
that in the presence of multi-dimensional heterogeneity in agents’characteristics this conclusion
may no longer be true.

6

Multiple asymmetry of information

In this section distinctive risk exposures of the consumers are incorporated into the analysis
of insurance demand. In that way two types of heterogeneity are relevant for the uninformed
monopolist: the heterogeneity in loss probabilities (risk exposure) and the heterogeneity in
perception of these probabilities (risk perception).
The main result of this section is governed by Assumption 2, which provides the comparison
of the two types of heterogeneity.
Assumption 2: For all p 2 ( ; 1) and 2 (0; 1), the loss probabilities of the low-risk and
high-risk types are su¢ ciently close, so that w(1 pl ) > 1 ph .
Whenever the actual loss probabilities of heterogenous agents are su¢ ciently close, pessimism of the RDU type results in overestimating his chance of loss beyond the actual loss
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probability of the other type. Hence, Assumption 2 implies that even when exposed to a low
probability of a bad event a pessimistic RDU agent will be willing to pay more for an insurance
asset than a high-risk expected utility maximiser. The implications of Assumption 2 for the
equilibrium allocation of contracts are established next.

6.1

Analysis

Assuming the presence of both types of heterogeneity, the uninformed insurer solves the following optimisation problem:
(ClRDU ; RlRDU ; ChEU ; RhEU ; ClEU ; RlEU ; ChRDU ; RhRDU )

max
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m
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where the usual notation applies with the superscript denoting the preference type (EU,
RDU) and the subscript denoting the risk exposure (low, high), so that k; m 2 fEU; RDU g ;
k 6= m. The two cases of pro…t maximisation which entail homogenous risk perception (either
both agents are RDU or both agents are EU types) are trivial to solve and their solutions
coincide qualitatively with the predictions by Stiglitz (1977). For this reason, the current
analysis focuses solely on the situations in which agents di¤er with respect to both, their
risk exposure as well as their risk perception. Hence, the pro…t maximisation problem of the
monopolist is reduced to one of the two optimisation problems:
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The individual rationality constraint (IR2 ) and the incentive compatibility constraint (IC2 )
apply to both problems, and are given by:
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pm
i );
pm
i );

(IR2 )
(IC2 )

where xm
1i denotes the …nal wealth of the individual with risk type i and preference type m in
the good state, s1 , and m; k 2 fEU; RDU g ; m 6= k; i; j 2 fl; hg ; j 6= i:
Under Assumption 2, the following equilibrium contracts follow.
The case of a low-risk EU type and a pessimistic high-risk RDU type (5a)
There is no di¤erence in the qualitative implications obtained for this case and the model by
Stiglitz (1977). The pessimistic high-risk individual overweights his likelihood of an accident.
Since agents are not allowed to overinsure, this type is sold full insurance at a higher than
the actuarially fair price, being exploited by the monopolist. In order to separate both types,
the insurer o¤ers partial or no insurance contract to the low-risk expected utility maximiser.
In that way, Stiglitz’results alike, the low-risk type is adversely a¤ected by the presence of a
high-risk individual. In addition, the two types never purchase the same contract.
The case of a pessimistic low-risk RDU type and a high-risk EU type (5b)
Here Assumption 2 is at work: since the pessimistic agent with low exposure to risk evaluates
his chance of loss as being higher than the loss likelihood of the high-risk EU agent, he is the
type who receives full insurance. To separate di¤erent types the insurer o¤ers the EU agent
only partial coverage. Thus, for the case of consumers’loss probabilities being su¢ ciently close,
such that w(1 pl ) > 1 ph , the risk types of those consumers play marginal role in determining
the equilibrium contract.

6.2

Results

The analysis leads to the following characterisation of the equilibrium contract.
Proposition 3 Under Assumptions 1 and 2, and irrespective of the consumers’ risk types,
the monopoly equilibrium is separating with partial or no insurance for the EU agent and full
insurance for the RDU consumer.
Proposition 3 not only con…rms the …ndings summarised in Proposition 2, but it extends them
to the case with two sources of heterogeneity in consumers’population. It shows that su¢ cient
convexity of the probability weighting function in the region ( ; 1) eliminates the in‡uence that
agents’risk exposure has on the characterisation of the equilibrium contracts in the model by
Stiglitz (1977). This implies that the current …ndings do not comply with the intuition behind
Stiglitz’ properties, where it is solely the risk class of an agent that governs what insurance
contract this agent receives.
The next section gives reasons for the absence of pooling equilibrium in the present framework.
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6.3

