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a b s t r a c t 

This study aims at understanding the constitutive relation and critical condition for the shock compres- 

sion of cellular solids. A 2D virtual foam is constructed from the cross-section of a closed-cell aluminium 

foam imaged by micro X-ray computed tomography, which enables the realistic consideration of meso- 

scale structural effect in numerical modelling. Quasi-static and shock compressions of the 2D foam are 

simulated. A series of Hugoniot relations between shock speed (and other mechanical quantities) and 

impact speed are determined from the FE simulations. It is found that the shock speed increases ap- 

proximately linearly with impact speed, similar to that observed for condensed solids, but the related 

material constants for cellular solids have different physical implications, whereas the shock strain, stress 

and energy increase with impact speed nonlinearly, due to shock-enhanced cell compaction and cell-wall 

deformation. Based on conservation laws in continuum mechanics, other Hugoniot relations are derived 

from the basic linear one, which agree well with those obtained from FE simulations. It is thus demon- 

strated that the unique linear Hugoniot relation can be used to characterise the shock constitutive be- 

haviour which is distinct from the quasi-static one. Furthermore, a new analytical method based on the 

linear Hugoniot relation is proposed to estimate the critical impact speed for shock initiation, which has 

reasonable agreement with the present FE simulation and previous experimental and numerical results, 

and outperforms the existing methods. 

© 2016 Elsevier Ltd. All rights reserved. 

1. Introduction 1 

Cellular solids are characterised by high porosity (usually ex- 2 

ceeding 70%), leading to their distinctive mechanical, thermal, 3 

electromagnetic and other properties attractive for various engi- 4 

neering applications ( Gibson and Ashby, 1997 ). Under high speed 5 

impact or intensive blast, shock compression can be initiated in 6 

cellular solids and the load transmitted can be significantly in- 7 

creased ( Elnasri et al., 2007; Li and Meng, 2002; Reid and Peng, 8 

1997; Tan et al., 2012; Tan et al., 2005a ), which may enhance the 9 

energy absorption but not benefit structural protection. Therefore, 10 

it is important to understand the shock behaviour of cellular solids. 11 

Extensive experiments have identified two prominent features 12 

of shock compression in cellular solids ( Barnes et al., 2014; Rad- 13 

ford et al., 2005; Reid and Peng, 1997; Tan et al., 2012; Tan et al., 14 

2005a ): (1) a significant enhancement of stress measured at the 15 

impact end; and (2) a localisation of cell crushing adjacent to the 16 

∗ Corresponding author. 

E-mail address: qingming.li@manchester.ac.uk (Q.M. Li). 

impact end. Meanwhile, numerical studies on the dynamic crush- 17 

ing of idealised 2D cellular solids have been reported to under- 18 

stand the effects of cell irregularity ( Zheng et al., 2005 ), non- 19 

uniform cell-wall thickness ( Li et al., 2007 ), cell micro-topology 20 

( Liu and Zhang, 2009 ) and structural defects ( Zhang et al., 2010 ) 21 

on the shock behaviour. However, Sun et al. (2015; 2016b ) have 22 

demonstrated the importance to use realistic cell geometry in the 23 

simulation of dynamic crushing in order to capture the distinctive 24 

shock behaviour. Therefore, it is necessary to apply more realistic 25 

cellular solid in modelling. 26 

“Shock”, as one of the deformation modes of cellular solids, 27 

is used here as a term for the propagation of the planar inter- 28 

face (i.e. shock front) separating the crushed and uncrushed cells 29 

in dynamic compression, which has similar feature to shock wave 30 

propagation in a condensed solid ( Davison, 2008; Meyers, 1994; 31 

Wang, 2007 ). To demonstrate the “shock” feature of the shock 32 

front, Zou et al. (2009) performed finite element simulations and 33 

numerically observed a jump or macroscopic discontinuity in the 34 

key mechanical quantities (i.e. velocity, stress and strain) across 35 

the shock front (about one cell size in thickness) of hexagonal-cell 36 
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honeycombs. Liao et al. (2013) numerically confirmed the existence 37 

