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ABSTRACT: This paper studies the trajectory instability and convergence of the curvilinear motion of a hard 

projectile in deep penetration, based on rigid body dynamics and the differential area force law. It is observed 

that both sudden (instable) and gradual (curvilinear) changes of the projectile trajectory may happen under 

certain conditions depending on projectile geometry, target property, impact velocity and other striking 

parameters. A criterion is introduced to determine the occurrence of trajectory instability. Two characteristic 

velocities are identified, i.e. (a) the critical impact velocity for the occurrence of trajectory instability, and (b) 

the characteristic convergent velocity, at which the projectile trajectory turns to a straight line (linear motion) 

from the curvilinear motion, which is supported by experimental evidence. It is shown that both the critical 

impact velocity and the characteristic convergent velocity depend linearly on the relative location of 

projectile’s centre of mass. However, the characteristic convergent velocity is independent of the 

non-axisymmetrical disturbance and impact velocity.  

Keywords: deep penetration, rigid projectile, trajectory instability, curvilinear motion, soil target 

 

1. Introduction 

Deep penetration has been studied extensively for various materials, such as metal, concrete and 
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soil media [1-6]. A projectile may hit a target with oblique, pitch and/or yaw angles, as reported in 

experimental and numerical studies for their effects on penetration process [7-12], which introduced 

non-axisymmetrical resistance on the surface of the projectile and led to the curved (or curvilinear) 

projectile trajectory. Early research on projectile trajectory in soil target showed that the projectile 

trajectory with initial oblique angle may become curvilinear and may even move toward the target 

surface [13]. 

In comparison with computational models based on finite or discrete element methods, an 

analytical model based on the differential area force law (DAFL) requires less material parameters 

and computational resources for projectile trajectory analysis [13,14]. The DAFL approach was 

originally proposed by AVCO Corporation in early 1970s. Later, it was adopted by the US Army 

Waterways Experiment Station (WES) to develop 2-D (PENCO2D) and 3-D (PENCRV3D) codes for 

projectile trajectory analyses [15,16]. A general framework of non-linear differential equations 

describing the projectile penetration has been established in previous studies (e.g. [17-21]) based on 

DAFL approach and semi-empirical resistance function. It has been found that the projectile 

trajectory may change abruptly around a critical impact velocity, which was considered as a 

trajectory instability problem [17]. Experimental results in [20] indicated the trajectory convergence, 

i.e. the projectile trajectory gradually becomes straight after a curvilinear motion in target medium, 

which has also been observed in [17]. However, this phenomenon was neglected in further studies.  

With the increase of penetration capability, the projectile instability becomes an important issue 

for the accurate prediction of projectile trajectory in deep penetration. In this paper, the curvilinear 

motion and instability of a hard projectile are studied based on the DAFL method and 3D rigid-body 

dynamics. The problem statement is given in Section 2. The general model of projectile trajectory 

under non-axisymmetrical condition is applied to study the curvilinear motion and instability of 



 3 

projectiles in deep penetration in Section 3. The general features of the curvilinear motion and 

instability of projectile trajectory in soil target are discussed in Section 4, followed by conclusions in 

Section 5. 

2. Statement of the problem 

When an axisymmetric projectile has a linear motion in a homogeneous target, it is subjected to 

an axisymmetric axial resistance and its linear motion can be maintained if instability does not occur. 

However, an axisymmetric projectile may be subjected to non-axisymmetric resistance due to 

following three causes, i.e. (i) Initial non-axisymmetric interaction between the projectile and target 

medium may happen (e.g. the existences of oblique angle, yaw or pitch angle and their angular 

velocities may cause non-axisymmetric resistant force on the surface of a projectile nose); (ii) Target 

resistant force on projectile may be non-axisymmetric due to the non-homogeneity of the target 

medium; (iii) Even the projectile geometry is originally axisymmetric, the projectile may experience 

non-axisymmetric deformation and mass erosion in early penetration stage, and becomes 

non-axisymmetric, which introduces non-axisymmetric resistance on the surface of projectile. In this 

study, we will not consider the non-homogeneity of the target and the deformation and erosion of the 

projectile. 