Pooling equilibrium

The equilibrium results obtained in the present analysis suggest that separation is preferred
to pooling. This outcome is induced by the ability of the monopolistic insurer to exploit the
pessimistic low-risk agent, who overweighs his probability of loss beyond that of the highrisk expected utility maximiser. Yet, two studies that also focus on insurance demand in the
framework of non-expected utility theory …nd that pooling might be e¢ cient if the number of
high-risk consumers is su¢ ciently low. The authors of these studies, Ryan and Vaithianathan
(2003) and Jeleva and Villeneuve (2004), investigate how di¤erent con…gurations of the consumers’risk exposures and risk perceptions a¤ect the equilibrium in the monopoly insurance
market. For the con…guration involving pessimistic low-risk types, they constrain the screening menu of contracts available to this group by not allowing for overinsurance. Nevertheless,
their notion of overinsurance di¤ers from the commonly adopted de…nition, which refers to the
situation, in which the amount of the compensation surpasses the value of the risk’s damage.
Using the current terminology, the standard de…nition of overinsurance can be conceptualised
as C > L, with C denoting compensation and L, loss. This interpretation is adopted in the
present study. The notion of overinsurance employed by Ryan and Vaithianathan (2003) and
Jeleva and Villeneuve (2004) is di¤erent and corresponds to overweighting of the true probability of loss, hence, w(1 pl ) > 1 pl . This interpretation of overinsurance neither involves
the level of compensation, nor loss. Consequently, the equilibrium established in the present
framework, hence, the separating contract promising complete coverage for the pessimistic type,
is considered as overinsurance in the nomenclature applied by Ryan and Vaithianathan (2003)
and Jeleva and Villeneuve (2004).
Whether it is righteous to say that this separating contract indeed entails overinsurance
for the pessimistic type is disputable in the market with non-expected utility agents. On one
hand, the full-coverage solution provided by Ryan and Vaithianathan (2003) and Jeleva and
Villeneuve (2004), in which the pessimistic type receives the amount of insurance as if he were
an expected utility maximiser, does not allow for maximisation of his rank-dependent utility,
leading to an insu¢ cient amount of insurance (as measured based on this agent’s perception of
risk). Moreover, in equilibrium obtained by these authors, the monopoly insurer is unable to
exploit the excessive willingness of the pessimistic agent to pay, contrary to the proposition by
Segal and Spivak (1990). On the other hand, their notion of equilibrium prevents the agents
from paying a premium price that exceeds the value of expected loss. However, since the level of
premium is proportional to the level of compensation, the agent in the present study can count
with the anticipated (perceived) level of compensation, accordingly, avoiding the violation of
the standard de…nition of full insurance, C = L.
Thus, the point that this study makes is that there is no commonly agreed upon notion of
overinsurance in the non-expected utility framework. According to the de…nition adopted in this
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paper, the separating contract of the pessimistic agent entails no more than full coverage. In this
way, the present analysis suggests that the consumers’loss perception should not be disregarded
by the monopolist when tailoring the contracts to these consumers’ needs. Providing that
the pro…tability of most insurance companies is built around the availability of information
regarding agents’attitudes to risk, the probabilistic risk attitude such, as pessimism, should be
incorporated in an equal manner as the utility-based attitude.
The next section provides an analysis of consumers’welfare following on from the separating
equilibrium characterisation in Proposition 3.

6.4

Welfare analysis

The presence of agents distorting their probabilities imposes a negative externality on the types
with expected utility preferences, as shown in Sections 5 and 6.2. This externality implies that
the contract o¤ered to the EU individual is ine¢ cient, in that it does not provide su¢ cient
amount of insurance. Consequently, the market equilibrium results in the reduction of welfare
as compared with the full-information benchmark analysed in Section 4. This outcome of
asymmetric information provides a justi…ed rationale for government intervention. Therefore,
the aim of this section is to evaluate how far a policy intervention can help improve the welfare
in the monopoly market exposed to the asymmetry of information.
An important consequence of the presence of two dimensions of heterogeneity in consumers’
characteristics is the increased need for screening by the pro…t maximising monopolist. Since
the screening process is costly, it reduces the welfare in the market. Thus, the increased discrepancy between the perceived and actual risk provides a justi…ed rationale for government
intervention. Notice that the presence of a rising dispertion between the contracts of the lowrisk and high-risk agents is supported through cases (5a) and (5b), where the initial distortions
due to heterogeneity in consumers’risk exposure are deepened by distinctive risk perceptions
of the consumers. In case (5a), the pessimistic high-risk agent is exploited by the monopolist, while in case (5b), the high-risk expected utility maximiser receives insu¢ cient amount of
compensation. In addition, the pessimistic low-risk individual in scenario (5b) pays a premium
price for a unit of insurance coverage that greatly exceeds the actuarially fair premium. In
both cases the consumers would have been better o¤ had they shared homogeneous risk perceptions. Consequently, welfare gains from policy intervention are larger when one accounts for
heterogeneity in risk perception. This welfare improving result is summarised in Corollary 1.
Corollary 1 Under Assumption 2, the gains from policy intervention are larger when the
consumers in the monopoly market for insurance perceive their risk di¤erently.
The next section demonstrates further implications of equilibrium allocation for the correlation
between risk and insurance coverage.
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6.5

Ex-post risk and insurance coverage

A long string of empirical literature suggests that a presence of various biases24 in agents’
assessment of risk implies that the correlation between risk and coverage is either negative
or not statistically signi…cant.25 Using the presence of heterogeneity in both risk and risk
perception, this study o¤ers an explanation of this phenomenon.
Consider the cases, which have been neglected in the analysis of equilibrium contracts
due to the presence of homogeneity in risk perception (recall Section 6.1). For these cases,
irrespective of whether both consumers are characterised by the EU or RDU preferences, the
correlation between risk and insurance coverage is positive. The reason is that an agent with
higher exposure to risk always receives a larger compensation ex-post. Similar result is obtained
for the case (5a), where the high-risk type, whose likelihood of loss initially exceeded the loss
probability of the low-risk type, overweighs it even further.
A di¤erent result is derived in scenario (5b), in which the population consists of low-risk
RDU and high-risk EU consumers. Recall that despite being exposed to an unlikely hazard,
a pessimistic low-risk agent is willing to pay more for a unit of insurance than the high-risk
expected utility maximiser (Assumption 2). As a consequence, the high-risk agent strictly
prefers his contract to the contract of a pessimistic low-risk type; the incentive compatibility
constraint of the high-risk EU agent is not binding. Unlike the pessimistic low-risk type, the
high-risk individual receives only partial coverage, inducing the negative relationship between
risk faced and coverage received. Thus, the following implication proceeds from the analysis of
the two cases.
Corollary 2 The correlation between ex-post risk and insurance coverage is positive (negative) if an agent characterised by a higher risk exposure is willing to pay more (less) for his
insurance premium.
Corollary 2 shows that the amount of compensation one receives is positively correlated with
this person’s willingness to pay. Since the willingness to pay is determined through agents’
perception of risk (Assumption 2), the agent who believes to be more exposed to risk will be
o¤ered more coverage. Therefore, positive correlation between risk and insurance arises only if
the agent who is willing to pay more for insurance is in fact more exposed to risk. If, however,
an individual demands more coverage but his exposure to risk is low, the sign of the correlation
will be negative. This result supports a large amount of data on risk-coverage relationship,
24

