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A poroelastic fluid/structure-interaction model of cerebrospinal fluid dynamics 
in the cord with syringomyelia and adjacent subarachnoid-space stenosis 

C.D. Bertram1 and M. Heil2

1 School of Mathematics & Statistics, University of Sydney, New South Wales, Australia 2006 
2 School of Mathematics, University of Manchester, Manchester, United Kingdom M13 9PL 

Abstract—An existing axisymmetric fluid/structure-interaction model of the spinal cord, pia mater, 
subarachnoid space and dura mater in the presence of syringomyelia and subarachnoid space stenosis 
was modified to include porous solids.  This allowed investigation of a hypothesis for syrinx fluid 
ingress from cerebrospinal fluid.  Gross model deformation was unchanged by the addition of porosity, 
but pressure oscillated more in the syrinx and the subarachnoid space below the stenosis.  The 
poroelastic model still exhibited elevated mean pressure in the subarachnoid space below the stenosis, 
and in the syrinx.  With realistic cord permeability, there was slight oscillatory shunt flow bypassing 
the stenosis via the porous tissue over the syrinx.  Weak steady streaming flow occurred in a circuit 
involving craniocaudal flow through the stenosis and back via the syrinx.  Mean syrinx volume was 
scarcely altered when the adjacent stenosis bisected the syrinx, but increased slightly when the syrinx 
was predominantly located caudal to the stenosis.  The fluid content of the tissues over the syrinx 
oscillated, absorbing most of the radial flow seeping from the subarachnoid space so that it did not 
reach the syrinx.  To a lesser extent, this cyclic swelling in a boundary layer of cord tissue just below 
the pia occurred all along the cord, representing a mechanism for exchange of interstitial fluid and 
cerebrospinal fluid which could explain recent tracer findings without invoking perivascular conduits.  
The model demonstrates that syrinx volume increase is possible when there is subarachnoid space 
stenosis and the cord and pia are permeable. 

1  Introduction 

Syringomyelia is a neurological disease condition characterised by the existence of one or more 
macroscopic fluid-filled cavities (syrinxes) in the spinal cord.  The resulting hindrance to normal cord 
neurotransmission can lead to pain, loss of sensation, loss of motor control, and other neurological 
deficits.  Syringomyelia usually develops either in association with congenital Chiari I malformation or 
as a late consequence of traumatic spinal injury, the common element being some degree of obstruction 
to the free flow of cerebrospinal fluid (CSF) in the spinal subarachnoid space (SSS).  The condition is 
treated surgically, by draining the syrinx(es) or relieving the obstruction or both, but the long-term 
outcome is typically poor even if short-term symptomatic relief is obtained [22]. 
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Hydrodynamics is conjectured to play a major role in the genesis of a syrinx, and accordingly there 
have been various attempts to model the physics of the situation, as reviewed by Elliott et al. [13].  
Bertram [2] developed an axisymmetric fluid/structure-interaction (FSI) model of the whole tapered 
spinal cord, SSS and dura mater, with excitation 
consisting of pressure transients or waveforms applied 
either to the cranial end of the SSS or to the outside of 
the abdominal dura.  A substantial syrinx with 
dimensions and approximate location (spinal segments 
C4 to T3) as shown in fig. 1 of [1] was included, as 
were representations of the filum terminale and the pia 
mater.  The SSS was partially occluded by a 
trapezoidal obstruction of maximum length 30mm, 
extending from the dura and occupying up to 90% of 
the SSS cross-section by area.  All solids were 
assumed linearly viscoelastic; the CSF and syrinx fluid 
were assigned the properties of water.  The SSS 
stenosis was located halfway along that part of the 
cord occupied by the syrinx. 
 
Sinusoidal pressure at 2.5 Hz at the cranial end of the 
SSS gave rise to a to-and-fro surging motion of the 
CSF into the blind-ended SSS, only somewhat 
lessened by the stenosis, across which there was a 
large pressure drop when flow past the stenosis was 
maximal.  In turn this caused the syrinx to experience 
(through the pia and thinned overlying cord) an 
oscillating SSS pressure effectively divided into two 
halves.  The syrinx deflected accordingly, with its 
contents also surging from end to end to an extent 
agreeing with MRI measurement [7].  This ‘slosh’ was 
identified as a potential cause of tearing stress at the 
syrinx ends that could lead to syrinx lengthening, 
confirming a hypothesis by Williams [33].  When 
pressure was averaged over the 2.5 Hz cycle, that in 
the SSS was elevated caudal to the stenosis, which 
acted as a very leaky one-way valve (confirming a 
phenomenon first discovered in a physical model 
[23]).  The average pressure in the syrinx was also 
elevated relative to that in the SSS cranial to the 
stenosis (and relative to its initial value), but only 
about one-third as much. 
 
Since the solids were all impermeable, and the syrinx 
fluid was effectively incompressible, the syrinx 
volume was fixed in this model.  But on the basis of 
the above average-pressure findings, the hypothesis 
was generated that if the pia and thinned cord had been 
uniformly porous over the length of the syrinx, the 

Figure 1  The model geometry, at 1:1 scale on the 
left and radially exaggerated 20× on the right.  
Aqueous fluid in blue.  Three solids having different 
stiffnesses are shown in differing colours; solid 
colour denotes an impermeable solid, blue-
chequered colour denotes a porous medium.  
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radial pressure difference caudal to the stenosis would drive fluid into the syrinx, while the smaller 
corresponding cranial difference would drain syrinx fluid at a lesser rate.  Thus on balance these flows 
would cause syrinx volume to increase, representing a possible mechanism of syrinx enlargement and 
syrinx filling with CSF. 
 
In this work we test this hypothesis, by converting the previous model to one in which all the relevant 
solids are poroelastic, allowing the possibility of fluid seepage between the SSS and the syrinx, and of 
variation in syrinx volume.  We also conduct a mathematical analysis in a simplified geometry.  It 
transpires that the behaviour of the poroelastic media is rather more complex than was naïvely assumed 
at the outset, being dominated, insofar as cyclic events are concerned, by changes in the fluid content.  
Our findings have significance beyond the confines of syringomyelia, as well as illuminating the 
combined potential role of permeable solids and SSS stenosis in syrinx filling. 
 