of shock front for idealised irregular 2D cellular structures. 38 

The measurement of the speed of shock front (i.e. shock speed 39 

for brevity) has been also attempted in experiments and sim- 40 

ulations. For instance, Barnes et al. (2014) experimentally ob- 41 

served that the variation of shock speed with impact speed 42 

generally follows a linear trend for open-cell aluminium Duo- 43 

cel foam and a linear equation was used to fit the experimen- 44 

tal data. Liao et al. (2013) derived the relation between shock 45 

speed and impact speed for 2D Voronoi foam based on various 46 

idealisations of the quasi-static stress-strain relation; but their an- 47 

alytical predictions showed marked difference from the numeri- 48 

cal result, especially at high impact speeds (see Fig. 13 in Ref. 49 

( Liao et al., 2013 )). Similarly, Pattofatto et al. (2007) compared 50 

the analytical predictions of shock speed derived from the quasi- 51 

static stress-strain relation for closed-cell aluminium Alporas foam 52 

and they stated that their nonlinear equation (see Eq. 9 in Ref. 53 

( Pattofatto et al., 2007 )) gave a “satisfactory prediction”. More re- 54 

cently, Zheng et al. (2014) measured the dynamic stress-strain re- 55 

lation for 3D Voronoi foam numerically and recommended a dy- 56 

namic material model, i.e. Eq. (14) in Ref. ( Zheng et al. (2014) ), 57 

based on which, we found that a linear relation between shock 58 

speed and impact speed, i.e. ˙ � = v + 

√ 

D/ ρ0 , can be derived (see 59 

Appendix) where ˙ � is the shock speed, v is the impact speed, ρ0 is 60 

the density and D is a material constant defined therein. The sim- 61 

ple linear relation between shock speed and impact speed seems 62 

more fundamental for characterising and modelling the shock be- 63 

haviour of cellular solids. However, it requires more experimental 64 

and numerical supports and a better understanding of its physical 65 

implications. 66 

On the other hand, increasing effort s have been made to estab- 67 

lish the constitutive relation under shock compression. In the early 68 

study, Reid and Peng (1997) proposed a shock model based on a 69 

rigid, perfectly-plastic, locking (r-p-p-l) material model to analyse 70 

the impact response of wood, which was subsequently adopted by 71 

other researchers to analyse the shock behaviour of various cellu- 72 

lar solids ( Li and Reid, 2006; Ma et al., 2009; Ruan et al., 2003; 73 

Tan et al., 2005b; Zou et al., 2009 ). The continuous improvement 74 

of this shock model is mainly from the adoption of more realis- 75 

tic constitutive equations such as linear hardening ( Zheng et al., 76 

2012 ), power-law hardening ( Zheng et al., 2013 ) and complicated 77 

nonlinear hardening ( Karagiozova et al., 2012 ) equations. However, 78 

the basic assumption that the shock state of the material is inde- 79 

pendent of the local crushing velocity has not been changed. In 80 

other words, the quasi-static compression tests were considered to 81 

be able to provide complete input parameters for the shock model. 82 

Recently this assumption has been proven questionable. For in- 83 

stance, Zheng et al. (2014) employed a 3D Voronoi finite element 84 

model to establish a dynamic stress-strain relation which is shown 85 

different from the quasi-static one. Barnes et al. (2014) experimen- 86 

tally measured the mechanical variables of the Duocel foam at dif- 87 

ferent impact speeds and demonstrated that a complete descrip- 88 

tion of shock behaviour requires the direct measurement of Hugo- 89 

niot relations (i.e. the loci of all shocked states) and the mate- 90 

rial states under shock cannot be determined from the quasi-static 91 

stress-strain relation. These recent findings do not support the con- 92 

clusion made by Pattofatto et al. (2007) that “shock enhancement 93 

effect should not be taken into account at the level of the consti- 94 

tutive law itself”. 95 

Equally importantly, previous experimental and numerical stud- 96 

ies have shown that there exists a critical impact speed, above 97 

which shock occurs ( Barnes et al., 2014; Tan et al., 2005a; Zou 98 

et al., 2009 ). For compression at subcritical impact speeds, lo- 99 

calised cell crushing occurs in presumably “weak” cells or sites, 100 

and the crush bands are randomly distributed and the boundary 101 

between crushed and uncrushed cells is not necessarily flat ( Barnes 102 

et al., 2014; Liu et al., 2009; Sun et al., 2014; Tan et al., 2005a; 103 

Zheng et al., 2014 ), in contrast to the shock deformation mode. The 104 

critical condition for shock initiation is of fundamental importance 105 

and practical interest. However, it still lacks a recognised analytical 106 

method to determine this critical impact speed, and there is con- 107 

fusion about the factors that influence the critical impact speed 108 

( Wang et al., 2013 ). 109 

The objective of this study is to clarify above outstanding is- 110 

sues. A combined image-based modelling and continuum-based 111 

theory were applied. A 2D virtual foam was created from the com- 112 

puted tomography (CT) image of a cross-section of a closed-cell 113 

aluminium Alporas foam sample and a finite element (FE) model 114 

with the same meso-scale complexity of the real foam was devel- 115 

oped for compression simulations. First, the quasi-static compres- 116 

sion of the 2D foam was simulated for comparison purpose. Then, 117 

the shock compression was simulated at different impact speeds 118 

to obtain the complete Hugoniot relations (e.g. the dependences of 119 

shock speed and material states on impact speed, and the stress- 120 

strain relation) and to define the shock constitutive relation. Fur- 121 

thermore, a new analytical method based on the basic Hugoniot 122 

relation (shock speed vs. impact speed) is proposed to estimate the 123 

critical impact speed for shock initiation. 124 

2. Image-based modelling 125 

2.1. Two-dimensional foam 126 

A diametral X-ray computed tomography (CT) slice image of a 127 

cylindrical sample (Ø30 ×30 mm) of closed-cell aluminium Alpo- 128 

ras foam was used to construct a 2D virtual foam (30 ×30 mm) 129 

with realistic cell geometry, as shown in Fig. 1 . The CT scanning 130 

of the real foam sample was performed in a Nikon Metris CT sys- 131 

tem housed in a customised bay at the Henry Moseley X-ray Imag- 132 

ing Facility (HMXIF, The University of Manchester). An acceleration 133 

voltage of 70 kV, a current of 280 μA, an effective voxel size of 134 

19.1 μm, and an exposure time of 500 ms for each of 20 0 0 pro- 135 

jections over 360 degrees were used. The X-ray radiographs were 136 

reconstructed using Nikon Metris CT-Pro software into CT images. 137 

A greyscale-based segmentation method was then used to extract 138 

the cell structure of the foam, which adopted a threshold of grey 139 

values to ensure the separation of all the solid parts from the sur- 140 

rounding air. 141 

It is clearly seen from Fig. 1 that the cell morphology and topol- 142 

ogy of the 2D virtual foam are much more complex than those of 143 

the idealised 2D cellular solids such as hexagonal-cell, circular-cell 144 

and Voronoi ones ( Liu et al., 2009; Sun and Li, 2015; Zheng et al., 145 

2005 ). Some structural imperfections, e.g. corrugation, bowed or 146 

damaged walls, and non-uniform cell-wall thickness, are evident, 147 

which are related to the liquid-state foaming process of Alporas 148 

foam ( Simone and Gibson, 1998a ). These kinds of structural de- 149 

fects may play important roles in the determination of macroscopic 150 

material properties ( Chen et al., 1999; McDonald et al., 2006; Si- 151 

mone and Gibson, 1998b, 1998c ). However, due to the difficulty to 152 

control the variation of the structural imperfection in the selected 153 

sample, the influence of structural imperfection will not be the fo- 154 

cus of this study. 155 

To take account of realistic geometrical features, continuum el- 156 

ements have to be used in a finite element model (FEM), which 157 

dramatically increases the computational expense and may also 158 

cause numerical problems due to element distortion. The 3D FE 159 

modelling of the compressive behaviour of Alporas foam has been 160 

attempted by the same authors ( Sun et al., 2016b ). However, 161 

the 3D FE simulation is still restricted to relatively small sam- 162 

ples and less intensive deformations for limited loading cases 163 

Please cite this article as: Y. Sun et al., Determination of the constitutive relation and critical condition for the shock compression of 

cellular solids, Mechanics of Materials (2016), http://dx.doi.org/10.1016/j.mechmat.2016.04.004 

http://dx.doi.org/10.1016/j.mechmat.2016.04.004


Y. Sun et al. / Mechanics of Materials xxx (2016) xxx–xxx 3 

ARTICLE IN PRESS 

JID: MECMAT [m5G; May 12, 2016;20:55 ] 

Fig. 1. (a) CT slices in three orthogonal directions of an Alporas foam sample (Ø30 ×30 mm) and the 3D rendering of the central part (Ø20 ×20 mm) of the sample; (b) a 

binarised diametral slice corresponding to an actual cross-section of the sample. 

Table 1 

Structural parameters of the 2D foam. 