2.1. Coordinate frames of projectile motion 

The projectile, target and three coordinate frames are shown in Fig.1. The target frame is 

represented by oxyz with origin at the projectile mass centre, xoz in horizontal plane, axis ox opposite 

to the normal direction of target surface and the axis oy in the upright direction. The two other frames 

1 1 1ox y z  and 2 2 2ox y z  in Fig.1 are the projectile-axis frame and the velocity frame.  

In particular, when the normal direction of target, the projectile velocity vector and the 
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projectile-axis are in the same plane as shown in Fig.2, these three coordinate frames are related by 

angles  ,   and  . The motion of the projectile can be regarded as a plane motion with following 

relationship 

                                                                        (1) 

where  ,   and   are termed projectile-axis angle, oblique angle and attacking angle, 

respectively. Without losing generality, we will consider the plane motion of the projectile in this 

study. In the rest of paper, these angles with and without subscript ‘0’ denote their respective 

quantities at the initial (impact) and current moments of penetration.  

2.2. Initial condition of the projectile 

For a homogenous target and an axisymmetric rigid projectile, the non-axisymmetric initial 

condition is regarded as the key factor for the curvilinear motion and instability of projectile 

trajectory. The initial condition can be described by three vectors, i.e. the projectile velocity vector, 

the position vector of the projectile-axis, and the angular velocity vector of the projectile-axis. For 

the plane motion of a projectile, the initial conditions can also be represented by scalars, e.g. the 

projectile velocity 0v , oblique angle 0  and yaw (or attack) angle 0  (or 0 ) as well as their  

angular velocities. In a penetration study of an axisymmetric rigid projectile, the initial roll angle and 

any angular velocities of the projectile are usually insignificant and ignored.  

2.3. Curvilinear motion and instability of projectile trajectory  

Curvilinear motion and instability of projectile trajectory were discussed in [17] as two different 

problems, in which the trajectory instability was described based on the conventional instability 

concept by introducing non-axisymmetrical disturbances and imperfections. In a conventional 

instability problem (e.g. the Euler buckling of an axially-loaded column), the ideal critical buckling 
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load is the asymptotes of loading-deflection curves when disturbances and/or imperfections exist, 

which should be independent of the disturbance and/or imperfection. However, it has been found that 

the critical impact velocity for the occurrence of projectile instability depends on the 

non-axisymmetrical disturbances no matter how small they are. For example, it was shown in Fig.15 

of [17] that the critical impact velocity for the trajectory instability depends on the initial disturbance 

of the attack angle, i.e. the critical impact velocity continuously increases with the decrease of initial 

attack angle without a clear finite asymptote limit when the initial attack angle approaches to zero. 

Therefore, a new definition of trajectory instability is introduced in this paper to address this feature.  

Trajectory Instability Criterion: In a rigid projectile penetration problem, trajectory instability 

occurs if the projectile trajectory has an abrupt change with a small change of impact velocity. The 

corresponding impact velocity is defined as the critical impact velocity. 

Curvilinear motion happens as soon as the axisymmetric condition of the projectile penetration 

is not satisfied. Several influential factors are associated with the curvilinear motion and instability of 

a rigid projectile, i.e. 

(a) Non-axisymmetric factors of the impact (oblique angle and attack angles, 0  and 0 ): They are 

essential for the introduction of non-axisymmetric resistance on the projectile leading to projectile’s 

curvilinear motion.  

(b) Impact velocity ( 0v
): The non-axisymmetrical factors may have different influence on the 

projectile trajectory under different impact velocities especially when the impact velocity is around 

the critical impact velocity. 

(c) Geometry and mass distribution of the projectile: It was found in [17] that the relative location of 

mass centre of the projectile has strong influence on the rotation of the projectile, and thus, on the 

projectile stability and the curvilinear motion. 
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3. Curvilinear motion and trajectory instability of a rigid projectile 

3.1. A brief description of the projectile penetration model 

The basic assumptions and equations of the projectile penetration model have been described in 

[17], which are briefly summarized and rationalized here. 

The projectile is assumed to be an axisymmetric rigid body. This is generally valid for a hard 

projectile penetrating a relatively softer target when the impact velocity is below a critical value. The 

target is assumed to be homogenous, which is applicable when the heterogeneity characteristic length 

of the target is much smaller than the diameter of the projectile. 