These biases include cognitive ability (Fang, Keane and Silverman, 2008), biased risk perceptions (Abaluck
and Gruber, 2011 and Barseghyan et al. 2012), information frictions (Handel and Kolstad, 2013), and inertia
(Handel, 2010).
25
The relationship between the riskiness and coverage in various insurance markets has been shown to be
negative, e.g., by Finkelstein and Poterba (2004), Finkelstein and McGarry (2006). Additionally, Cawley and
Phillipson (1999), Cardon and Hendel (2001) and Chiappori and Salanié (2012) provided evidence for the lack
of the statistical signi…cance between the risk and the insurance coverage.
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which suggests a negative link between risk exposure and coverage received. Thus, it is not
only the utility-based risk attitude but also the probabilistic risk attitude that drives the sign
of the relationship between the risk and the amount of insurance one receives. As such, the
probability weighting function is the key to understand insurance choices.

7

Conclusion

This paper was concerned with the problem of adverse selection in the market with heterogeneous agents. All agents were strongly risk averse, but they di¤ered in a way they perceive the
risk, hence, they had di¤erent risk preferences. Consistently with the recent evidence showing
that modern insurance companies try to manipulate consumers’perception of risk by making an
event look riskier than it is in reality, e.g., by showing the advertisements focusing exclusively
on the accident part of a risky event, this work has suggested to incorporate the perception
of risk into the analysis of insurance demand as an important factor in‡uencing consumers’
choices of insurance policy.
The present model has also reconciled the theoretical predictions and the empirical evidence
behind one of the most puzzling patterns of individual behaviour in the insurance market,
the negative correlation between ex-post risk and the amount of coverage. The puzzle has
been explained by means of probabilistic risk attitudes, which allow for di¤erent treatment
of probability of a risky event than within the EUT framework. This result calls for more
attention being given to the probabilistic risk attitudes of individuals in the insurance markets.
Speci…cally, one shall recognise the contribution that perception of probability has to o¤er in
explaining consumers’choices in risky situations.
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Part IV

Future Research Agenda
Undoubtedly, insurance markets have served, for several decades, as a fertile ground for the
study of applications of various theoretical models of decision making under risk. These markets
turned out to be at least equally useful in analysing decisions made in the situation of subjective
uncertainty, that is, when the probabilities of events are unknown. The great majority of models
adopted to test predictions of insurance economics under uncertainty have been nested within
the framework of subjective expected utility (SEU) theory. Under SEU, an agent is said to
have a single subjective prior belief about the fundamentals concerning the insurance contract.
Consequently, the agent cannot express any concern about his subjective prior being incorrect.
This assumption, however, does not comply well with real insuring situations, in which often
the decision maker has a vague idea about the underlying probability distribution of the event
of interest (see also Camerer, 1995, for experimental results inconsistent with the assumption
of a single prior). The uncertainty regarding the choice of the correct probability distribution
calls for incorporating ambiguity into the analysis of insurance demand.
The behavioural implications of ambiguity have been …rst demonstrated by Ellsberg (1961),26
who through a series of hypothetical choices showed that it is not always possible to infer subjective probabilities, as de…ned by Savage (1954), from the decision maker’s choices among
gambles. In fact, the experiment revealed that individuals prefer to bet on gambles with known
odds, hence, they exhibit aversion to ambiguity. Based on this observation a large number of
decision models incorporating various forms of ambiguity aversion have been developed (for the
review of these models see Etner et al., 2012). One of the most prominent among those models
is the smooth ambiguity (SA) model by Klibano¤ et al., (2005). The SA model captures the
idea that without the knowledge of the underlying distribution function the utility corresponds
to the expected ambiguity function over the ambiguous beliefs. This-two stage decomposition
of the decision process allows for a clear separation between ambiguity and ambiguity aversion.
In addition, the smooth ambiguity model incorporates the maxmin expected utility model of
Gilboa and Schmeidler (1989) as a limiting case, in which ambiguity aversion is in…nite. A
natural avenue for further research is, thus, to analyse the implications of the insurer’s ambiguity on the equilibrium contracts of non-expected utility agents in the market characterised
by asymmetry of information.
In order to model the e¤ects of ambiguity aversion on the optimal design of contracts in
the insurance market, on one hand, the monopolistic supplier of insurance is assumed to have
no information about the distribution of low- and high-risk types in the population. On the
26