Average Standard Maximum Minimum 

deviation 

Cell size (mm) 2 .05 1 .60 7 .48 0 .09 

Cell-wall thickness (mm) 0 .36 0 .42 1 .06 0 .04 

( Jeon et al., 2010; Maire and Withers, 2014; McDonald et al., 2011; 164 

Sun et al., 2016a; Sun et al., 2016b; Sun et al., 2014 ), which hinders 165 

the analysis of shock compression related to extreme cell crushing 166 

and complex cell-wall contact at high speed impact. Therefore, the 167 

present study focuses on the shock compression of the 2D virtual 168 

foam constructed from the CT slice image. 169 

As the 2D foam is based on an actual cross-section taken from 170 

its 3D counterpart, it may be regarded as a 2D “replica” of closed- 171 

cell aluminium foams having similar cross-sectional geometry to 172 

Alporas foam. However, it should be noted that 3D foams have 173 

more complex geometrical elements (e.g. cell faces) and deforma- 174 

tion modes (e.g. membrane stretch). This fact must be borne in 175 

mind as the analysis using the 2D foam model is essentially quali- 176 

tative to provide general insights. But it has advantages over the 177 

idealised foam models (e.g. Hönig and Stronge, 2002; Liu et al., 178 

2009; Ma et al., 2009 ) in the sense of realistically incorporating 179 

the existing structural defects. 180 

The 2D foam has a relative density (RD, i.e. area ratio between 181 

cell walls and foam sample) of 12.5%. The size for each cell is ob- 182 

tained as the diameter of a circle having the same area as the cell 183 

and the average cell size is 2.05 mm. There are 148 cells in total, of 184 

which 111 are inside the sample and 37 are located on the bound- 185 

aries. The local cell-wall thickness at a given material point (pixel 186 

in the digital image) is defined as the diameter of the largest cir- 187 

cle which contains the point and fits completely inside the wall 188 

( Hildebrand and Rüegsegger, 1997 ), and the 2D foam has an aver- 189 

age cell-wall thickness of 0.36 mm. The structural parameters are 190 

summarised in Table 1 . Besides the large scatter of cell size and 191 

cell-wall thickness, the cell shape also exhibits a wide variety (see 192 

Fig. 1 b), indicating the heterogeneous nature of the cell structure 193 

at the meso-scale. 194 

2.2. Finite element model 195 

The meshing of the 2D foam structure obtained from the CT 196 

slice image (see Fig. 1 b) was accomplished by using ScanIP (Sim- 197 

pleware Ltd, UK), which is designed to directly convert CT image 198 

into high-quality FE mesh ( Young et al., 2008 ). A total number of 199 

398,703 linear elements with reduced integration were used, as 200 

shown in Fig. 2 . The FE solver Abaqus/Explicit was employed for 201 

the numerical simulations. The large deformation effect was in- 202 

corporated and the plane strain condition was assumed. Herein, 203 

the cell-wall yield strength reported for Alporas foam, i.e. 172 MPa 204 

( Simone and Gibson, 1998a ), was adopted in a rate-independent 205 

perfect plasticity material model. The elastic modulus, Poisson’s ra- 206 

tio and density were taken to be 68 GPa, 0.33 and 2710 kg/m 

3 , re- 207 

spectively. 208 

The loading was applied across the two ends of the 2D foam 209 

sample by two rigid platens (not shown in Fig. 2 ). During load- 210 

ing, the top platen moved downward with a constant speed (var- 211 

ied in different loading cases and denoted as V i ), while the bot- 212 

tom platen was fixed to support the sample. Frictionless contact 213 

was considered between the platens and cell walls, as well as be- 214 

tween the cell walls themselves. No direct constraints were applied 215 

to the foam. Under such loading, the foam was subjected to uniax- 216 

ial compression macroscopically. In order to visualise and quantify 217 

the heterogeneity of the deformation, we used a “particle” array 218 

approach as illustrated in Fig. 2 where a vertical line of 79 “par- 219 

ticles” was used to represent the average motion of 79 equally 220 

spaced cross-sections through the foam (excluding the two end 221 

surfaces), which is similar to the method proposed by Zou et al. 222 

(2009) . 223 

The nominal (engineering) compressive stresses measured at 224 

the two sample ends are obtained as the reaction forces at the cor- 225 

responding rigid platens divided by the original width of the sam- 226 

ple. The nominal (engineering) compressive strain is defined as the 227 

ratio of the vertical displacement of the loading platen to the orig- 228 

inal sample height. The shock strain for the crushed zone behind 229 

shock front is defined over the original height of the shocked cells, 230 

of which the determination method will be elaborated later when 231 

presenting the relevant numerical results. 232 
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Fig. 2. The 2D foam after meshing and the representation of 1D “particle” array for the uniaxial compression. Each “particle” i is located at the same Y coordinate as that of 

the corresponding transverse cross-section i of the undeformed 2D foam and the “particle” motion represents the average of the FE nodal motion of the cross-section. 

Fig. 3. Quasi-static compressive deformation of the 2D foam at a nominal strain of 0.30. In (a) the Mises stress distribution in the cell walls is shown by the colour scale to 

identify the locations of stress concentration; whereas in (b) the cell-wall strain contours are plotted in the original reference configuration and the enlarged views show the 

details of the strain distribution in one typical cell wall with its deformed configuration indicated by the arrow. (For interpretation of the references to colour in this figure 

legend, the reader is referred to the web version of this article.) 