The free-surface effect is ignored. Studies showed that the free-surface effect may influence the 

target resistance only under certain circumstances. For brittle target (concrete or rock), free-surface 

effect needs to be considered for long-rod penetration, especially when the impact oblique angle is 

large and penetration depth is shallow [9, 12, 22]. However, free-surface effect is minor for ductile 

and soft targets (e.g. soil) and for deep penetration [13]. It should be noted that this study does not 

consider the possible weak-separation and reattachment between target and the surface of the 

projectile [23, 24]. Simplified weak-separation model has been proposed, but the comparison 

between predicted and experimental results for soil target is inconclusive [13]. 

The motion of the projectile is controlled by rigid body dynamics and target resistance function. 

The dynamic equations of the rigid projectile is 

dV
m F

dt
  (2a) 

and 
dG

G M
dt

    (2b) 

together with the initial conditions where m  is the projectile mass, V  is the projectile velocity 
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vector, G  is the angular momentum vector about the mass centre of projectile in a projectile-axis 

frame,   is the angular velocity vector of the projectile. 

The resultant force and moment on the projectile can be integrated according to DAFL by 

 n n

S

F dS    (3a) 

 n n

S

M r dS    
   (3b) 

where 
n  and n n    are the normal stress and tangential stress on projectile surface with   as 

the coefficient of kinetic friction. The differential equations of the projectile motion together with 

initial conditions can be solved simultaneously by numerical integration, or using an FE code (e.g. 

ABAQUS explicit) via the user subroutine VDLOAD to prescribe the load (
n  and 

n ) on the 

surface of projectile as a discrete rigid body [13,14]. 

3.2. Illustration of the restoring moment and the resistance centre in a 2-D case 

According to the rigid body dynamics, the curvilinear motion of the projectile results in 

non-axisymmetric force (or non-zero moment) and attack angle (and angular velocity), which 

maintain or further promote projectile’s curvilinear motion. 

The instantaneous resistance centre (RC) of the projectile is defined by M R F   where   

F  and M  are the resultant force and moment on the projectile, respectively, and R  is the vector 

of the RC originated from projectile’s centre of mass (COM). Generally speaking, the RC of the 

projectile can be assumed to locate on the axis of the projectile. Otherwise, it would result in the 

rolling of projectile about its axis, which rarely happens. When the RC is ‘aft’ the COM, i.e. R<0 in 

projectile axis frame ( 1 1 1ox y z ), a counter-deviation moment is produced, which tends to restore the 

projectile trajectory to a linear motion. Otherwise, it encourages the curvilinear motion. Therefore, 

the stability of the projectile increases with the decrease of Lc/L where Lc is the distance between the 
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COM and the nose tip of the projectile and L is the length of projectile, i.e. the closer the projectile’s 

COM to the projectile’s nose tip, the more stable the projectile. 

The above explanation can be further illustrated. When there is an attack angle, the projectile axis 

deviates from the direction of the projectile velocity. The direction of the resultant target resistance Fi 

[i.e. 1F  in Fig.3(a) or 2F  in Fig.3(b)] will be in the range of 90o (clockwise as shown in Fig.3 in a 

2-D penetration) from the opposite direction of the projectile velocity. The direction of the moment is 

determined by the relative position of the COM and RC. If the RC is aft the COM, i.e. in Fig.3(a), the 

moment of resistance 1M  is a stable moment as it tends to restore the linear trajectory. If the RC is 

ahead of the COM, i.e. in Fig.3(b), the moment of resistance 2M  is a reverse moment as it tends to 

further increase the attack angle and curve the trajectory. In other words, the attack angle tends to 

converge if the RC is aft the COM; otherwise it tends to diverge.  

3.3. Experimental evidence of curvilinear trajectory and convergence 

Experiments in [20] showed that the trajectory of a (very unstable) steel cone projectile 

gradually becomes linear after a curvilinear motion when it penetrates into a plasticine target with an 

attack angle (Fig.4). In order to characterize the projectile trajectory, the experimental trajectory of 

the projectile was fitted using a polynomial curve, based on which the variation of the radius of 

curvature (R) with penetration distance (termed as an R-curve) was presented. The R-curve has a 

valley-shape feature and its maximum is several times larger than its minimum, as shown in Fig.4. 