2  Methods 

We here present an outline of our methods; a more detailed exposé is given elsewhere [15].  The 
geometry of the model is shown in Figure 1, in two views.  On the left, a cross-section of the whole 
axisymmetric model is shown with equal axial and radial scaling, emphasizing its slenderness.  The 
maximum radial dimension, over the dura at the cranial end, is 11 mm, while the total length to the 
sacral end of the filum terminale, SSS and dura is 600 mm.  These and all other dimensions are 
unchanged from our impermeable model [2].  In the view on the right, only a half cross-section of the 
model is shown, with the axis of symmetry on the left (dot-dash line), and the radial scale is increased 
20× relative to the axial scale, allowing ready identification of (1) the poroelastic cord tapering down to 
the poroelastic filum at the sacrum, (2) the contained syrinx filled with aqueous fluid, (3) the cord-
bounding pia, of uniform thickness 0.2 mm, (4) the SSS filled with aqueous CSF, (5) the dura bounding 
the SSS at its outer margin, and (6) the localised SSS obstruction forming the stenosis.  As in the 
impermeable model, the dura is not an exact representation of the real dura, but its geometric and 
elastic properties were together chosen to yield a reasonable emulation of the in vivo stiffness presented 
by the dura as backed by fat and bone (see [4] for more detail).  The stenosis here corresponded to the 
most severe of the previous three [2], occluding 87.5% of the SSS locally by radius and 90.3% by area. 
 
Following Simon [30], the poroelastic model is governed by the equations of momentum conservation 
for the poroelastic medium 

∙ pe f  

 (1) 
and for the pore fluid 

p f
f  

 (2) 
together with the constitutive equation for the poroelastic medium 

p ̿ 1 1 2
∙ ̿

1
̿ 

(3) 
and the mass conservation equation for the pore fluid 

∙ ∙ 0 
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(4) 
where  = poroelastic matrix stress,  = matrix displacement,  = seepage velocity (relative to the 
matrix), p = pore fluid pressure, ̿ = matrix strain and  = time.  The matrix strain is a function of the 
matrix displacement, 

̿
T

 

(5). 
The constants are the density pe of the matrix and pore fluid combined, the fluid density f and 
viscosity , the matrix permeability  and porosity , the Biot-Willis parameter , the elastic modulus 

 and the (drained) Poisson ratio .  In addition, the usual Navier-Stokes equations were solved for the 
fluid in the SSS and in the syrinx.  Where a solid was required to be impermeable,  and p were set to 
zero and equations	2	and	4	were	not	used.  Fluid/structure interaction was accomplished by enforcing 
at the boundaries between the fluid (blue in Fig. 1) and poroelastic (chequered in Fig. 1) domains that 
(i) the pore fluid pressure equalled the normal component of stress in the fluid domain (arising from 

pressure and viscous stress), 
(ii) the traction acting on the matrix equalled that exerted by the fluid, 
(iii) the normal component of matrix velocity plus the pore fluid seepage velocity equalled the normal 

component of velocity in the fluid domain, and 
(iv) the tangential component of matrix velocity equalled that in the fluid domain1. 
At all other matrix boundaries, traction or displacement was prescribed.  At the pore fluid boundaries 
either the pore pressure or the normal component of velocity was imposed.  On the remaining 
boundaries of the fluid domains, traction or velocity was specified; thus syrinx fluid could not cross the 
axis of symmetry, and CSF encountered a wall at the sacral end of the SSS.  The excitation was applied 
as a time-varying normal traction at the cervical open boundary of the SSS, to mimic the CSF pulse 
pressure arising from cranial arterial pulsatility.  Axial motion of the solids was prevented at both ends 
of the model. 
 
For the sake of comparison, we sought as far as possible to emulate the parameter values used with the 
impermeable model [2].  Thus the amplitude of the pressure forcing applied to the cranial SSS was 
again 500 Pa, and frequency 2.5 Hz.  The elastic stiffness of the solids was unchanged from before [2], 
at 5 kPa for the cord [26], 62.5 kPa for the filum and the block obstructing the SSS, and 1.25 MPa for 
the pia and dura.  However viscoelastic properties were here omitted, since (unpublished) comparison 
of results for viscoelastic and purely elastic solids in the former impermeable model showed negligible 
difference when excitation was by 2.5 Hz sine waves2.  All fluid and poroelastic-media densities were 
set to 103 kg m−3, and the fluid viscosity was set to 10−3 Pa s.  The drained Poisson ratio of the 
poroelastic material matrices (cord, pia and filum) was set to 0.35 [31], and their porosity to 0.3; the 
Poisson ratio of the impermeable solids was set to 0.49.  As befits a fully liquid-saturated poroelastic 
medium, the value of the Biot-Willis parameter was set to 1. 
 
The pia mater has been reported anatomically to be variably fenestrated along the length of the spinal 
cord [9], but its permeability to fluid seepage has not been measured to our knowledge.  In the absence 
of better information, we took the pia and the cord to have the same (isotropic) permeability, set to 
either 10−12, 10−13 or 10−14 m2, of which the last is believed to be the most realistic [31]. 

                                                 
1 This last condition enforces no slip velocity at the poroelastic interface, i.e. amounts to setting the Beavers-Joseph-
Saffman inverse slip rate coefficient [19] to zero. 
2 As distinct from isolated 5ms transients, which set up waves that decay at a rate set by the solid viscoelasticity and the 
fluid viscosity—see [2] and [3].  Such transients were not used here. 
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The above permeable model was compared with a recreation in new code of the former impermeable 
model [2]; here the Poisson ratio of all solids was set as before to 0.49.  We also found alternative 
versions of the permeable model useful in reaching a comprehensive understanding of the mechanics.  
Thus we also derived results from a version in which the Biot-Willis parameter was set to 0; this 
deprives the fluid seepage of the opportunity to interact with the poroelastic matrix so as to deform it in 
any way, while retaining the pressure-driven Darcy flow through the porous medium.  We also 
examined a version of the model in which only that part of the cord and pia overlying the main quasi-
cylindrical part of the syrinx was poroelastic, with the rest of the structure impermeable. 
 