3. Results 233 

3.1. Quasi-static compression 234 

The compression at a quasi-static strain-rate (1 ×10 −3 s −1 ) was 235 

simulated first, wherein inertia effect is negligible. The nominal 236 

stress-strain curve obtained from the 2D compression simulation, 237 

as shown in Fig. 4 , captures the key characteristics of the quasi- 238 

static stress-strain relation of cellular solids, i.e. the stress increases 239 

to a local maximum and then drops due to cell collapse after 240 

which the stress remains more or less constant leading to a plateau 241 

regime followed by a rapid stress rise due to foam densification. 242 

Fig. 3 shows the quasi-static compressive deformation of the 243 

2D foam at a nominal strain of 0.30. A crush band (somewhat in- 244 

clined) forms near the top end. The cell-wall stress is mainly con- 245 

centrated within the crush band, as seen from the Mises stress 246 

distributions shown in Fig. 3 a. The plastic buckling and bending 247 

of cell walls, as a primary collapse mode, contribute most to the 248 

nominal deformation. Plastic hinges are prevalent in the cell walls, 249 

as shown in Fig. 3 b. 250 

3.2. Shock compressive stress and deformation 251 

With the increasing of the loading speed the inertia effect be- 252 

comes important, which can lead to a significant imbalance be- 253 

tween the reaction forces at the impact and support ends. Fig. 4 254 

shows the comparison between the quasi-static and dynamic com- 255 

pressive stress-strain curves. At a moderate impact speed (e.g. V i = 256 

18 m / s ), the nominal stresses at the impact and support ends are 257 

close and the dynamic stress-strain curve is similar to the quasi- 258 

static one, suggesting that the inertia effect is insignificant in this 259 

case. By contrast, when the impact speed further increases (e.g. 260 

V i = 90 m / s ), the stress magnitude at the impact end becomes sig- 261 

nificantly larger than both the supporting stress and the quasi- 262 

static stress, indicating that in such a loading case the global nomi- 263 

nal stress-strain relation cannot describe the constitutive compres- 264 

sive behaviour. It should be also noted that a severe stress fluc- 265 

tuation is observed at the high speed impact, which partly results 266 

from the contact interaction and the numerical solution algorithm 267 

(Abaqus/Explicit) used in the FE simulation, as discussed in Refs. 268 

( Zheng et al., 2014; Zou et al., 2009 ). The stress enhancement at 269 
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Fig. 4. Comparison of the quasi-static and dynamic stress-strain curves. 

the impact end has been generally recognised as a result of shock 270 

effect (see Section 1 ). 271 

The cell deformation under shock compression, as shown in 272 

Fig. 5 , is distinct from that under quasi-static compression (see 273 

Fig. 3 ). Note that the cell deformation at moderate impact speeds 274 

(e.g. V i = 18 m / s ) is not shown here since it is similar to the 275 

quasi-static one. Under shock compression, the cell deformation 276 

is concentrated at the impact end, from which the cell crush- 277 

ing propagates towards the support end in a layer-by-layer man- 278 

ner, and the shock deformation is intensified when impact speed 279 

increases, as shown in Fig. 5 . This is consistent with previ- 280 

ous numerical and experimental observations, as introduced in 281 

Section 1 . It is also noteworthy that the lateral deformation un- 282 

der shock is negligible, despite the cell compaction in the crushed 283 

zone. 284 

To examine the cell-wall deformation at different impact 285 

speeds, the plastic strain distribution in cell walls is also shown 286 

in Fig. 5 . It is clearly seen that plastic hinges are widely spread in 287 

the cell walls, resulting from the plastic bending and buckling of 288 

the cell walls. In general, the junction portions are less deformed 289 

and the plastic deformation is mainly distributed in thin walls. Fur- 290 

thermore, when impact speed increases more plastic hinges are 291 

produced in the cell walls, which has significant implication for 292 

energy absorption of foam materials under shock compression and 293 

will be further discussed later. 294 

Fig. 6 shows the distributions of uniaxial cross-sectional veloc- 295 

ity. Although the original cross-section becomes uneven when cells 296 

are crushed, as shown in Fig. 5 , it is expected that the cell com- 297 

paction reduces the velocity variation between different material 298 

points in the crushed zone. Therefore, the velocity of the original 299 

cross-section is used to indicate the average of the vertical veloc- 300 

ities of the material points located within each cross-section. It is 301 

evident that the cross-sectional velocities in the crushed zone (ad- 302 

jacent to the top end) are close to the impact speed, while those in 303 

the uncrushed zone (adjacent to the bottom end) are almost zero. 304 

Consequently there is a jump in the velocity distribution, which 305 

defines a shock front as shown in Fig. 5 . However, the shock front, 306 

which represents a macroscopic discontinuity, actually has a finite 307 

thickness within which the material velocity changes rapidly but 308 

continuously at the meso-scale. This thickness is at least one cell 309 

size for the 2D foam with heterogeneous cell structure. A similar 310 

observation has also been reported by Zou et al. (2009) for regular 311 

hexagonal-cell honeycombs. 312 

Based on the cross-sectional velocity profile, the determination 313 

of the position of the shock front can be implemented. The posi- 314 

tion of the shock front is determined at the cross-section having a 315 

velocity drop of approximately a half of the impact velocity, which 316 

is able to have the resolution limited to one average cell size, since 317 

the shock front usually has a thickness of at least one average cell 318 

size. 319 

3.3. Shock speed and material states 320 

To obtain the shock speed V s , the variations of the position 321 

of shock front with the time are measured for different impact 322 

speeds, as shown in Fig. 7 a. It is clearly seen that the position 323 

of the shock front is approximately linearly dependent on load- 324 

ing time, and thus the shock speed can be obtained as the slope 325 

of the linear fitting line, as suggested in Refs. ( Elnasri et al., 2007; 326 

Liao et al., 2013 ). The variation of shock speed with impact speed 327 

is shown in Fig. 7 b, from which a linear relation is evident, and a 328 

linear fitting leads to 329 

V s = V r + S V i (1) 

where V r is a reference speed ( V s intercept), V i is the impact speed 330 

and S is an material parameter. Here we have V r = 20 . 16 m / s and 331 

S = 1 . 135 according to Fig. 7 b. 332 

As the cell crushing of the 2D foam under shock compression 333 

propagates in a similar manner to the 1D shock wave in a contin- 334 

uum medium, 1D conservation laws for a continuum solid can be 335 

used to establish the governing equations for the shock compres- 336 

sion of the 2D foam. The conservation equations of mass, momen- 337 

tum and energy in a continuum solid wherein a 1D shock wave 338 

propagates are ( Wang, 2007 ) 339 

V b − V a = V s ( ε b − ε a ) (2) 

340 

σb − σa = ρ0 V s ( V b − V a ) (3) 

341 

U b − U a = 

1 

2 

( σb + σa )( ε b − ε a ) (4) 

where V , ε, σ and U are material velocity, engineering strain, en- 342 

gineering stress and internal energy density, respectively; ρ0 is the 343 

initial density; the subscript s, a and b denotes the shock front, 344 

the material ahead of the shock front and the material behind the 345 

shock front, respectively. Note that in the above equations it is as- 346 

sumed that the 2D foam has been homogenised. In addition, as 347 

the cell-wall material is assumed to be rate-independent and have 348 

no other irreversible processes (e.g. heating and friction) involved 349 

except plastic dissipation in the modelling, the internal energy is 350 

equal to strain energy in this case. 351 

Fig. 8 illustrates the shock propagation and the material states 352 

across the shock front. Since the material ahead of the shock 353 

front is uncrushed (almost “undeformed”, see Fig. 5 ), their de- 354 

formation state can be approximated as ε a ≈ 0 (i.e. h a ≈ H a ) and 355 

V a ≈ 0 m / s . From this approximation, we further have U a ≈ 0 J / m 

3 , 356 

but the stress σa still has to be determined since negligible defor- 357 

mation does not necessarily lead to negligible stress (see Fig. 4 ). 358 

For the material behind the shock front, the only approximation 359 

can be made is that V b ≈ V i (see Fig. 6 ) due to the compaction 360 

of the crushed cells behind the shock front. The above approxi- 361 

mations together with Eqs. (1) –(4) lead to the derivations of sub- 362 

sequent Eqs. (5) –(8) following the similar way presented in Ref. 363 

( Barnes et al., 2014 ). 364 

The estimated strain behind the shock front based on 365 

Eqs. (1) and (2) is 366 

ε b = ε a + 

V b − V a 

V s 
≈ V i 

V r + S V i 

(5) 