This means that the projectile experienced linear-curvilinear-linear (L-C-L) movement transitions. 

Further penetration experiments were performed for grout and soil targets in Fig.5 with projectile 

geometries and penetration parameters given in Fig.6 and Table 1. Figure 5(a) showed the trajectory 

of a hard steel projectile penetrating into a grout target with an oblique angle, and Fig.5(b-d) showed 

the trajectories of titanium alloy projectiles penetrating into soil targets at nearly normal impact. 
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These experimental results further confirmed the L-C-L movement transition in a curvilinear 

trajectory. 

Table 1 Penetration parameters in [19] and present experiments. 

No. 

Impact condition Projectiles Targets 

Impact 

Velocity 

(m/s) 

Oblique/attack 

angle 

(°) 

Material 
Mass 

(g) 
Material 

Size 

(m) 

Density 

(kg/m
3
) 

yield 

strength 

(MPa) 

unconfined 

compressive 

strength 

(MPa) 

a[19] 318.47 0/3.5 steel 2.35 plasticine 
thickness 

0.1-0.12m 
1480 0.65 — 

b[19] 286.5 0/4.0 steel 2.35 plasticine thickness 0.1 1480 0.70 — 

c[19] 277.8 0/9 steel 2.35 plasticine thickness 0.1 1480 0.66 — 

d[19] 252.5 0/9.5 steel 2.35 plasticine thickness 0.1 1480 0.665 — 

a 1043 10/0 30CrMnSiA 54.79 grout Φ0.450.7 2170 — 33 

b 360 normal
*
 Ti-6Al-4V 21.69 soil 0.50.60.8 1627 — — 

c 499 normal
*
 Ti-6Al-4V 22.10 soil 0.50.60.8 1627 — — 

d 251 normal
*
 Ti-6Al-4V 22.12 soil 0.50.60.8 1627 — — 

*The experiments were designed for normal penetration. Therefore, both oblique and attack angles were deemed to be small although 

they were not measured. 

4. Results and discussion 

4.1. Descriptions of projectiles and target 

To investigate the stability of projectile trajectory and its influential factors, 155mm-diameter 

steel projectiles with caliber-radius-head (CRH) of 5 and length to diameter ratio of 6 are used, as 

shown in Fig.7. In order to have projectiles with different COM locations, a tungsten-alloy 

counterweight is used. The density of the projectile body is 7850 kg/m
3
 and the density of the 

counterweight is 18000 kg/m
3
. By adjusting the position of the counterweight, four projectiles with 

same mass but different COM locations were obtained, as shown in Table 2. 

Table 2 Parameters of four projectiles with different COM locations 
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Projectile parameters #1 #2 #3 #4 

Mass (kg) 75.67 75.67 75.67 75.67 

Distance of the COM LC (m) 

measured from projectile nose tip 
0.41 0.47 0.52 0.58 

Relative COM LC/L (%) 44.48 50.42 56.36 62.30 

The resistance function of the soil target is taken from [1], i.e.  

2

0n nA B V     (4) 

where 1.718A  , 1.227B  , 0 10MPa 
 and 

31860 /kg m   are calculated according to 

formula and soil data in [1]. This resistance function was also used in [17] to compare the numerical 

predictions with experimental data in [1]. But, it seems that coefficient B ( 2.215B  ) was 

miscalculated in [17], which is recalculated as 1.227 in the present paper. The corrected numerical 

predictions provide improved agreement with experimental data, as shown in Table 3. Therefore, the 

analytical model is validated by experiments, which will be used to analyze the effect of initial 

non-axisymmetric conditions (i.e. initial attack angle and oblique angle) on projectile trajectory and 

instability. The coefficient of friction is taken as zero as it has minor influence on penetration 

resistance [1].  

 

Table 3 Comparison between experimental and predicted results of penetration depth for the 

projectile with mass of 23.1kg and diameter of 95.2mm in [1]. 