Becker and Brownson (1964) demonstrated behavioural implications of ambiguity shortly after Ellsberg
(1961).
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other hand, di¤erent types of agents know their proportions in the market. These agents are
assumed to have preferences consistent with the theory dual to expected utility developed
by Yaari (1987). In contrast to EU, where attitudes to risk are captured by the shape of the
utility function for wealth, in dual theory (DT) of risk, attitudes towards risks are characterised
solely by the distorted probability weighting function. Consequently, by applying DT, one can
immediately verify the robustness of the predictions derived under expected utility. This has
already been done in competitive insurance markets by Young and Browne (2000), who showed
that optimal insurance provides an indemnity bene…t that is piecewise linear function of the loss.
Yet, these authors have not invoked ambiguity aversion into their analysis of insurance demand.
Thus, consistently with the experimental results of Hogarth and Kunreuther (1985, 1989), which
demonstrate that insurers are characterised by a large degree of ambiguity aversion, the paper
aims to verify whether embedding ambiguity into the model of asymmetric information with
heterogeneous agents alters the predictions of the traditional economic analysis of the monopoly
insurance market. It is anticipated that ambiguity aversion on the side of the monopolist will
lead to further distortions in the equilibrium contracts of heterogeneous agents, with the low-risk
type being more negatively a¤ected than in the case without ambiguity aversion. Therefore,
the contribution of the paper is to unravel the impact of ambiguity averse attitudes on the
monopoly insurance market where the individuals have private information.
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Part V

Thesis Conclusion
This thesis has analysed how two central features of the non-expected utility theory models, the
reference dependence and the non-linear probability weighting, a¤ect individual choices under
risk.
Part II provided an axiomatisation of Prospect Theory. Other representations for the PT
model have been o¤ered in the literature, yet the key contribution of the present study was
that the preference conditions have been derived without prior knowledge of the reference point
that separates gains from losses. The central axiom which has enabled the elicitation of the
reference point from the decision maker’s behaviour employed so-called consistent probability
midpoints, a tool from the empirical measurement of probability weighting functions. This
study has shown that in combination with other preference conditions, including weak order,
…rst-order stochastic dominance, Jensen continuity and comonotonic independence of common
elementary probability shifts, the consistency requirement for probability midpoints not only
enables the elicitation of the reference point from the decision maker’s behaviour, but it also
implies that a binary preference relation is representable by the PT functional. Deriving behavioural conditions in the current framework has had another advantage. By using a naturally
given structure of the probability interval, this axiomatisation has disposed of the richness assumption for the set of outcomes. Consequently, the preference conditions have been provided
for the arbitrary set of outcomes, including degenerate sets. Providing the preference conditions underlying PT is important as it enables the identi…cation of the empirical plausibility
of this model. Additionally, obtaining the representation theorem for PT while disposing of
prior knowledge of the reference point provides further support for the use of the PT model as
a modelling tool in decision theory and …nance.
Part III has analysed the application of rank-dependent utility theory to the problem of
insurance demand in the monopoly market with asymmetric information. Unlike other studies,
this work accounted not only for the utility-driven risk attitudes, but also for their probabilistic counterpart. Consistently with empirical evidence on risk taking behaviour, probabilistic
attitudes to risk have been modeled by the inverse-S probability weighting function, allowing
to expose risk attitudes, such as optimism and pessimism. By accommodating the probabilistic
risk attitudes of the individuals in the insurance market, this study succeeded in capturing the
importance of risk perception for the choice of insurance contracts. In particular, this examination has identi…ed and characterised the equilibrium in the market, in which agents di¤er
not only with respect to the underlying risk but also their risk perception. Since heterogeneity
in risk perception re‡ects distinctive treatment of probabilities, this work exposed how the
fact that some agents employ the inverse-S probability weighting function in the evaluation
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of risk a¤ects the equilibrium in the market with asymmetric information. The results of the
present analysis suggest that equilibrium might have the opposite properties to the equilibrium
obtained in the standard expected utility model, where probability of risk is assessed linearly.
Particularly, this model supports the idea of the negative correlation between ex-post risk and
insurance coverage found in the empirical studies on insurance demand. Moreover, this paper
emphasises how integrating the probability weighting into the analysis on insurance demand
can reconcile the theory and practice of insurance economics, providing important implications
for policy makers.
Both contributions have shown how the principles of reference dependence and probability
weighting embedded in the framework of non-expected utility theories can help explain individual decision making in the situation of risk. It has been clari…ed that the property of reference
dependence can be identi…ed from the probabilistic risk behaviour of agents. Making this property testable allows to identify the empirical plausibility of the PT model and enables a further
application of this decision-making theory to the analysis of individual behaviour under risk.
This, in turn, allows to verify how well the theory explains the behaviour observed in the markets. With this respect, it is shown that incorporating a probability weighting function into the
analysis of the behaviour of agents in the monopoly insurance market helps reconcile the theory
and practice of insurance demand. In particular, the patterns of behaviour which EUT cannot
explain but which are frequently observed in the market have received a theoretical account
within the RDU framework. In that way, the non-expected utility theory models, in particular
PT and RDU, improve the understanding of risky choices made by the decision makers.
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Appendices
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Appendix 1
As can be observed from the equations for RDU, PT and Eqs. (7) and (8), and also from
the additively separable preference representation in Lemma 1, cumulated probabilities are
frequently used as variables. For the proofs it will be convenient to use an alternative notation
for prospects, following Abdellaoui (2002) and Zank (2010). In the decumulative probabilities
P
notation P = (~
p1 ; : : : ; p~n ), where p~j = ji=1 pi denotes the probability of obtaining outcome
xj or better, j = 1; : : : ; n.27 Obviously, p~n = 1. Naturally, all preference conditions can be
re-written in terms of decumulative probabilities.
Proof of Lemma 1: The proof of the lemma follows from results for additive representations on rank-ordered sets in Wakker (1993, Theorem 3.2 and Corollary 3.6). That statement (i)
implies statement (ii) is immediate from the properties of the functions Vj ; j = f1; : : : ; n 1g.
As the preference relation < is de…ned on a rank-ordered set of decumulative probabilities
(i.e., a rank-ordered subset of [0; 1]n 1 ) and < satis…es weak order, Jensen-continuity and …rst
order stochastic dominance, it follows that < also satis…ed Euclidean continuity (by Lemma
18 in Abdellaoui 2002). First order stochastic dominance comes down to strong monotonicity
in decumulative probabilities. Further, as n
4, and independence of common elementary
probability shifts comes down to coordinate independence of Wakker (1993), statement (ii) of
Theorem 3.2 of Wakker is satis…ed. Then statement (i) of the lemma follows from statement (i)
of Theorem 3.2 of Wakker, the only di¤erence being that strong monotonicity in this framework
implies that the functions Vj ; j = f1; : : : ; n 1g are strictly increasing. Uniqueness results are
as in Wakker’s Theorem 3.2. This concludes the proof of Lemma 1.
Proof of Theorem 1: The derivation of statement (ii) from statement (i) follows from
Lemma 1 and the analysis preceding the theorem in the main text on the consistency of elicited
probability midpoints under PT.
In the following it is proved that statement (ii) implies statement (i) of the theorem. Assume
that < on L is a weak order that satis…es …rst order stochastic dominance, independence of
common elementary probability shifts and sign-dependent probability midpoint consistency.
Then, by statement (i) of Lemma 1 the preference < on L is represented by an additive function
V (P ) =