The material state behind the shock front also can be directly 367 

measured from the FE results. For instance, the instantaneous 368 

shock nominal strain ( ε i 
b 
) over the height of the crushed zone, 369 
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Fig. 5. Shock deformation of the 2D foam (top) and the equivalent plastic strain distribution in cell walls (bottom) at a nominal strain of 0.30: (a) V i = 60 m / s ; (b) V i = 

120 m / s . The cell-wall strain contours are plotted in the original reference configuration and the enlarged views show the details of the strain distribution in one typical cell 

wall with its deformed configuration indicated by the arrow. 
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Fig. 6. Distributions of the material velocity ( ε = 0 . 30 ) averaged over the cross- 

sections defined in the original reference configuration. The distance is normalised 

by the original sample height. 

is determined by ( H b − h b ) / H b ≈ (H − h a − h b ) / (H − h a ) when 370 

H a ≈ h a due to the negligible deformation ahead of the shock front, 371 

where H is the initial sample height, h b and h a are the heights of 372 

the crushed and uncrushed zones measured in the current config- 373 

uration, respectively. To eliminate the data scatter caused by ei- 374 

ther the heterogeneity of the cell structure or the numerical al- 375 

gorithm, the shock nominal strain ( ε b , or simply shock strain) in 376 

the crushed zone is obtained as the average over a series of mea- 377 

surements up to a global nominal strain of 0.40 (equivalent to a 378 

certain period of time during the impact). The determinations of 379 

other state variables described later follow the same method. Ac- 380 

cordingly, the error bars of the data presented in the following fig- 381 

ures indicate the standard deviation of the measurement at differ- 382 

ent global nominal strains. 383 

Fig. 9 a shows the comparison between the ε b estimated by 384 

Eq. (5) and that determined from the FE results in a way described 385 

above. A good agreement is achieved and the errors are mainly 386 

caused by the limited accuracy to determine the position of the 387 

shock front. Also, in Fig. 9 a the shock strain ε b is compared with 388 

the quasi-static densification strain ε qs 

d 
= 0 . 46 which is determined 389 

using an energy absorption efficiency method ( Li et al., 2006; Tan 390 

et al., 2005a ). It reveals that ε b at high speed impact is signifi- 391 

cantly larger than ε qs 

d 
. This issue has been also addressed in recent 392 

experimental tests for open-cell aluminium foam ( Barnes et al., 393 

2014 ) and numerical simulations for 3D Voronoi foam ( Zheng et al., 394 

2014 ). 395 

The shock stress (i.e. stress behind the shock front) can be ap- 396 

proximated as 397 

σb = σa + ρ0 V s ( V b − V a ) ≈ σ qs 
c + ρ0 V i ( V r + S V i ) (6) 

where the approximations that V a ≈ 0 m / s , V b ≈ V i and σa ≈ 398 

σ qs 
c ( σ qs 

c = 0 . 5 MPa , the quasi-static collapse stress) are adopted. 399 

The approximation of σa ≈ σ qs 
c is acceptable as verified by the 400 

shock supporting stress and quasi-static stress shown in Fig. 4 , al- 401 

though the averaged σa appears slightly smaller than σ qs 
c , as also 402 

found in previous simulations for 2D Voronoi cellular structures 403 

( Liao et al., 2013 ). It should be noted that in the FE measurement 404 
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Fig. 7. (a) The variation of the position of shock front with loading time at different impact speeds; (b) the variation of shock speed with impact speed. 

Fig. 8. Schematic of the shock propagation in the 2D foam: (a) the position of the shock front in the original reference configuration (Lagrangian configuration); (b) shock 

position and material states in the current configuration (Eulerian configuration). 

the stresses σa and σb are obtained by the averaged reaction forces 405 

at rigid platens divided by the original sample width, since both 406 

material velocities in the crushed and uncrushed zones are almost 407 

constant, as shown in Fig. 6 . It should be also noted that in a re- 408 

cent FE analysis, Zheng et al. (2014) used a similar method to ob- 409 

tain σb , while they did not directly measure σa but instead they 410 

derived σa from Eq. (3) , which led to a conclusion that σa is larger 411 

than σ qc 
c . In fact, the value of σa depends on the location at which 412 

the material is considered as “immediately ahead of shock front”413 

since there is a meso-scale continuous drop of stress from the im- 414 

pact end to the support end. As it still lacks a strict definition of 415 

the shock front boundary for heterogeneous cell structure, the σa 416 

and σb obtained here are based on the measurements on the sup- 417 

port and impact ends of the sample, respectively. In Fig. 9 b, the 418 

σb estimated by Eq. (6) and that obtained from the FE result is 419 

also compared, which shows a reasonable agreement. According 420 

to the σb / σ
qs 
c shown in Fig. 9 b, the shock stress is significantly 421 

larger than the quasi-static collapse stress and increases with im- 422 

pact speed. 423 

Using Eqs. (5) and (6) , the strain energy density of the material 424 

behind the shock front can be expressed in terms of impact speed, 425 

i.e. 426 

U b = U a + 

1 

2 

( σb + σa )( ε b − ε a ) ≈ σ qs 
c V i 

V r + S V i 

+ 

1 

2 

ρ0 V 

2 
i (7) 

The prediction from Eq. (7) also compares well with the FE re- 427 

sult, as shown in Fig. 10 . Furthermore, it is seen that the energy 428 

absorption is significantly enhanced at high speed impact. How- 429 

ever, such enhancement is not due to the intrinsic rate depen- 430 

dence of foams as suggested by Radford et al. (2005) , since in 431 

the FE model a rate-independent perfect plasticity material model 432 

was adopted. A check on the internal energy calculated by Abaqus 433 

confirms that the plastic dissipation is dominant and the artificial 434 

viscosity in explicit FE simulations ( Fleck and Deshpande, 2005 ) 435 

is negligible. This indicates that the enhanced energy absorption 436 

capacity results from the increased cell compaction under shock 437 

compression which produces more plastic hinges in the cell walls 438 

with increasing impact speed, as shown in Fig. 5. 439 
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Fig. 9. Variations of material states with impact speed: (a) local nominal strain be- 

hind the shock front; (b) nominal stresses ahead of and behind the shock front. 