The coupled Navier-Stokes/poroelastic model was realized in the open-source finite-element software 
oomph-lib [16], available at www.oomph-lib.org.  Implementing the equations of poroelasticity in this 
software involved new programming, and exhaustive tests were run to validate the new code; see [15].  
Results from the poroelastic model with parameters set for no permeability were also compared in 
detail with results from the former implementation of the impermeable fluid/structure-interaction 
model in the commercial finite-element code ADINA (ADINA R&D Inc., Watertown MA, USA).  
However, whereas that implementation used block-structured grids to divide the fluid and solid parts of 
the model into finite elements, all grids used here were unstructured.  Grid refinement testing was 
performed to ensure that the results reported here are independent of grid spacing, and that all fluid 
flows were properly resolved.  The same time-step (5 ms) was used as before [2], and we also tested to 
ensure that this time-step was adequate. 
 
3  Results 

3.1  Displacement and pressure 

The overall axial and radial deformations of the model in response to the sinusoidal forcing were 
almost entirely unaltered by the incorporation of porosity; see Figure 2.  Note that the impermeable-

model deformations differ from those shown in fig. 8 of [2] because (i) the deformation magnification 
is smaller here, (ii) the excitation sine-wave here has zero mean, and (iii) radial motion at the cervical 
extremity of the model is here permitted.  The deformation of all parts of the structure causes the 

Figure 2  The deflection (a, b) of the FSI boundaries of the model, magnified 5×, and the pressure along the inner 
boundary of the SSS (solid line) and (broken line) on the syrinx centre-line (c, d), both shown at the peak (a, c) and the 
trough (b, d) of the forcing cycle.  The permeable model outline (red) almost entirely overlaps that of the impermeable 
model (blue).  The real change in gap width is much smaller than depicted in the exaggerated views (a, b) shown here. 
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stenosis gap to be larger when the excitation pressure is high, pushing SSS flow craniocaudally, than 
when it is low, allowing caudocranial flow.  However, the actual change in gap width was much 
smaller than as depicted in Fig. 2; for k = 10−13 m2, the minimum gap width varied by ±9.3% about a 
mean of 0.440 mm over a cycle of excitation.  There are also non-negligible axial displacements of the 
cord between the two extremities of the model where it is fixed axially, causing the whole syrinx to 
move caudally in panel a and cranially in panel b.  Also shown in Fig. 2 is the pressure in the SSS and 
in the syrinx at the same two instants of the forcing cycle.  The pressure at axial coordinate z = 0 is the 
value imposed by the excitation.  As z increases, the amplitude of the pressure variation during the 
cycle increases up to the start of the stenosis.  A large pressure drop occurs across the stenosis, 
corresponding to caudally directed flow in panel c and cranially directed flow in panel d.  Consequently 
the amplitude of the SSS pressure variation caudal to the stenosis is greatly reduced.  The instantaneous 
pressure in the syrinx stays about halfway between the SSS pressures on either side of the stenosis, 
with a gradient accelerating the intra-syrinx flow (which is inertially dominated—see fig. 10 of [2]) in 
the opposite direction to SSS flow through the stenosis gap (which is viscously dominated) at the two 
instants depicted.  When the whole cord and pia are permeable, the amplitude of the pressure variation 
in the SSS caudal to the stenosis and in the syrinx is significantly greater than when they are 
impermeable. 
 
From Fig. 2(c) and (d), it can be seen that the SSS 
pressure swing in the blind-ended region caudal to 
the stenosis is not symmetrical about zero.  This is 
confirmed by the average over a cycle, as shown in 
Figure 3, which is elevated in this region.  Cranial 
to the stenosis (z < 135 mm), the mean pressure 
remains at zero, the mean of the excitation applied 
at z = 0.  Across the stenosis itself (135 < z < 165 
mm), the mean pressure3, instead of ramping up 
from zero to the elevated value beyond z = 165 mm, 
is depressed relative to that imagined ramp; the 
depression is caused by a combination of two 
nonlinearities: (i) a Bernoulli effect (conversion of 
pressure into kinetic energy) in the high-average-
velocity stenosis gap, as noted previously [2], and 
(ii) the nonlinearly increasing viscous resistance to 
flow through the gap with decreasing gap width.  
Because of the tapering model geometry, and also 
because of the annular geometry in general, the 
mean pressure profiles at the inner and outer edges 
of the gap differ. 
 
Although the amplitude of the SSS pressure 
variation caudal to the stenosis is greater when the cord is permeable, its mean over time is slightly less 
elevated than when the cord is impermeable.  When the cord and pia are porous only over the syrinx, 

                                                 
3 Note that the apparent irregularities in the mean-pressure curves at the entrance and exit of the stenosis are real, being the 
result of transient flow separation and eddying downstream of the stenosis (in and beyond the widening region where the 
trapezoidal block forming the stenosis linearly tapers back into the SSS outer wall).  These instantaneous flow features were 
fully resolved in the Navier-Stokes equation solutions, and their effect on pressure, being nonlinear, does not average to 
zero over a cycle. 