n 1
X

(13)

Vj (~
pj );

j=1

with continuous strictly increasing functions V1 ; : : : ; Vn 1 : [0; 1] ! R which are bounded except
V1 and Vn 1 which could be unbounded at extreme probabilities.
27

Similarly, in the cumulative probabilities notation P = (1; 1
probability of obtaining outcome xj or less, j = 1; : : : ; n.
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p~1 ; : : : ; 1

p~n

1)

where entries denote the

Next the analysis is restricted to decumulative probabilities di¤erent from 0 or 1 to, for now,
avoid the problems with the unboundedness of V1 and Vn 1 . Following the analysis in the main
text preceding Theorem 1, SMC implies that either there is no sign-dependence or there is a
unique reference point xk ; k 2 f2; : : : ; n 1g. If sign-dependence does not hold, SMC comes
down to the consistency in probability attitudes of Zank (2010), which implies that RDU holds.
Therefore, consider the case when sign-dependence holds.
Assume …rst that 2 < k
n 1. For any 2 (0; 1) and " > 0 let B" ( ) be the open
neighborhood around with Euclidean distance ". Take any ; ; 2 B" ( ) such that
k 1
X

[Vi ( )

Vi ( )] =

i=1

k 1
X

[Vi ( )

Vi ( )]:

(14)

i=1

For su¢ ciently small " > 0, by continuity of the functions Vi ; i = k; : : : ; n
lotteries P; Q 2 L with

1, there exists

k 1
n 1
k 1
n 1
X
X
X
X
Vi ( ) +
Vi (~
pi ) =
Vi ( ) +
Vi (~
qi )
i=1

and

i=1

i=k

i=k

k 1
n 1
k 1
n 1
X
X
X
X
Vi (~
qi ):
Vi (~
pi ) =
Vi ( ) +
Vi ( ) +
i=1

i=1

i=k

i=k

Before proceeding with the proof, some simplifying notation is introduced. For any nonempty
subset I f1; : : : ; n 1g we write I P for prospect P with p~i replaced by 2 [0; 1] for all i 2 I.
Clearly, for I P to be a well-de…ned prospect, I must include all indices between and including
the smallest (minfi : i 2 Ig) and the largest (maxfi : i 2 Ig) in I. With this notation, the
latter two equations are equivalent to the respective indi¤erences
IP

IQ

and

IP

I Q;

where I = f1; : : : ; k 1g; meaning that the decumulative probabilities ; ; are attached to
gains. Consider the case < (and note that the case > is completely analogous). By
…rst order stochastic dominance it follows that > . Further, sign-dependent probability
midpoint consistency requires that
J

for all J = f1; : : : ; jg; j 2 Infk

InJ P

J InJ Q

1g. First take j = 1. Then, substitution of Equation (13)
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into

IP

IQ

implies
k 1
X

Vi ( ) +

i=1

n 1
X

Vi (~
pi ) =

i=1

i=k

and substitution of Equation (13) into

V1 ( ) +

k 1
X

Vi ( ) +

i=2

k 1
X

1 Inf1g P

n 1
X

n 1
X
Vi ( ) +
Vi (~
qi );
i=k

1 Inf1g Q

Vi (~
pi ) = V1 ( ) +

k 1
X
i=2

i=k

gives

n 1
X
Vi ( ) +
Vi (~
qi ):
i=k

Taking the di¤erence of the two latter equations and cancelling common terms implies
k 1
X
[Vi ( )

Vi ( )] =

i=2

k 1
X

[Vi ( )

Vi ( )]:

i=2

Similarly, joint substitution of Equation (13) into I P
taking di¤erences and cancelling common terms, imply
V1 ( )

V1 ( ) = V1 ( )

[Vi ( )

Vi ( )] =

IQ

and

V1 ( ):

1 Inf1g P

1 Inf1g Q,

(15)

Similarly, if j = 2, one obtains
k 1
X
i=3

and

k 1
X

[Vi ( )

Vi ( )]

[Vi ( )

Vi ( )];

i=3

2
X
[Vi ( )

Vi ( )] =

i=1

2
X
i=1

and using Equation (15) one obtains
V2 ( )

V2 ( ) = V2 ( )

V2 ( ):