Fig. 10. Strain energy density of the material behind the shock front at different 

impact speeds. 

4. Discussion 440 

4.1. Shock constitutive relation 441 

The Hugoniot relations between the material states and im- 442 

pact speed have been established in Section 3.3 , wherein the lin- 443 

ear Hugoniot relation, i.e. Eq. (2) , has been chosen as the constitu- 4 4 4 

tive relation to derive other Hugoniot relations in conjunction with 445 

conservation laws. It is also of interest to know the Hugoniot re- 446 

lations between different state variables, especially that between 447 

Fig. 11. Comparison between the σb − ε b Hugoniot relation and the quasi-static 

stress-strain relation. Note that the material states across the shock front are con- 

nected by the Rayleigh line. 

stress and strain which is often used as a “constitutive relation”. It 448 

is straightforward to derive the σb − ε b Hugoniot relation by elim- 449 

inating V i in Eqs. (5) and (6) , i.e. 450 

σb ≈ σ qs 
c + ρ0 ε b 

(
V r 

1 − S ε b 

)2 

(8) 

The prediction of the above equation captures the FE stress- 451 

strain states at different impact speeds, as shown in Fig. 11 . Under 452 

shock compression the material states across the shock front are 453 

connected by the Rayleigh line. In other words, the stress jumps 454 

when the shock front passes and it does not follow the path de- 455 

fined by the quasi-static stress-strain curve. Moreover, it is evi- 456 

dent that the σb − ε b Hugoniot curve is markedly different from 457 

the quasi-static stress-strain curve, which confirms the recent ob- 458 

servations for 2D Voronoi foam ( Liao et al., 2013 ), 3D Voronoi foam 459 

( Zheng et al., 2014 ) and open-cell aluminium foam ( Barnes et al., 460 

2014 ). This fundamental difference suggests that it is not really 461 

appropriate to use a quasi-static stress-strain relation to deter- 462 

mine the shock state quantities as done in many previous stud- 463 

ies. This needs to be realised and addressed as the quasi-static 464 

stress-strain relation is still widely used in shock analysis, e.g. 465 

Refs. ( Karagiozova and Alves, 2014; Zheng et al., 2016 ). On the 466 

other hand, it should be noted that the shock stress-strain rela- 467 

tion applies to different impact speeds as long as shock is ini- 468 

tiated, in contrast to the strain-rate effects at intermediate load- 469 

ing speeds which change the stress-strain curve at different strain- 470 

rates ( Zheng et al., 2014 ). 471 

One may suggest that the σb − ε b Hugoniot relation can serve 472 

as a unique dynamic “constitutive stress-strain relation”, as done 473 

by Zheng et al. (2014) . In such a treatment, other Hugoniot re- 474 

lations, including the V s − V i one, can be derived from this dy- 475 

namic stress-strain relation in conjunction with the conservation 476 

laws, see for example the derivation presented in Appendix. How- 477 

ever, we notice that to describe this dynamic relation an empiri- 478 

cal nonlinear equation is usually needed, the form of which may 479 

not be unique to achieve a satisfactory data fitting. In the recent 480 

FE study by Zheng et al. (2014) an empirical equation ( Eq. 14 in 481 

( Zheng et al., 2014 )) having similar strain terms to Eq. (8) is pro- 482 

posed to describe the stress-strain states for 3D Voronoi foam un- 483 

der shock compression. It appears that the function selection in 484 

Zheng et al. (2014) for stress-strain relation is not unique. In con- 485 

trast, as long as a unique linear V s − V i relation exists, the form 486 

of the stress-strain relation is naturally determined, which seems 487 

more logic and reduces uncertainties. Therefore, we recommend 488 

the establishment of the “constitutive relation” through measuring 489 
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V s − V i , as done in present numerical study and previous experi- 490 

mental study ( Barnes et al., 2014 ). 491 

In addition, from Eq. (8) the stress wave speed can be derived 492 

as follows 493 

C s = 

√ 

∂ σb / ∂ ε b 
ρ0 

= 

√ 

1 + S ε b 
1 − S ε b 

V r (9) 

Accordingly, the derivative of the stress wave speed is obtained 494 

as 495 

d C s 

d ε b 
= 

S(2 + S ε b ) 

(1 − S ε b ) 
2 
√ 

1 − S 2 ε 2 
b 

V r (10) 