Figure 3  Profiles of cycle-average pressure vs. axial 
position at the inner (solid lines) and outer (dotted) 
edges of the SSS, and at the syrinx centre-line 
(dashed).  Only the axial region 70 < z < 230 mm, 
which spans the syrinx, is shown.  Results are shown 
for the non-porous cord and pia (blue), with cord and 
pia porous only over the syrinx (green, “cover 
porous”), and with the whole cord and pia porous (red, 
“all porous”). 
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the pressure elevation is still reduced relative to the impermeable-cord situation, but less so than when 
the whole cord and pia are porous.  These differences in caudal SSS pressure are not reflected in the 
syrinx, where the cycle-average pressure is almost exactly the same under all three porosity conditions.  
Thus the mean syrinx pressure elevation, relative to the initial value of zero, is a larger fraction of the 
caudal SSS pressure elevation when the cord is porous than when it is non-porous. 
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3.2  Oscillatory flows 

A clue as to the reasons for 
these changes in pressure 
elevation can be gained by 
examining the oscillatory flow 
through the ‘leaky valve’ of the 
flexible stenosis.  Once the cord 
and pia are porous, the flow past 
the stenosis is not entirely 
confined to the cyclically 
varying free gap under the block 
creating the stenosis; there is 
also the possibility of flow in 
parallel via the syrinx, involving 
transit twice through the porous 
media overlying the syrinx.  To 
quantify the relative magnitude 
of this shunt flow, it was 
convenient to examine the 
situation where the cord and pia 
were porous only over the 
syrinx, because then the shunt 
flow could be assessed by 
integrating the velocity over one 
readily defined surface; see 
Figure 4.  As shown 
schematically in the upper left 
panel, gap flow (blue arrow) was 
computed by integrating fluid 
velocity over a surface which amounted to a radial cut (shown in blue) at the midpoint of the gap.  
Similarly, shunt flow into the caudal SSS was computed by integrating the seepage velocity through the 
SSS/pia interface from the stenosis midpoint to the caudal end of the porous media overlying the syrinx 
(green).  This accounts for both flow which has shunted the stenosis gap but remained within the 
porous media, and that which has crossed the porous media and arrived via the syrinx (green arrows).  
If the whole cord and pia were porous, there would be a third component to consider, arriving in the 
caudal SSS from the syrinx via the cord and pia caudal to the syrinx.  The calculation is still slightly 
approximate, because the axial location where cranial seepage into the SSS/pia interface (at the 
appropriate time during the cycle) becomes caudal seepage out of the interface moves during the cycle 
and does not conform precisely to the stenosis midpoint.  As seen from the resulting waveforms (upper 
right), with k = 10−13 m2 the oscillatory shunt flow was only a small fraction (specifically, 1.66% peak-
to-peak for the last cycle shown) of the gap flow.  Whereas the gap flow amplitude was essentially 
independent of the permeability k, the shunt flow amplitude increased with k over the range from 10−14 
to 10−12 m2 approximately as k 0.65. 
 
Of the oscillatory flow which crossed the caudal half of the SSS/pia interface, only a small fraction 
emerged on the other side of the porous media overlying the syrinx, as shown in the lower panels of 

Figure 4  Upper panels compare the flow-rate through the stenosis gap (blue, 
“thru gap”) with that arriving in the caudal SSS via the syrinx and overlying 
porous media (green, “crossing iSSS caudally”—iSSS denotes the inner 
boundary of the SSS).  Lower panels compare the same flow-rate entering the 
caudal SSS (green) with that leaving the caudal half of the syrinx (red).  
Start-up transients are visible over the first three cycles (1.2 s). 
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Fig. 4.  The rest was absorbed4 in cyclic swelling of the cord material overlying the syrinx, i.e. the fluid 
content of the poroelastic medium increased and decreased, with concomitant slight oscillatory changes 
in the radial thickness of the overlying media.  This cyclic swelling phenomenon will be examined in 
more detail below. 
 
Insofar as the oscillatory events depicted in Fig. 4 are concerned, an 
exactly similar scenario takes place in the cranial half of the syrinx and 
overlying tissues, with the only change being a 180° phase shift, i.e. 
flow into the cranial half of the syrinx occurs at the same time as flow 
out of the caudal half, and vice versa.  However, close examination of 
the waveforms on the lower right of Fig. 4 reveals that both oscillations 
occur around a small negative mean value, representing flow from the 
caudal SSS into the syrinx.  The corresponding mean for the cranial side 
is positive, denoting flow from the syrinx into the SSS cranial to the 
stenosis.  These are two manifestations of an overall steady streaming flow in a circuit, from the cranial 
SSS via the gap to the caudal SSS, through the caudal half of the porous media overlying the syrinx and 
thus into the syrinx,  and back again via the cranial half of the overlying media, as depicted in Fig. 5.  
The driving force for this 
circular flow is the elevated 
pressure in the caudal SSS, as 
created by the leaky valve 
effect of the flexible stenosis, 
but obviously it also depends 
on the existence of cord and 
pia porosity. 
 
3.3  Syrinx volume change 

As was shown in Fig. 3, the 
mean pressure in the syrinx 
barely changes at all with the 
inclusion of cord and pia 
permeability.  The syrinx is 
surrounded by elastic tissue, 
and its original dimensions 
correspond to zero restoring 
force in those tissues.  
Porous-media-induced 
changes in time-average 
transmural pressure between 
the SSS and the syrinx (again 
see Fig. 3) are tiny compared 
to the elastic moduli of the 
intervening tissues.  Thus we 
suspect already that changes in 

                                                 
4 The diagram at lower left of Fig. 4 suggests another alternative, that some of the pore fluid arriving via the green interface 
might then seep into the cranial half of the cord and pia overlying the syrinx.  However, it should be remembered that the 
true geometry was very slender, such that in practice this path was not significant. 

Figure 5  Steady streaming flow. 

Figure 6  (a, c) Instantaneous changes in syrinx volume at k = 10−13 m2, with (b, 
d) the corresponding running averages over a cycle.  Panels (a) and (b) compare 
(red) the result when the whole cord and pia are fully poroelastic (α = 1) to 
(green) that when the cord and pia are poroelastic only over the syrinx, and 
(blue) Darcy flow only occurs over the syrinx.  Panels (c) and (d) compare (red) 
the same whole-cord-poroelastic result with that when the syrinx is displaced 
axially (“shift”) by (beige) +30 mm or (black) −30 mm relative to the stenosis.  
Monoexponentials are fitted to the curves in (d) and extrapolated to find the 
asymptotic values (dashed lines). 
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mean syrinx volume as a result of cord and pia porosity will be small.  This is corroborated by Figure 
6(a), which shows instantaneous syrinx volume changes at k = 10−13 m2 in response to the cyclic 
forcing.  The volume changes are seen to take several cycles to settle down to a final steady oscillation 
about a constant mean.  The length of this evolution (to be distinguished from short-lived start-up 
transients as shown in Fig. 4) is highly dependent on the permeability, lasting in excess of 100 
excitation cycles at k = 10−14 m2.  The amplitude of the cyclic volume changes also depends on the 
permeability (waveforms omitted for the sake of brevity), approximately as k 0.33 over 10−14 to 10−12 m2 
with the whole cord and pia porous. 
 