By induction on j it can be concluded that if Equation (14) holds then for all j = 1; : : : ; k
it holds that
Vj ( ) Vj ( ) = Vj ( ) Vj ( ):
That the converse holds is immediate. One concludes that for any
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1

2 (0; 1) and su¢ ciently

small " > 0 for ; ;

2 B" ( ) it holds that

k 1
X
[Vi ( )

Vi ( )] =

i=1

Vj ( )

,

k 1
X

[Vi ( )

Vi ( )]

i=1

Vj ( ) for all j = 1; : : : ; k

Vj ( ) = Vj ( )

1:

This means that locally the functions Vj , j = 1; : : : ; k 1, are proportional and also proportional
to their sum, which we denote V + . Global proportionality follows from local proportionality
and continuity. It follows that positive constants s1 ; : : : ; sk 1 and real numbers t1 ; : : : ; tk 1 exist
such that
Vj ( ) = sj V + ( ) + tj ; j = 1; : : : ; k 1:
Following Proposition 3.5 of Wakker (1993) the functions Vj can be taken …nite at 0 and 1, and
can continuously be extended to all of [0; 1].
Similar arguments, now applying consistency for probability midpoints of losses, can be used
Pn 1
Vj and Vj , j = k; : : : ; n 1 whenever
to derive proportionality of the functions V := j=k
2
k < n 1. Proposition 3.5 of Wakker (1993) applies again saying that the functions Vj
can be taken …nite at 0 and 1, and can continuously be extended to all of [0; 1]. Thus, it can
be concluded that positive constants sk ; : : : ; sn 1 and real numbers tk ; : : : ; tn 1 exist such that
Vj ( ) = sj V ( ) + tj ; j = k; : : : ; n

1:

Next, for the case that 2 < k < n 1, derive the weighting functions for probabilities
of gains and losses and the utility for outcomes. Fix V + (1) + V (1) = 1 and Vj (0) = 0 for
j = 1; : : : ; k 1 and Vj (1) = 0 for j = k; : : : ; n 1, thereby …xing the scale and location of
the otherwise jointly cardinal functions Vj . Then, t1 =
= tn 1 = 0 must hold and it follows
+
that V (1) = 1. De…ne
+

+

w (~
p) := V (~
p) =

k 1
X
j=1

Vj (~
p) +

n 1
X

Vj (1):

j=k

Therefore, w+ (0) = 0; w+ (1) = 1 and w+ is strictly increasing and continuous on [0; 1], and is,
indeed, a well-de…ned probability weighting function. It is the probability weighting function
for probabilities of gains.
Next derive w by de…ning
Pk 1
Pn 1
p)
V (~
p)
j=1 Vj (0) +
j=k Vj (~
= Pk 1
:
w(~
^ p) :=
Pn 1
V (0)
j=1 Vj (0) +
j=k Vj (0)
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This is a well-de…ned function given that the Vj ’s; j = k; : : : ; n 1, are strictly increasing
and bounded, and thus, Vj (~
p) < 0 for all j = k; : : : ; n 1, whenever p~ < 1; such that the
Pk 1
Pn 1
denominator j=1 Vj (0) + j=k Vj (0) 6= 0 and …nite. It follows that the function w^ has the
following properties: w(1)
^
= 0 and w(0)
^
= 1 and w^ is strictly decreasing and continuous on
[0; 1]. Set
V (0) V (~
p)
w~ (~
p) := 1 w(~
^ p) =
;
V (0)
for each p~ 2 [0; 1], which gives the dual weighting function for probabilities of losses. A useful
rearrangement of this equation gives
V (~
p) = V (0)[1

w~ (~
p)]:

From w~ one obtains w through w (~
p) = 1 w~ (1 p~) for all p~ 2 [0; 1].
Next the utility function for outcomes is derived. From the derivation of w+ and Vj ( ) =
sj V + ( ); j = 1; : : : ; k 1, one obtains
Vj ( ) = sj w+ ( ); j = 1; : : : ; k

1;

and from the derivation of w~ and Vj ( ) = sj V ( ); j = k; : : : ; n
Vj ( ) = sj V (0)[1

w~ ( )]; j = k; : : : ; n

1; one obtains
1:

Noting that the degenerate prospect that gives xi for sure is expressed as the prospect
0f1;:::;i 1g (1; : : : ; 1), for each i = 1; : : : ; n, de…ne utility as follows:
u(xk ) :=

V (0f1;:::;k

1g (1; : : : ; 1))

= V (1)
= 0:
Moving backwards, for i = k

1; : : : ; 1 one can iteratively de…ne
u(xi ) := u(xi+1 ) + si :

And for i = k + 1; : : : ; n one can iteratively de…ne
u(xi ) := u(xi 1 ) + si 1 V (0):
These de…nitions of utility for gains and losses imply that the ordering of the utility for outcomes
is u(x1 ) >
> u(xn ), thus in agreement with the ordering according to the preference <.