Test # 
Impact velocity  

(m/s) 

Oblique angle 

(°) 

Attack angle 

(°) 

Experimental 

penetration 

depth (m) 

Predicted 

penetration 

depth (m) 

using B=2.215 

Predicted 

penetration 

depth (m) 

using B=1.227 

2 280 0 0 4.98 4.25 5.05 

3 278 30 0 5.18 4.21 5.00 

4 280 30 0 5.18 4.25 5.05 

5 280 0 3.5 5.02 4.22 5.01 

6 280 0 4 4.82 4.21 5.00 
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4.2. Influence of initial attack angle on projectile trajectory and instability 

Two different initial attack angles, 1  and 5 , with zero oblique angle will be applied to 

calculate the trajectories for four different projectiles in Table 2. 

Figure 8 shows the projectile trajectories for an initial attack angle of 0 1    and six impact 

velocities with an increment of 20m/s. It is shown that there is a distinct critical impact velocity, 

beyond which rapid deviation of the projectile trajectory is observed. The critical impact velocity 

depends on the relative COM location (LC/L). For four projectiles, their corresponding critical impact 

velocities are 1620 m/s, 1340 m/s, 1100 m/s and 880 m/s, respectively. The critical impact velocity 

decreases with the increase of LC/L. Since the projectile trajectory has an abrupt change with the 

increase of impact velocity, this problem is regarded as an instability problem according to the 

trajectory instability criterion stated in Section 3. The far the COM is from the projectile tip, the 

easier the projectile trajectory becomes instable. 

The variation of the projectile axis angles with the instantaneous projectile velocity is shown in 

Fig.9 for 0 1   . It is evident that the projectile deviates abruptly from the original trajectory when 

the impact velocity exceeds a critical impact velocity. Figure 9 predicts the same values of the critical 

impact velocity as those determined in Fig.8. According to Fig.9, the turning angle of the projectile 

during curvilinear motion increases with the relative COM LC/L, which agrees with the conclusions 

made in [20, 21]. Figure 9 also shows that all projectile trajectories will eventually turn into linear 

motion after a curvilinear motion, which has been observed in penetration experiments shown in 

Section 3.3. It is interesting to note that each curvilinear trajectory for a given projectile resumes 

linear motion at a characteristic convergent velocity, which is determined by the projectile and target, 

but irrelevant to the disturbance and impact velocity. Although it is believed that the characteristic 

convergent velocity can be determined theoretically, it still remains as an unresolved issue. For the 
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studied projectiles and target, their characteristic convergent velocities are 812 m/s, 529 m/s, 322 m/s 

and 154 m/s, respectively.   

Figure 10 shows the change of the instantaneous attack angle with the instantaneous projectile 

velocity during penetration. When the projectile trajectory keeps stable, the initial attack angle is 

converged very quickly. The instability of projectile trajectory occurs when the impact velocity is 

greater than the critical impact velocity. As soon as the trajectory instability occurs, the initial attack 

angle diverges quickly, lasting for a relative long period of time before a rapid convergence at the 

characteristic convergent velocity. These observations and the determination of both critical impact 

velocity and characteristic convergent velocity are consistent with those in Figs.8 and 9.  

Figure 11 shows the penetration velocity history for projectile #3 under impact velocities of 

1100m/s and 1120m/s associated with stable and instable scenarios, respectively. The velocity in the 

latter case with trajectory instability reduces more quickly, implying that the target resistance is 

increased due to the existence of attack angle and angular velocity. 

The changes of the instantaneous moments with the instantaneous projectile velocity are shown 

in Fig.12. The changes of the instantaneous resistance centre with the instantaneous projectile 

velocity, as shown in Fig.13, are very similar to the moment change in Fig.12. The only difference is 

that when the attack angle starts to converge for impact velocity of 1100 m/s, the resistance centre is 

not calculated any more. For both impact velocities, there is a transient peak at the initial stage 

representing the initial interaction between projectile and target before the projectile is immersed into 

target. For impact velocity of 1120 m/s, the moment increases gradually from point C to point D 

representing the increase of the attack angle and the occurrence of trajectory instability. After point D, 

the moment decreases gradually to zero and then becomes negative. From point E to point F, the 

moment maintains negative and the attack angle decreases gradually. From point F to G, the absolute 
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value of the negative moment increases rapidly and the attack angle decays very fast. Point G 

corresponds to the characteristic convergent velocity. It is noted that when the attack angle decays to 

nearly zero, the moment has an abrupt and transient fluctuation and then converges to zero. We 

believe that those abrupt fluctuations are due to the rigid body assumption, which does not influence 

the main conclusions on the projectile trajectory analyses in this paper. 