 Fig. 6(a) compares volume changes when the whole cord and pia are porous (red) with those when 
only the cord and pia overlying the syrinx are porous (green) and when (in the latter model) pore fluid 
interactions with the matrix are removed and only Darcy flow persists (α = 0, blue).  This last situation 
effectively recreates the imagined scenario which gave rise to the starting hypothesis for this work.  
That thinking did not encompass the full complexity of the poroelastic situation, where variations in 
porous-medium fluid content can play a major role (Fig. 4).  While under such Darcy-flow-only 
conditions there is indeed seen to be a post-transient increase in mean syrinx volume (by +0.0140%), 
this already tiny increase is greatly attenuated (down to +0.0040%) when pore-flow interactions are 
allowed, and yet further reduced when the whole cord and pia are porous (+0.0023%).  
 
3.4  Syrinx/stenosis axial offset 

The latter situation (red) is replotted in Figure 6(c) for comparison with the results of shifting the syrinx 
axially by ±30 mm.  When the syrinx is shifted cranially (+30 mm, beige), the amplitude of 
instantaneous volume variations increases; when it is shifted caudally (−30 mm, black), the amplitude 
decreases.  These amplitude changes appear related to the amplitude of pressure change in the adjacent 
SSS [see Fig. 2(c, d)], but not in any simple way, as indicated by the appearance of a second harmonic 
(black curve).  A cranial shift relative to the stenosis causes the ultimate change in mean syrinx volume 
to be negative, i.e. the syrinx shrinks slightly (by −0.0070%).  A caudal shift (see Figure 7) increases 
the ultimate mean syrinx volume, by +0.0122%5.  These figures are compared with the corresponding 
figures for k = 10−12 m2 in Table 1, where it is seen that the absolute and percentage changes were 
rather similar at these two values, particularly with the syrinx shifted caudally.  The duration of the 
mean volume change evolution at k = 10−14 m2 meant that it was impractical to compute final post-
transient values for this permeability. 

syrinx posn. k = 10–12 m2 k = 10–13 m2 
 Δ(vol.), μL Δ(vol.), % Δ(vol.), μL Δ(vol.), % 

–30 mm +0.880 +0.0124 +0.868 +0.0122 
no shift +0.221 +0.0030 +0.174 +0.0023 
+30 mm –0.461 –0.0059 –0.545 –0.0070 

Table 1  Mean syrinx volume changes with a shift in syrinx position and with k.  Whole cord and pia porous, with α = 1.  
Monoexponential curves fitted to running cycle-averages at t ≥ 1s were extrapolated beyond ~5s to find the final Δ(volume). 

                                                 
5 The syrinx was shifted in such a way as to preserve its length and the thickness of the cord layer overlying it; thus its 
volume increased slightly with cranial shift (to 7.766 mL) and decreased slightly with caudal shift (to 7.105 mL).  
Percentages are calculated relative to the altered initial volume of the shifted syrinx.  
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Figure 7  The solids outline and the fluid pressure at four equi-spaced times during an excitation cycle, with the syrinx 
displaced 30 mm caudally.  Colour key shows pressure in Pa.  Radial scale 10× axial scale, displacements exaggerated 20×. 
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3.5  Cyclic swelling 

The phenomenon of cyclic swelling, the existence of which was evident from the disparity of pulsatile 
seepage flow-rates into and out of 
the cord and pia overlying the 
syrinx in Fig. 4, is probed further in 
Figure 8.  This shows profiles for a 
radial cut at z = 90 mm through the 
overlying media, as shown (in red) 
in the model sketch on the left, at 
eight equi-spaced times through a 
cycle of excitation after initial 
transients have decayed.  The local 
position of the cord/pia interface, at 
r = 5.44 mm, is shown in each 
panel by a dotted line.  The upper 
left panel shows the radial 
displacement of each cross-
sectional location.  All parts of the 

overlying tissues move radially in 
and out rather similarly, but it is 
noticeable that the displacements 
are slightly larger at the syrinx 
boundary on the left-hand side.  
This is evidence of the time-varying thickness of the overlying cord, related via the Poisson ratio to the 
time-varying circumference of this same tissue.  The seepage velocity is shown in the upper right panel.  
At the cord/pia interface on the right, it varies ±1 mm/s.  The lower right panel shows the divergence of 
the seepage velocity, which is the rate of change of fluid content; these profiles show explicitly the rate 
at which fluid is being imbibed or 
expelled from the porous matrix 
as a function of radial position 
and time.  Because the elastic 
stiffness of the pia is 250 times 
greater than that of the cord, 
changes in pial fluid content are 
always small.  The largest 
changes occur just inside the 
cord/pia interface, diminishing 
with depth of penetration into the 
cord material.  A smaller but 
otherwise similar boundary layer 
occurs at the syrinx surface.  
Beyond its effect in limiting the 
volumetric strain, i.e. the swelling 
of the pia itself, pial stiffness has 

an important second effect: 
containment by the stiff pia greatly 

Figure 8  Instantaneous profiles of (a) radial displacement, (b) seepage 
velocity, (c) pore pressure, and (d) the divergence of seepage velocity, for 
eight equi-spaced times through the cycle, vs. radial position within a cut 
through the cord and pia overlying the syrinx as indicated in the sketch on 
the left.  In each panel the syrinx is to the left, and the SSS to the right. 