58

Next, substitution into V (P ), gives
V (P ) =

k 1
X

Vj (~
pj ) +

j=1

=

k 1
X

n 1
X

Vj (~
pj )

j=k

+

sj w (~
pj ) +

j=1

n 1
X

sj V (0)[1

w~ (~
pj )]:

j=k

Note that for i = 1; : : : ; k 1 one has si = u(xi ) u(xi+1 ) and for i = k; : : : ; n
si V (0) = u(xi+1 ) u(xi ). Substitution into the preceding equation gives
V (P ) =

k 1
X

+

w (~
pj )[u(xj )

j=1

=

k 1
X

n 1
X
u(xj+1 )] +
[u(xj+1 )

u(xj )][1

1 one has

w~ (~
pj )]

j=k

[w+ (~
pj )

w+ (~
pj 1 )]u(xj ) +

j=1

n 1
X

[u(xj+1 )

u(xj )][1

w~ (~
pj )];

j=k

where, in the latter equation, the term relating to probabilities of gains has been rearranged
using the properties that w+ (~
pj 1 ) = 0 for j = 1 and u(xj+1 ) = 0 for j = k 1. Next the term
relating to probabilities of losses is rearranged. After substitution of w~ (p) = 1 w (1 p),
one obtains
k 1
X
V (P ) =
[w+ (~
pj )

+

w (~
pj 1 )]u(xj ) +

j=1

n
X

[u(xj )

u(xj 1 )]w (1

p~j 1 ):

j=k+1

Rearranging yields
V (P ) =

k 1
X
j=1

+

[w (~
pj )

+

w (~
pj 1 )]u(xj ) +

n
X

[w (1

p~j 1 )

w (1

p~j )]u(xj ) = P T (P ); (16)

j=k+1

where in the derivation of the latter expression for loss probabilities one has used that u(xj 1 ) =
0 for j = k + 1 and w (1 p~j ) = 0 for j = n (recall that p~n = 1). The conclusion is that the
representation V of < on L is, in fact, a genuine PT-functional.
Cases k = 2 and k = n 1 are problematic as unboundedness is possible at 0 or 1. If k = 2
and V1 is bounded at 1, or if k = n 1 and Vn 1 is bounded at 0, one can simply repeat the
preceding analysis and derive genuine PT. If, however, k = 2 and V1 is unbounded at 1, one
can derive w and u for losses (i.e., for xi ; i = 3; : : : ; n) by using similar arguments as in the
preceding analysis (i.e., following the case 2 k < n 1); nothing more can be said about V1 ,
thus, generalised PT as in Eq. (8) is obtained. Similarly, if k = n 1 and Vn 1 is unbounded
at 0, one can derive w+ and u for gains (i.e., for xi ; i = 1; : : : ; n 1) by using similar arguments
as in the preceding analysis (i.e., following the case 2 < k n 1), thus, generalised PT as in
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Eq. (7) is obtained. Hence, generalised PT represents < on L. This concludes the derivation
of statement (i) from statement (ii) in Theorem 1.
To complete the proof of the theorem the uniqueness results for the weighting functions and
utility must be derived. For bounded V1 and Vn 1 one has …xed the scale and location of the
otherwise jointly cardinal functions Vj ; j = 1; : : : ; n 1 in order to derive w+ and w . That is,
given any other representation of preferences that is additively separable as in Lemma 1, …xing
scale and location as required in the proof above will lead to the same probability weighting
functions. This shows that the weighting functions w+ and w are uniquely determined. From
the de…nition of the utility function u it is clear that the only freedom one has in de…ning
utility is the starting value at the reference point xk (i.e., the location parameter) and a scaling
parameter due to the jointly cardinal functions Vj ; j = 1; : : : ; n 1. So, utility can, at most,
be cardinal. However, in order to rewrite V in the form of the PT-functional it is critical that
u(xk ) = 0. Otherwise, if u(xk ) 6= 0, the terms w+ (pk )u(xk ) and u(xk )w (1 pk ) will appear in
Equation (16). With these terms added in Equation (16) a functional is obtained that violates
…rst order stochastic dominance and continuity, hence, it cannot be a representation of < on
L. This means that u must be a ratio scale. This is somewhat di¤erent if one of V1 or Vn 1 are
unbounded. In the …rst case w is uniquely determined but u; which must satisfy u(x2 ) = 0,
and V1 are jointly cardinal. In the second case w+ is uniquely determined and u; which must
satisfy u(xn 1 ) = 0, and Vn 1 are jointly cardinal.
This concludes the proof of Theorem 1.
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Appendix 2
Proof of Proposition 1: Consider the Langrange function L, which has been set up to
solve the pro…t maximisation problem of the monopolist in 11 subject to constraint IR:
L = Rm

(1

"

pm )C m +

Rm )pm + u(W Rm L + C m )(1
u(W )pm + u(W L)(1 pm )

u(W

pm )

#

First-order conditions (FOC) are given by:
@L
=1
@Rm
@L
=
@C m
@L
= [u(W Rm )
@
Rearranging yields:

Rm )pm + u0 (W

[u0 (W
(1

pm ) + u0 (W

u(W )] pm + [u(W

u0 (W

Rm

Rm
Rm

Rm ) = u0 (W

L + C m )(1

L + C m )(1
L + C m)

Rm

pm )] = 0

pm ) = 0

u(W

L)] (1

pm ) = 0

L + C m );

which implies that L = C m . Hence, an agent receives full insurance irrespective of whether he
is an EU type, so that pm = p, or an RDU type, pm = w(p).
Proof of Proposition 2: Proposition 2 claims that the equilibrium in the monopoly market
entails separation of EU and RDU agents. The proof derives the separation of equilibrium …rst,
and later it shows that pooling is not optimal.
The proof of the separating case extends the proof of Stiglitz (1977). First, it shows that
under Assumption 1, the contract in the monopoly market,
= ( EU ; RDU ) is a separating
equilibrium if it holds that C RDU = L,
u(xRDU
)pRDU + u(xRDU
)(1
1
2

RDU
pRDU ) = u(xEU
+ u(xEU
1 )p
2 )(1

pRDU );

(ICRDU )

and that
EU
u(xEU
+ u(xEU
1 )p
2 )(1

pEU ) = u(x1 )pEU + u(x2 )(1

pEU ):

(IREU )