For impact velocity of 1100m/s, after the first transient peak, the moment has a small fluctuation 

and decreases quickly while maintaining negative value, which implies a quick convergence of the 

attack angle in a stable projectile motion. Different features of the lateral and axial resistance forces 

on the projectile are shown in Figs.14 and 15 for stable and instable penetration scenarios for 

projectile #3 and 0 1     

For relatively large initial attack angle, we introduce 
0 5    to calculate the projectile 

trajectories for four projectiles under six impact velocities at increments of 200m/s. Figures 16 and 

17 show the trajectories and projectile axis angles of four projectiles under various impact velocities. 

Under lower impact velocities, the change of projectile trajectory with impact velocity is very slow. 

Under higher impact velocities, the change of projector trajectory with impact velocity becomes very 

fast. The transition point between slow and fast changes may be considered as the critical impact 

velocity according to the definition of trajectory instability. This transition point becomes more 

distinctive with the increase of LC/L, which can be easily identified when Fig.16(a) is compared with 

Fig.16(c).  

Like the 
0 1    case, all the projectile trajectories resume to linear motion at a unique 

characteristic convergent velocity for a given projectile. Figures 17 and 18 show the dynamic 

changes of the instantaneous axial angle and attack angle during penetration for an initial attack 

angle of 5° and four projectiles, based on which the characteristic convergent velocity is easily 
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determined and shown in Figs.17 and 18. 

4.3 Influence of initial attack angle combined with initial oblique angle on projectile trajectory 

and instability 

Initial oblique angle is regarded as another influential factor to study the projectile trajectory in 

deep penetration. Initial oblique angles of 10º, 20º, and 30º were considered when the attack angle 

was assumed to be zero. However, the results showed that the corresponding critical impact 

velocities are very high so that the rigid projectile assumption becomes unrealistic. Thus the 

combined disturbance of smaller attack angle and larger oblique angle are used here. 

Figures 19-21 show the projectile trajectories for the combined disturbance of 0 1    and 

0 10    at six impact velocities with an increment of 20m/s. The features of the projectile trajectory 

for the combined disturbance of 0 1    and 0 20    or 0 30    are very similar to the cases 

with 0 10   , and therefore, will not be presented. By comparing Figs.19-21 with Figs.8-10, it is 

evident that the projectile trajectories for the combined disturbance ( 0 1    and 0 10    ) are very 

similar to the cases studied in Section 4.2 for small initial attack angle (i.e. 0 1   ). Previous 

discussion on the results for initial attack angles is applicable to the results for the combined 

disturbance. It implies that initial attack angle should be treated as a stronger non-axisymmetrical 

factor than initial oblique angle in terms of their influence on projectile trajectory. 

Some projectile trajectories may reverse and leave the targets before the curvilinear motion is 

converged to a linear motion, especially when the initial oblique angle is large. The larger the initial 

oblique angle is, the more likely the projectile reverses and leaves the target before convergence. 

4.4 Discussion 

Table 4 shows the details of the convergent velocities and corresponding impact velocities based 
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on the present calculations. It is generally observed that when the impact velocity is higher than the 

critical impact velocity, curvilinear motion is initiated and a distinct characteristic convergent 

velocity can be identified. If the impact velocity is lower than the critical impact velocity, the 

projectile converges to linear motion very quickly at a lower velocity that depends on the impact 

velocity. In this case, the change of projectile trajectory is small and the concept of characteristic 

convergent velocity is irrelevant.  

The characteristic convergent velocity depends only on the relative COM location for a given 

target and shape of projectile. It is irrelevant to the initial non-axisymmetrical factors and impact 

velocities. Under different non-axisymmetrical conditions and impact velocities, the trajectories 

converge at the same characteristic convergent velocity after divergence if the impact velocity is 

higher than the critical impact velocity. 