Figure 9  Traces as in Fig. 8, but for a radial cut through the cord cranial to 
the syrinx, and with k increased to 10–13 m2.
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reduces the displacement and strain of the cord, and thereby limits the magnitude of the cyclic swelling 
in the cord material, relative to what would occur in the absence of the pia.  Pore pressure, as shown in 
the lower left-hand panel, is set by a combination of the pressures at the syrinx and SSS boundaries, the 
movements of pore fluid within the matrix, and the degree of distension of the porous matrix.  The 
overall radial pressure gradient reflects instantaneously the Darcy flow of pore fluid through the matrix, 
but the pore pressure is rather constant spatially in the interior region where the seepage velocity is 
small, albeit its level varies basically with the syrinx pressure. 
 
 Since the whole cord and pia are porous, these phenomena are not confined to the tissues overlying the 
syrinx.  Figure 9 shows corresponding traces for a radial cut through the solid cord and pia at z = 36.3 
mm, about halfway between the cranial end of the syrinx and the cervical model boundary.  The radial 
coordinate thus extends from zero to 5.85 mm, with the cord/pia boundary at 5.65 mm.  In Fig. 8, 
where k = 10–14 m2, the cyclic-swelling boundary layer thickness in the cord was of the order of 0.2 
mm.  Here, the permeability has been increased to 10–13 m2, and the boundary layer thickness is 
correspondingly greater.  The precise relation between the thickness of the cyclic swelling tissue 
boundary layer and the permeability will be explored below.  The cord radial displacements (a 
consequence via the Poisson ratio of the time-varying axial strain of the cord at this location) here vary 
linearly with radial position, except close to the pia where the cyclic swelling becomes significant.  
Similarly, the pore fluid pressure variations are independent of radial position throughout most of the 
cord, since there is negligible seepage into the inner 4 mm of the cord radius.  Despite the increased 
permeability, the magnitude of the fluid content changes is decreased relative to that in Fig. 8, because 
of the reduced radial displacements. 
 
4  Analysis 

We here sketch out an analytical solution to eqns. (1) to (4) for the simplified situation where only a 
transverse section through the syrinx and overlying cord at one axial position is considered; for more 
detail see [15].  For this purpose we consider only one poroelastic material layer, thus neglecting the 
pia; it can be reintroduced by applying appropriate boundary conditions at the interface between 
different tissues.  The cord thus becomes a thick-walled annulus, of inner radius r = a and outer radius r 
= b, which is assumed to extend infinitely far without change in the axial direction.  In the absence of 
body forces, and with inertial terms due to acceleration of pore fluid and poroelastic matrix assumed to 
be negligible, eqns. (1) and (2) reduce to 

∙ 0 
 (6) 

0 

 (7) 
Together with eqns. (3) and (4), these are to be solved subject to the boundary conditions that, for the 
pore fluid, p| syrinx  and p| SSS , and for the poroelastic matrix, ∙ ∙ |

syrinx  and ∙ ∙ | SSS .  The equations are linear, and it can be assumed that all time-
variables will execute simple harmonic motion, such that they can be represented by functions of the 
form A*e jωt, where A* is a complex number.  This allows eqn. (4) to be written as 

∙ ∙ 0 
(8) 

where the value α = 1 has been inserted; , ,  in eqn. (7), but ,  here.  Elimination of , 
 and  between eqns. (3), (6), (7) and (8) leads to a differential equation in the poroelastic matrix 

displacement  
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∙ ∙ ∙ ̿ 2 ̿ ∙ 0 

(9) 

where the Lamé constants  and .  The solution to this equation which satisfies 

the boundary conditions (see [15] for more detail) is 

∗
2

⁄ ⁄  

(10) 
where A* is now specifically the axial strain, J1() is a Bessel function of the first kind and first order, 
K1() is a modified Bessel function of the second kind and first order, C1, C2 and C3 are constants taking 
values which satisfy the boundary conditions, and δ, the cyclic-swelling boundary layer thickness, is 
given by 

1
1 1 2

 

(11). 
Thus the boundary layer is ten times thinner at k = 10–14 m2 than at k = 10–12 m2, and √250 or 15.8 
times thicker in the stiff pia than in the soft cord material.  The boundary layer thickness also depends 
inversely on the square root of the excitation frequency.  Solutions for p and  similar in form to eqn. 
(10) could be derived if needed.  The fact that solutions of the poro-elastic equations develop boundary 
layers for small k is well known [11], but to our knowledge their existence has not previously been 
noted in a neurological context. 
 
The dependence of the cyclic-swelling boundary layer thickness δ on k and E can be seen in Figs. 8 and 
9.  In Fig. 8b, with k = 10−14 m2, δ can be seen to be of the order of 0.3 mm in the cord material 
overlying the syrinx.  In the much stiffer pia, δ greatly exceeds the entire pia thickness of 0.2 mm, and 
accordingly the spatial variations in seepage velocity indicate a boundary layer much thicker than the 
pia.  In Fig. 9, with k = 10−13 m2, we expect δ in the cord to increase by a factor of √10, to around 0.95 
mm, as is indeed shown by Fig. 9b.  In the pia, δ exceeds the pia thickness still more than at k = 10−14 
m2, and again the seepage velocity variations indicate a boundary layer thickness much greater than the 
pia width. 
  
5  Discussion 

We have implemented a poroelastic version of the axisymmetric FSI model of the cord, pia, and dura 
with SSS stenosis and co-located syrinx of Bertram [2].  We find that the time-varying cord 
displacements in response to sine waves of pressure applied at the cervical end of the SSS are largely 
unchanged from those seen in the impermeable model.  The peak-to-peak excursion of the time-varying 
pressure in the SSS caudal to the stenosis and of that in the syrinx is slightly increased relative to the 
impermeable situation.  As found earlier [2; 23], the time-varying stenotic gap acts to cause mean 
pressure in the caudal SSS to be elevated relative to that cranial to the stenosis6.  This remains so, but 