which is constantly greater than zero. This implies that the stress 496 

wave speed increases with the increase of strain, which satisfies 497 

the requirement of the formation of shock wave in a material ex- 498 

hibiting nonlinear stress-strain relation ( Wang, 2007 ). Therefore, 499 

the linear V s − V i relation can naturally meet the necessary con- 500 

dition for the formation of shock wave and thus seems more fun- 501 

damental to characterise shock behaviour in cellular solids. 502 

Similar linear V s − V i Hugoniot relations have also been ob- 503 

served for condensed solids ( Davison, 2008; Meyers, 1994 ), porous 504 

materials ( Morris, 1991 ), polystyrene foams ( Morris, 1991 ) and 505 

open-cell aluminium foams ( Barnes et al., 2014 ). For condensed 506 

solids the constant V r in Eq. (1) is normally close to the speed 507 

of sound ( Davison, 2008; Meyers, 1994 ), but it is not applica- 508 

ble to the 2D foam studied here or open-cell aluminium foam 509 

( Barnes et al., 2014 ). The sound speed C 0 for the 2D foam, which 510 

is measured as the ratio of the initial sample height to the time 511 

duration before the stress at the support end becomes non-zero, 512 

is about 4010 m/s, while the calculated sound speed of Alporas 513 

foam is about 1720 m/s based on its overall Young’s modulus and 514 

density. Both are far larger than V r . This represents a fundamen- 515 

tal difference in the shock physics between cellular solids and 516 

condensed solids. As the coefficient S is close to one for cellular 517 

solids, the V r indicates the difference between shock speed and im- 518 

pact speed (also material speed in the crushed zone according to 519 

Fig. 6 ). The consequence of a small V r is that the shock speed is 520 

close to material speed in cellular solids. This contrasts with most 521 

of condensed solids (e.g. aluminium) wherein shock wave travels 522 

much faster than material points ( Meyers, 1994 ). Such a difference 523 

arises from the cell structural response nature of the shock in cel- 524 

lular solids, i.e. the macroscopic discontinuity across shock front 525 

is associated with the local densification of the cells, rather than 526 

atomic-level mechanisms controlling the shock in condensed solids 527 

( Meyers, 1994 ). Nevertheless, shock response in cellular solids is 528 

still governed by macroscopic wave equations, as demonstrated in 529 

Section 3.3 . 530 

It is also of interest to explore the physical implication of 531 

the coefficient S in the linear V s − V i relation. It is evident that 532 

when V i → ∞ the upper limit of ε b determined by Eq. (5) is 533 

1 /S = 0 . 881 , which is almost identical to the “full densification”, 534 

i.e. 1 − RD = 0 . 875 when lateral deformation is negligible. It con- 535 

firms that the shock occurring in the 2D foam is dominated by the 536 

structural densification, which is intensified when impact speed in- 537 

creases, as shown in Fig. 5 . In other words, increasing impact speed 538 

produces more plastic hinges in cell walls rather than switching 539 

deformation mode to the uniaxial compression of the cell walls. 540 

Consequently, the shock strain, stress and energy all increase with 541 

impact speed. 542 

4.2. Critical impact speed for shock initiation 543 

It is important to know the critical impact speed for shock ini- 544 

tiation in cellular solids. The determination of the critical impact 545 

speed often depends on the assumed “constitutive stress-strain re- 546 

lation”. For instance, when a rigid, linear hardening plastic, locking 547 

(R-LHP-L) constitutive model is assumed, the critical impact speed 548 

is given by ( Wang et al., 2013; Zheng et al., 2012 ) 549 

V c _ s = ε d 

√ 

E h 
ρ0 

(11) 

where E h is the hardening modulus, ε d is the densification strain 550 

and σ0 is the initial density of the cellular material. However, when 551 

a rigid, perfectly plastic, locking (R-PP-L) constitutive model is as- 552 

sumed, shock will be initiated at any impact speed larger than zero 553 

( Wang et al., 2013 ). This unreasonable conclusion is corrected by 554 

considering the elastic precursor wave ( Wang et al., 2013 ) and the 555 

threshold of shock enhancement of stress ( Ashby et al., 20 0 0; Tan 556 

et al., 2005b ). For the former correction, the critical impact speed 557 

becomes 558 

V c _ s = ε Y 

√ 

E 

ρ0 

(12) 

where E is the elastic modulus and ε Y is the yield strain (normally 559 

adopted as the collapse strain). For the latter correction, the critical 560 

impact speed depends on an empirical parameter α, i.e. 561 

V c _ s = 

√ 

α
σpl ε d 
ρ0 

(13) 

where σpl is the plateau stress and α satisfies �σ = ασpl where 562 

�σ is the stress enhancement due to shock. The plateau stress can 563 

be obtained by energy absorption equivalence at the plateau stage 564 

( Li et al., 2006; Tan et al., 2005a ). The value of α was adopted 565 

as 0.1 by Ashby et al. (20 0 0) and 2.0 by Tan et al. (2005b) . Al- 566 

though Tan et al. (2005b) claimed that their adoption of α = 2 . 0 567 

is based on the so-called kinematic existence condition for contin- 568 

uing “steady-shock” and the prediction agrees with their experi- 569 

mental results, Wang et al. (2013) proved that the theoretical basis 570 

of this kinematic existence condition is incorrect and the mistake 571 

is caused by the confusion in basic concept between the “energy 572 

conservation in an isolate system” and the “energy conservation 573 

across a shock wave”. 574 

The further improvement of the prediction using a similar ap- 575 

proach to that described above may be made by considering a 576 

more realistic “constitutive stress-strain relation”, such as a non- 577 

linear one. For instance, Zheng et al. (2013) adopted a power law, 578 

i.e. σ = σ0 + K ε n where σ0 is the yield stress, K is the strength 579 

index and n is the strain-hardening index, to describe the quasi- 580 

static stress-strain relation, and then gave the following equation 581 

to predict the critical impact speed 582 

V c _ s = ε (n+1) / 2 
d 

√ 

K 

ρ0 

(14) 

The common problem of above methods for the determina- 583 

tion of critical impact speed is that they are based on quasi-static 584 

stress-strain relation, which is actually different from that under 585 

shock compression. Experimental ( Barnes et al., 2014; Gibson and 586 

Ashby, 1997; Sun et al., 2014; Tan et al., 2005a ) and numerical 587 

( Liu et al., 2009; Ruan et al., 2003; Zheng et al., 2005 ) observa- 588 

tions have demonstrated that under quasi-static (including “low” 589 

dynamic compressions) the cell crush bands are distributed ran- 590 

domly in terms of their location and orientation, which are sen- 591 

sitive to the structural defects and the complicated transmission 592 

of load between neighbouring cells, in contrast to the shock de- 593 

formation. Consequently, the shock stress-strain relation is distinct 594 

from the quasi-static one, as shown in Refs. ( Barnes et al., 2014; 595 

Liao et al., 2013; Zheng et al., 2014 ) as well as in Fig. 11 . This sug- 596 

gests that a “constitutive relation” without involving shock is not 597 

applicable to shock compression, and the prediction of the criti- 598 

cal impact speed for shock initiation based on continuum approach 599 
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Table 2 

Predictions of the critical impact speed for shock initiation of the 2D foam using different methods (unit: m/s). 

FE result V r 
1 / ε sh 

d 
−S 

( Eq. 15 ) ε (n+1) / 2 
d 

√ 

K 
ρ0 

( Eq. 14 ) 

√ 

0 . 1 
σpl ε d 
ρ0 

( Eq. 13 ) 

√ 

2 
σpl ε d 
ρ0 

( Eq. 13 ) ε Y 

√ 

E 
ρ0 

( Eq. 12 ) ε 
d 

√ 

E h 
ρ0 

( Eq. 11 ) 

24 22 19 9 38 4 19 

Table 3 

Predictions of the critical impact speed for shock initiation of open-cell aluminium foam ( Barnes et al., 2014 ) using different methods 

(unit: m/s). 

Test result V r 
1 / ε sh 

d 
−S 

( Eq. 15 ) ε (n+1) / 2 
d 

√ 

K 
ρ0 

( Eq. 14 ) 

√ 

0 . 1 
σpl ε d 
ρ0 

( Eq. 13 ) 

√ 

2 
σpl ε d 
ρ0 

( Eq. 13 ) ε Y 

√ 

E 
ρ0 

( Eq. 12 ) ε 
d 

√ 

E h 
ρ0 

( Eq. 11 ) 

40 –60 56 43 21 92 13 38 

Table 4 

Predictions of the critical impact speed for shock initiation of 3D Voronoi foam ( Zheng et al., 2014 ) using different methods (unit: m/s). 