Table 4 Convergent velocity of four projectiles 

projectile 

Initial attack angle 1º Initial attack angle 5º 

Initial attack angle 1º 

combined with 

oblique angle 10º 

Impact 

velocity 

convergent 

velocity 

Impact 

velocity 

convergent 

velocity 

Impact 

velocity 

convergent 

velocity 

#1             

 1600 1282 600 537 1560  1266  

 1620 1202 800 684 1580  1214  

 1640 832 1000 781 1600  923  

 1660 817 1200 809 1620  822  

 1680 813 1400 811 1640  815  

 1700 812 1600 811 1660  813  

#2           

  1300 1107 200 178 1260  1080  

  1320 1089 400 361 1280  1074  

  1340 1028 600 516 1300  1046  

  1360 532 800 565 1320  547  

  1380 530 1000 533 1340  531 

  1400 529 1200 529 1360  530 

#3           
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  1100 888 200 175 1040  897 

  1120 326 400 354 1060  887  

  1140 324 600 415 1080  818  

  1160 323 800 330 1100  325  

  1180 322 1000 322 1120  324  

  1200 322 1200 321 1140  323  

#4           

  860 746 200 171 840  722  

  880 737 400 323 860  705  

  900 168 600 178 880  164  

  920 158 800 156 900  159  

  940 156 1000 147 920  156  

  960 154 1200 143 940  155  

 

The dependence of critical impact velocity and characteristic convergent velocity on the relative 

COM location are shown in Figs.22 and 23, respectively, where the other three projectiles with 

different COMs (i.e. relative COM LC/L=47.45%, 53.39%, and 59.33%) are added and the initial 

attack angle is extended to 0.8º and 1.2º. It shows that the characteristic convergent velocity 

decreases linearly with LC/L. The further away from the tip the COM is, the lower the characteristic 

convergent velocities is, and thus, the more difficult the projectile is to converge to linear motion. 

While the characteristic convergent velocity is independent of the non-axisymmetrical factors (e.g. 

initial attack angle, combined initial attack angle with initial oblique angle), the critical impact 

velocity depends on them, which is clearly shown in Fig.22. Again, the critical impact velocity 

decreases linearly with LC/L.   

The trajectories for wider impact velocities with two attack angles (1o and 5o) are calculated for 

four projectiles. Figure 24 shows that the trajectories with small attack angle have very small 

direction changes before the occurrence of trajectory instability. After the occurrence of trajectory 

instability, all trajectories for both attack angles have similar large direction changes.  

Figure 25 shows the characteristic convergent velocities at different impact velocities. For the 
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small initial attack angle (1º), when impact velocity is higher than the critical impact velocity, the 

curved trajectory will converge at the characteristic convergent velocity and then turn to linear 

motion. However, for larger initial attack angle (5o), the convergent velocity will increase first with 

the increase of impact velocity before reaching the characteristic convergent velocities. Note that 

some convergent velocities under very high impact velocities are inconsistent as shown in Fig.25(c) 

(e.g. projectile #3 at 0 5   ). This is caused by the fact that the projectile has left the target before 

convergence. 

The tangential force (stress) on the projectile body is neglected in previous calculations. The 

tangential force in Refs.[1,26,27] was attributed to interfacial friction. Refs.[1] neglected the 

interfacial friction due to the high value of water content (20%). Ref.[27] also used zero friction 

coefficient. In other rigid projectile penetration studies, the kinetic friction coefficient is normally 

much smaller than the static coefficient. For example, Ref.[28-32] used friction coefficient 

=0.02-0.10 for the penetration of high strength steel projectile in concrete and aluminum targets. It 

was also mentioned in [33] that friction can be neglected in high velocity penetration study because 

local melting normally happens on the interface which largely reduces the friction. On the other hand, 

the tangential force in Ref.[25] was introduced as a constant related to the maximum shear stress ( s ) 

of the target material. 