                                                 
6 The ‘leaky valve’ effect of the stenosis is a global nonlinearity which does not depend on either of the two local 
nonlinearities which were noted in the context of Fig. 3 to cause depression of the mean pressure in the stenosis gap.  This 
can be seen by supposing that gap width and gap flow both vary in phase with applied pressure.  The average gap width for 
caudally directed flow is then greater that for cranially directed flow, and elevated mean pressure in the caudal SSS results.  
Neither a Bernoulli effect nor viscous resistance increasing nonlinearly with gap narrowness are necessary to this argument.  
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the elevation is slightly less in the permeable model.  The pulsatile flow through the stenosis is now 
shunted by a parallel flow via the syrinx and the porous media overlying it, but with realistically low 
values of the cord/pia permeability, this shunt flow is small relative to the flow through the stenosis 
itself.  In fact very little of the radial pulsatile flow which passes through the SSS/pia interface makes it 
as far as the syrinx; most is absorbed in the overlying porous media, particularly in the soft cord 
material, causing a periodic swelling of these tissues and concomitant increase in their fluid content.  
However there is also now a weak steady streaming flow, driven by the leaky valve of the flexible 
stenosis around a circuit craniocaudally past the stenosis, into the caudal half of the syrinx via the 
porous cord and pia, caudocranially along the syrinx, and back out into the SSS via the porous media 
overlying the cranial half of the syrinx. 
 
Steady streaming occurs when the SSS stenosis is located halfway along the adjacent syrinx.  However, 
more significant changes in syrinx volume occur when the stenosis and syrinx are axially offset.  If the 
syrinx is positioned 30 mm more cranially, it loses volume relative to its starting situation.  If it is 
positioned an equal distance more caudally, it gains volume.  In our poroelastic model, such volume 
changes are inevitably bounded; they come to an end once a cycle-average equilibrium of the syrinx 
and SSS pressures (Fig. 3), the circular streaming flow (Fig. 5) and the strain and fluid content of all 
the porous structures has been reached in response to the excitation.  The time-scale of this evolution 
may extend to more than 100 cycles of excitation, but is very short compared to the time-scale of 
syrinx growth in vivo.  In the biological situation, such an endpoint is likely to be impermanent, 
because of subsequent tissue remodelling.  Over long time periods, remodelling could potentially 
amplify the effect of the fluid-dynamic processes giving rise to volume change here.  The changes in 
time-average volume we compute are small, but they do suggest that a syrinx is more likely to grow by 
this mechanism just caudal to a site of SSS obstruction than cranially.  The clinical literature is 
ambivalent on this point.  Brodbelt & Stoodley [6] reported that “post-traumatic syringes are usually 
juxtaposed to the injury site and extend rostral in 81%, caudal in 4%, and in both directions in 15% of 
cases.”  Klekamp [21] qualified this, stating that “arachnoid scarring in the cervical area will generally 
cause a syrinx below the spinal level of arachnoid scarring, whereas thoracic arachnoid scars lead to an 
upward expansion of a syrinx.”  For intramedullary tumours, Samii and Klekamp [28] found that 
associated syrinxes occurred above (49%), below (11%) and both above and below (40%) the level of 
the tumour.  On the other hand, syrinxes associated with Chiari I malformation typically occur caudal 
to the site of cerebellar tonsillar herniation; thus quoting Oldfield et al. [25], “In all [seven] patients the 
cerebellar tonsils occluded the subarachnoid space at the level of the foramen magnum.  Syringomyelia 
extended from the cervical to the lower thoracic segment of the spinal cord.” 
 
As in the impermeable model, the mean pressure in the syrinx is elevated relative to that in the SSS 
cranial to the stenosis.  This may explain the instances when pressure measurements in animals or 
patients have found higher pressure in the syrinx than in the neighbouring SSS [10; 12; 14; 24]. 
 
It was previously hypothesised [2; 13] that elevated mean pressure in the caudal SSS relative to that in 
the syrinx might provide a means whereby fluid could seep from the SSS to the syrinx, i.e. a means of 
filling it; however, on the basis of the impermeable model the hypothesis could not be tested.  The 
results here from the poroelastic model confirm that the combination of permeable media and the 
nonlinearity provided by the ‘leaky valve’ of the SSS stenosis does provide such a mechanism, albeit 
quantitatively a very weak one, as evidenced by the admittedly tiny changes in mean syrinx volume.  
                                                                                                                                                                        
In reality gap width does vary approximately in phase with applied pressure, while the flow through the gap, although 
locally dominated by viscous effects, lags behind the applied pressure because of the inertial dominance of SSS flow in 
general, but the lag is not sufficient to invalidate the simple argument presented. 
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The mechanism is highly sensitive to the placement of the syrinx relative to the stenosis, such that the 
filling tendency if the majority of the syrinx is situated caudal to the stenosis turns to an emptying one 
if it is predominantly situated cranially.  This finding of course relies on the axial uniformity of 
permeability in our model; one can envisage how axially non-uniform permeability of the overlying 
tissues might move the filling/emptying balance point.  Whether the mechanism could over extended 
time cause major changes in syrinx volume remains unknown.  Nevertheless, we have demonstrated 
that the mechanism works in principle, in the process providing an alternative to the mechanism of 
syrinx filling via perivascular spaces proposed by Bilston et al. [5]. 
 
We have also demonstrated that fluid in the interstitium of the spinal cord can exchange with the 
neighbouring CSF, simply as a result of the porosity of the cord and its covering pia mater, combined 
with the continuous slight oscillation of SSS pressure as a result of cranial arterial pulsation.  More 
significant transient perturbations in SSS pressure can arise from coughing [29; 32].  The exchange 
process is confined to a thin boundary layer just under the pia, but it is nevertheless sufficient to 
substantiate through numerical modelling that there is no real dividing line between interstitial fluid 
(ISF) and CSF (already understood via physiological experimentation—see [20] and references 
therein).  The process is dependent on the extent of local pulsatile tissue strain.  Thus it is largest in the 
thinned cord overlying the syrinx, and much less (but still non-zero) in the solid cord away from the 
syrinx, where the axial and radial components of pulsatile strain are smaller.  Similarly, extrapolating 
beyond our spinal model, we can expect that it would be even less at the pial surface of the brain.  
Nevertheless, it may have a bearing on current controversies generated by tracer studies.  Thus 
Nedergard et al. [17-18] have proposed that CSF moves into the interstitium along periarterial channels 
and back out again via perivenous ones, in the process clearing waste products of brain metabolism.  
Conversely, Weller et al. [8] have proposed that solutes drain from the brain to the CSF along 
periarterial basement membranes.  A common thread is that tracer injected at one site and later found 
elsewhere is used as evidence for flow, albeit in the absence of a fluid-dynamic mechanism (a pressure 
gradient) for such flow.  Both sets of findings can be explained, at least in part, by means of the 
ISF/CSF mixing7 in the cyclic-swelling boundary layer of the parenchyma that we have demonstrated. 
 