FE result V r 
1 / ε sh 

d 
−S 

( Eq. 15 ) ε (n+1) / 2 
d 

√ 

K 
ρ0 

( Eq. 14 ) 

√ 

0 . 1 
σpl ε d 
ρ0 

( Eq. 13 ) 

√ 

2 
σpl ε d 
ρ0 

( Eq. 13 ) ε Y 

√ 

E 
ρ0 

( Eq. 12 ) ε 
d 

√ 

E h 
ρ0 

( Eq. 11 ) 

57 69 70 40 177 20 78 

should take account of the Hugoniot relations, which, however, has 600 

not been attempted before. 601 

Eq. (5) gives a relationship between the impact speed and the 602 

shock strain behind the shock front. This equation can be used to 603 

determine the critical impact speed for the occurrence of the shock 604 

compression when the critical shock strain is determined, i.e. 605 

V c _ s = 

V r 

1 / ε c _ s − S 
(15) 

where ε c _ s is the critical shock strain, V r and S are parameters 606 

in the linear V s − V i Hugoniot relation, namely Eq. (1) . A charac- 607 

teristic strain, e.g. lock-up or densification strain, based on quasi- 608 

static stress-strain relation has been used previously to determine 609 

the critical impact speed, i.e. Eqs. (11) , (13) and (14) . Here, we 610 

adopted ε c _ s ≈ ε sh 
d 

where ε sh 
d 

is the shock “densification strain” ob- 611 

tained from Eq. (8) using the energy absorption efficiency method 612 

which proves capable of capturing the onset of foam densifica- 613 

tion ( Li et al., 2006; Tan et al., 2005a ). According to our simula- 614 

tion results, i.e. ε sh 
d 

= 0 . 49 , V r = 20 . 16 m / s and S = 1 . 135 , we ob- 615 

tained that V c _ s = 22 m / s , which is close to the critical impact 616 

speed ( ∼24 m/s) identified directly from a series of FE simulations. 617 

We also applied this equation to the experimental results for the 618 

open-cell aluminium foam tested by Barnes et al. (2014) , and ob- 619 

tained that V c _ s = 56 m / s which falls in the speed range reported 620 

(40 –60 m/s) wherein the foam compression transits into shock. For 621 

3D Voronoi foam, the critical impact speed is predicted as 69 m / s 622 

using the material parameters reported in Ref. Zheng et al., 2014 ), 623 

in comparison with the critical impact speed of 57 m / s reported 624 

therein. It is evident that V r / ( 1 / ε sh 
d 

− S ) gives a quick and reason- 625 

able estimate, and generally outperforms other methods based on 626 

quasi-static material parameters, i.e. Eqs. (11) –( (14) , see the com- 627 

parison in Tables 2–4 . In addition, it is interesting to note that V c _ s 628 

is very close to V r for the 2D foam studied here. 629 

It should be noted that the difference of cell deformations un- 630 

der quasi-static and shock compressions has been reflected in the 631 

distinctive shock stress-strain relation used to estimate the critical 632 

shock strain. For shock compression, the critical shock strain corre- 633 

sponding to the onset of the collective cell densification behind the 634 

shock front. This is consistent with the shock deformation mecha- 635 

nism, as shown in Fig. 5. 636 

5. Conclusions 637 

Based on a cross-sectional geometry obtained from X-ray CT 638 

image of a closed-cell aluminium Alporas foam sample, a 2D 639 

image-based FE model is developed, for the first time of this type, 640 

to study the shock compression of cellular solids. This study leads 641 

to the following conclusions: 642 

1 The shock compression occurs above a critical impact speed 643 

which can be estimated by shock Hugoniot relations, and un- 644 

der shock compression, the compaction in crushed cells and 645 

the plastic deformation in cell walls are enhanced when im- 646 

pact speed increases, leading to the nonlinear increase of shock 647 

strain, stress and energy with impact speed; 648 

2 A linear shock Hugoniot relation between shock speed and im- 649 

pact speed is obtained, of which the constant term is much 650 

lower than sound speed and implies the local structural den- 651 

sification of cells, in contrast to the constant term close to 652 

sound speed controlled by atomic-level mechanisms in con- 653 

densed solids; 654 

3 Other shock state variables derived from the linear shock Hugo- 655 

niot relation and conservation laws in continuum mechanics are 656 

in good agreement with the direct FE measurement, and the 657 

measurement of shock speed provides sufficient information for 658 

understanding the shock behaviour; 659 

4 The unique linear Hugoniot relation is preferential to charac- 660 

terise the shock constitutive relation as it avoids the uncer- 661 

tainty about the selection of a nonlinear function for the shock 662 

“constitutive stress-strain relation” which is distinct from the 663 

quasi-static one; 664 

5 A new analytical method based on the linear Hugoniot relation 665 

is proposed to estimate the critical impact speed for shock ini- 666 

tiation, which is verified by the present FE simulations and pre- 667 

vious experimental and numerical results, and outperforms the 668 

existing methods. 669 
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Appendix 683 

In Ref. ( Zheng et al., 2014 ), the dynamic stress-strain relation is 684 

described by (i.e. Eq. (14) in ( Zheng et al., 2014 )) 685 

σ = σ d 
0 + Dε/ (1 − ε) 2 (A.1) 

where D is a fitting parameter and σ d 
0 

is the dynamic initial crush 686 

stress. From Eq. (20) in Ref. ( Zheng et al., 2014 ), we have 687 

σ ( ε B ) = σ d 
0 + ρ0 v 2 / ε B (A.2) 

where ε B is the strain behind shock front, ρ0 is the density and v 688 

is the impact speed. From Eqs. (A.1) and ( A.2 ), when σ and ε in 689 

Eq. (A.1) are replaced by σ ( ε B ) and ε B , respectively, the following 690 

equation is derived 691 

1 

ε B 
= 1 + 

√ 

D/ ρ0 

v 
(A.3) 

According to Eq. (19) in Ref. ( Zheng et al., 2014 ), we have 692 

˙ � = v / ε B (A.4) 

where ˙ � is the shock speed. Combining Eq. (A.3) with Eq. (A.4) , a 693 

linear relation between shock speed and impact speed is obtained 694 

as follows 695 

˙ � = v + 

√ 

D/ ρ0 (A.5) 
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