To analyze the influence of tangential force on the trajectory stability, it is necessary to 

consider the influence of two different tangential force models mentioned above. By combining these 

two different tangential force models, the tangential force should be determined by  

 min ,s n                                      (5) 

We performed more calculations to demonstrate that the same phenomena can be observed 

when tangential force exists. In Fig.26 and 27, the same projectile is used, and 0.10   is applied to 

the Eq.(3). In Figs.28 and 29, the same projectile is used with Eq.(5) and 10s MPa   applied on the 

surface of the projectile body. The variations of the convergent velocity with impact velocity are 



 18 

shown in Figs.26 and 28, and the dependences of the characteristic convergent velocity on the 

relative position of the centre of mass are shown in Figs.27 and 29.  

It can be seen that Figs.26 and 28 are similar to Figs.25, while Figs.27 and 29 are similar to 

Fig.23. This implies that the neglecting of the tangential force does not influence the conclusions 

made in this study. When tangential force/stress exists, the trajectory instability is still predominantly 

determined by the position of the center of mass. 

We further examined the effect of conical nose shape on trajectory stability. The conical nose 

projectile has same parameters as the ogive-nose projectile in Fig.7 and Table 2 and the cone 

half-angle is 12.92 degree. The results shown in Figs.30 and 31 suggest that same conclusions can be 

obtained and the characteristic convergent velocities are higher than those for ogive-nose projectiles. 

In previous calculations, we used resistant force proposed in Ref.[1] and the resistance function 

is 

2 62282.2 17.176 10n nV     

where n is given in Pa and nV  is in m/s. There are limited publications to give resistant force with 

complete set of material parameters for soil target. In order to compare the effect of other forms of 

resistant function, we used the equation based on the dynamic cavity expansion model proposed in 

Ref.[34] and soil parameters in Ref.[1] ( 0 10MPa  , 3

0 1860kgm  , 160E MPa , * 0.13  ) to get 

a resistance function of 

2 62239.1 20.268 10n nV     

Next, we assumed that another kind of soil is much softer, i.e. 0 7MPa  , 3

0 1600kgm  , 

100E MPa , * 0.15  , and the resistance function is given by  

2 61925.6 13.521 10n nV     

The simulation results are shown in Figs.32 and 33. Same conclusions can be obtained and the 

characteristic convergent velocities in the softer soil are lower. 
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5. Conclusions 

The curvilinear motion and instability of a rigid projectile in deep penetration are studied in this 

paper using a rigid projectile dynamics model. A wide range of impact velocities and projectile 

parameters including attack and oblique angles and relative COM location of the projectile are 

introduced for parametric analyses of the curvilinear motion and instability of projectile penetration 

into soil target. Main conclusions are 

(1) Curvilinear motion and instability of projectile may happen in a deep penetration when 

non-axisymmetric disturbances and imperfections (e.g. yaw and oblique angles) are introduced.  

(2) There is a critical impact velocity, around which an abrupt change of projectile trajectory with 

impact velocity is observed. This is classified as a projectile trajectory instability problem. For a 

given projectile geometry and target, the critical impact velocity depends on the non-axisymmetric 

disturbances and imperfections. It also depends linearly on the relative COM location of the 

projectile.  

(3) There is a characteristic convergent velocity. A curvilinear motion turns into a linear motion when 

the projectile velocity is reduced to a value below the characteristic convergent velocity. For a given 

projectile geometry and target, the characteristic convergent velocity is independent of the 

non-axisymmetric disturbances and imperfections. When the impact velocity is higher than the 

critical impact velocity, the characteristic convergent velocity is independent of the impact velocity. 

Similar to the critical impact velocity, the characteristic convergent velocity also depends linearly on 

the relative COM location of the projectile. 

(4) All evidences show that the relative COM location of the projectile is the most influential 

parameter to affect the curvilinear motion and instability of projector trajectory. The more forward 

the COM location is, the easier it turns to curvilinear and/or instable motion. This is also 
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demonstrated by the relative location of the instantaneous resistance centre to the projectile’s COM.  

(5)  The non-axisymmetric disturbances and imperfections have different orders of influence on the 

curvilinear motion and instability of projectile trajectory. For example, the influence of an attack 

angle is much stronger than the influence of an oblique angle on the curvilinear motion and 

instability of projectile trajectory.  

(6) Even considering the tangential force, conical nose projectile, or other forms of resistant function, 

same conclusions can be obtained.  
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