Finally, the many limitations of our study must be acknowledged.  The spinal cord and subarachnoid 
space have been modelled in isolation from the brain, and in a highly idealised axisymmetric geometry.  
Whereas in reality the cord exists to fan out nerves along its length, here it was reduced to a tapering 
poroelastic rod, and likewise the trabeculae and denticulate ligaments that inhabit the SSS were 
omitted.  The cord and the pia had the same uniform and isotropic permeability, although it is known 
that cord permeability is anisotropic [27].  The periodic impulsion of CSF from the cerebral 
subarachnoid space to the SSS was reduced to a sine wave of pressure applied at the cervical end of the 
model, where axial displacement of the cord and dura was prevented.  Despite a substantial syrinx, the 
outer cord diameter was maintained unchanged locally.  The many and varied situations giving rise to 
SSS stenosis were reduced to an elastic protrusion from the dura.  Although parameter values were 
chosen to emulate reality as far as possible, these and other simplifications mean that close quantitative 
agreement between the predictions of the model and real syringomyelia with SSS stenosis should not 
be looked for.  The model exists primarily as a physics test-bed for hypotheses about possible 
hydrodynamic mechanisms to do with syringogenesis.  As such its utility lies in distinguishing between 
what is mechanically feasible and what is not.  We have shown that the nonlinearity of a slightly 
flexible stenosis of the SSS, in conjunction with the porosity of the neural parenchyma, provides a 
                                                 
7 Mixing actually requires a further step beyond just the oscillatory flow of pore fluid across the pia/SSS boundary: the 
diffusion of solutes down their concentration gradient.  In combination, in the process called Taylor dispersion, solutes can 
move continuously in one direction as the result of a purely oscillatory flow. 
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possible mechanism for syrinx enlargement, albeit a weak one.  We also demonstrate that ISF and CSF 
can exchange and mix with each other in a thin tissue boundary layer just inside the pia, and this has 
implications that go beyond syringomyelia. 
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CAPTIONS 
 
Table 1 Mean syrinx volume changes with a shift in syrinx position and with k.  Whole cord and pia 

porous, with α = 1.  Monoexponential curves fitted to running cycle-averages at t ≥ 1s were 
extrapolated beyond ~5s to find the final Δ(volume). 

 
Figure 1 The model geometry, at 1:1 scale on the left and radially exaggerated 20× on the right.  

Aqueous fluid in blue.  Three solids having different stiffnesses are shown in differing 
colours; solid colour denotes an impermeable solid, blue-chequered colour denotes a porous 
medium. 

 
Figure 2 The deflection (a, b) of the FSI boundaries of the model, magnified 5×, and the pressure 

along the inner boundary of the SSS (solid line) and (broken line) on the syrinx centre-line 
(c, d), both shown at the peak (a, c) and the trough (b, d) of the forcing cycle.  The permeable 
model outline (red) almost entirely overlaps that of the impermeable model (blue).  The real 
change in gap width is much smaller than depicted in the exaggerated views (a, b) shown 
here. 

 
Figure 3 Profiles of cycle-average pressure vs. axial position at the inner (solid lines) and outer 

(dotted) edges of the SSS, and at the syrinx centre-line (dashed).  Only the axial region 70 < 
z < 230 mm, which spans the syrinx, is shown.  Results are shown for the non-porous cord 
and pia (blue), with cord and pia porous only over the syrinx (green, “cov-por”), and with the 
whole cord and pia porous (red, “all-por”). 

 
Figure 4 Upper panels compare the flow-rate through the stenosis gap (blue, “thru gap”) with that 

arriving in the caudal SSS via the syrinx and overlying porous media (green, “crossing iSSS 
caudally”—iSSS denotes the inner boundary of the SSS).  Lower panels compare the same 
flow-rate entering the caudal SSS (green, “thru SSS”) with that leaving the caudal half of the 
syrinx (red).  Start-up transients are visible over the first three cycles (1.2 s). 

 
Figure 5 Steady streaming flow. 
 
Figure 6 (a, c) Instantaneous changes in syrinx volume at k = 10−13 m2, with (b, d) the corresponding 

running averages over a cycle.  Panels (a) and (b) compare (red) the result when the whole 
cord and pia are fully poroelastic (α = 1) to (green) that when the cord and pia are poroelastic 
only over the syrinx, and (blue) Darcy flow only occurs over the syrinx.  Panels (c) and (d) 
compare (red) the same whole-cord-poroelastic result with that when the syrinx is displaced 
axially (“shift”) by (beige) +30 mm or (black) −30 mm relative to the stenosis.  
Monoexponentials are fitted to the curves in (d) and extrapolated to find the asymptotic 
values (dashed lines). 

 
Figure 7 The solids outline and the fluid pressure at four equi-spaced times during an excitation cycle, 

with the syrinx displaced 30 mm caudally.  Colour key shows pressure in Pa.  Radial scale 
10× axial scale, displacements exaggerated 20×. 

 
Figure 8 Instantaneous profiles of (a) radial displacement, (b) seepage velocity, (c) pore pressure, and 

(d) the divergence of seepage velocity, for eight equi-spaced times through the cycle, vs. 
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radial position within a cut through the cord and pia overlying the syrinx as indicated in the 
sketch on the left.  In each panel the syrinx is to the left, and the SSS to the right. 

 
Figure 9 Traces as in Fig. 8, but for a radial cut through the cord cranial to the syrinx, and with k 

increased to 10–13 m2. 
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