By contradiction, assume that ICRDU is not binding and the RDU type strictly prefers his
contract to the contract of the EU agent. In such a case the insurer can increase his pro…t by
o¤ering a di¤erent contract, 0 = (R0 ; C 0 ), such that
u(xRDU
)pRDU + u(xRDU
)(1
1
2

0

0

pRDU ) > u(x1 )pRDU + u(x2 )(1

pRDU )

RDU
> u(xEU
+ u(xEU
1 )p
2 )(1
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pRDU ):

(A1)

The insurer keeps introducing di¤erent contracts satisfying condition A1 to increase his pro…t
further. Pro…t-maximization requires that ICRDU binds, hence, eventually A1 must be relaxed.
Again, by contradiction, assume that
EU
u(xEU
+ u(xEU
1 )p
2 )(1

pEU )

u(xRDU
)pEU + u(xRDU
)(1
1
2

pEU );

(ICEU )

holds. Hence, the ICEU binds for RDU = (RRDU ; C RDU ), which maximises pro…t of the
insurer earned on the RDU type. In addition, binding ICRDU implies that RDU > EU ;
so that the RDU type receives more compensation in equilibrium. This, however, and the
ICEU holding with equality does not imply that the EU type prefers the contract with a higher
compensation (as assumed by ICEU ). Hence, the EU type always (strictly) prefers his contract
to the contract of the RDU agent. It follows that C RDU = L, since changes of RDU in the
presence of (not binding) incentive compatibility constraint of the EU type are not pro…table.
Finally, it is shown that IREU holds. In particular, since the increase in the amount of
coverage for the EU type decreases the monopolist pro…t, the insurer optimises when IREU
holds.
In the second part of the proof, I demonstrate that pooling equilibrium is not optimal.
Hence, assume that there is a pooling contract, P = ( P ; P ), which o¤ers to both agents the
same amount of coverage at an equal price. If the agents are o¤ered a partial insurance, such
that C P < L, the insurer can earn more by o¤ering a contract, d ; entaling a higher coverage,
C d > C P (without changing the price, hence, implying that Rd > RP ). Irrespective of the EU
type’s choice of contract, the RDU agent accepts contract d = (Rd ; C d ) because of the higher
coverage. Hence, this type does not prefer the pooling contract.
A pooling contract might also entail full insurance, such that C P = L: In such a case, the
monopolist can still increase his pro…t by o¤ering a contract, e ; which satis…es the following
condition:
u(xP1 )pP + u(xP2 )(1

pP ) = u(xP1 )pP + u(xe2 )(1

pP );

u(xP1 ) = u(xe1 )pP + u(xe2 )(1

pP );

where L C e < ; for a small enough : Additionally, it holds that xe2 = W RP L + C e :
Since contract e o¤ers less insurance, it will be preferred by the EU type. This, however,
implies that the per unit price of contract e is higher than the price of contract P ; since for
the former contract o¤ers less insurance at the same price. Consequently, the pro…t on the EU
type increases, while the pro…t on the RDU type (who purchases the contract entailing more
compensation, P ) remains unchanged. This completes the proof of Proposition 2.
Proof of Proposition 3: The proof of Proposition 3 is analogous to the proof of Proposition 2. This is due to Assumption 2, which states that the willigness to pay for insurance
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is determined by agent’s risk perception and not by their risk types. Hence, the proof immediately reduces to the case of the separating equilibrium in the presence of heterogeneity in
risk perception only. This problem has been solved in Section 5 and the corresponding proof is
given in the proof of Proposition 2.
Proof of Lemma 1: Lemma 1 is not original to this work and a similar result has been
derived previously (e.g., Cohen, 1995). Nevertheless, as this result plays a key role in the
analysis, the sketch of its proof is provided.
First, suppose that lottery z is distributed with B. Then, for every realisation z one can
write
y(z) = A 1 (B(z)):
Hence, statement (i) of Lemma 1 can be rewritten to:
Z

Z

u(z) dA(z)

u(z) dB(z)

for every weakly increasing concave utility function u. This notation will be useful for the
remaining part of the proof.
First, it is proved that statement (ii) implies (i). The proof is undertaken solely under the
assumption of EU as an equivalent proof under RDU is trivial. Notice that (ii) is given by
Z
which is equivalent to

Z

u(y) dB(y);

E [u(z + j j)jz] dA(z)

since y = z + j j with j j being the noise with zero expectation, E [ jz] = 0; introduced in the
de…nition of MPS. Notice that
Z
Z
E [u(z + j j)jz] dA(z)
u (E [z + j jjz]) dA(z)
Z
u(z) dA(z);
=
which is equivalent to statement (i). This completes the proof of equivalence between (i)
and (ii). Next the proof of the equivalence between (i) and (iii) is brie‡y sketched.
Recall that the utility function, u, is strictly increasing and di¤erentiable, and the probability
weighting function, w, is strictly increasing and continuous. Chew, Karni and Safra (1987)
show that an RDU decision maker with utility function u and probability weighting function w
exhibits strong aversion to risk (hence, S-SD), if and only if, his utility function, u; is concave
and his probability weighting function, w; is convex. Under Assumption 1, convexity of w is
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required only for all p 2 ( ; 1); where 2 (0; 1): Notice that under Assumption 1, in the RDU
framework with the inverse-S probability weighting function preferences consistent with S-SD
imply that w(p) < p for p 2 ( ; 1); hence, convexity of w in that range of probabilities. Thus,
the equivalence of part (i) and (iii) of Lemma 1 follows. Since statement (ii) implies (i) and (i)
implies (iii), statement (ii) must also imply (iii). This completes the proof of Lemma 1.
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