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surfactants
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We present a short-range correction to the Coulomb potential to investigate the aggregation of
amphiphilic molecules in aqueous solutions. The proposed modification allows to quantitatively
reproduce the distribution of counterions above the critical micelle concentration (CMC) or, equivalently, the degree of ionization, α, of the micellar clusters. In particular, our theoretical framework
−
has been applied to unveil the behavior of the cationic surfactant C24 H49 N2 O+
2 CH3 SO4 , which
offers a wide range of applications in the thriving and growing personal care market. A reliable
and unambiguous estimation of α is essential to correctly understand many crucial features of the
micellar solutions, such as their viscoelastic behavior and transport properties, in order to provide
sound formulations for the above mentioned personal care solutions. We have validated our theory
by performing extensive lattice Monte Carlo simulations, which show an excellent agreement with
experimental observations. More specifically, our coarse-grained model is able to reproduce and predict the complex morphology of the micelles observed at equilibrium. Additionally, our simulation
results disclose the existence of a transition from a monodisperse to a bidisperse size distribution of
aggregates, unveiling the intriguing existence of a second CMC.

I. INTRODUCTION

Surfactants are amphiphilic molecules made up by a
hydrophilic head and a hydrophobic tail. In aqueous
solutions, at the so-called critical micelle concentration
(CMC), surfactants form aggregates, commonly known
as micelles. The structural features of these clusters, such
as size, shape and packing, are deeply related to some
key physico-chemical parameters (temperature, pH, salt
concentration, etc.)[1–8] as well as to the molecular architecture of their building blocks [9]. Their spontaneous
aggregation or self-assembly, being rather recurrent in
soft matter systems, is driven by a complex competition
between enthalpic and entropic forces, which might be
dramatically altered by almost intangible thermal fluctuations of few kB T , with T the absolute temperature
and kB w 1.38 × 10−23 J K−1 the Boltzmann’s constant.
As generally accepted, the formation of micelles has
mostly an entropic origin, with the hydrophobic effect
playing a crucial role [10, 11]. More specifically, hydrocarbon chains cannot form hydrogen bonds with water
molecules, and, as a consequence, surfactants in aqueous solutions tend to stay at the interface separating water from another liquid (an oily phase, for instance) or
a gas (air). Nevertheless, isolated surfactants do exist
in the bulk and determine the reorientation of the water
molecules around their hydrocarbon tail. This rearrangement minimizes the disruption of the hydrogen bonds
and creates a sort of water cage (or shell) solvating the
surfactant tails. However, due to this broken symmetry,
the mobility of the water molecules forming the solvation shell results to be substantially reduced as well as
their configurational entropy [9, 12, 13]. To counterbal-

ance this condition, which becomes thermodynamically
unfavorable at increasing surfactant concentration, free
surfactant molecules aggregate into micelles.
Due to its practical impact in several key areas of
industrial interest, including personal care and household cleaning products, micellization is a widely investigated phenomenon and its mechanism is generally wellunderstood. Nevertheless, specific intermolecular interactions and the balance between their entropic and enthalpic nature, being at the heart of the self-assembly
process, are still under debate, especially when ionic surfactants are involved. While experimental techniques,
such as tensiometry and light scattering, are very powerful to determine the phase and aggregation behavior of
micellar systems, molecular simulation can provide an insight into the molecular details, contribute to shed light
on the forces driving the self-assembly, and thus optimize
the formulation of targeted products.
Fully atomistic models have been applied to investigate
phase equilibrium and dynamics of amphiphilic systems,
such as their adsorption on specific interfaces [14, 15].
However, these models cannot efficiently supply a comprehensive picture of the self-assembly process because of
the relevant time scales, being in the order of microseconds [16]. Coarse-grained (CG) models, where groups
of atoms are assembled into single interaction sites, are
able to explore larger time scales by drastically reducing
the number of degrees of freedom involved. While this
representation lacks the full chemical details of real amphiphilic molecules, it still retains the relevant physical
parameters driving their micellization. On the basis of
these considerations, self-assembling amphiphilic systems
have been generally investigated by lattice CG models,
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which provide a discretized rather than continuous representation of the phase space, as in the theory of polymer solutions by Flory and Huggins [17]. Despite the
remarkable scientific interest on the phase and aggregation behavior of non-ionic surfactants over the last three
decades [18–25], much less attention has been devoted
to ionic surfactants, most probably because of the additional complexity arising from the presence of charged
molecules. As a consequence, significant effort was made
to improve the efficiency of existing models and hence
address the fundamental issues of micellization of ionic
surfactants. In this context, Bhattacharya et al. applied
an effective Debye length in a Debye-Hückel potential
to describe the self-assembly of ionic surfactants by offlattice Monte Carlo (MC) simulations in two dimensions.
Their model however does not explicitly include counterions and cannot provide an insight into their distribution
in solution [26]. Cheong and Panagiotopoulos developed
a lattice model to predict the micellization properties of
Sodium Dodecyl Sulfate (SDS) [27]. While their model
explicitly include counterions, the simulation results underestimate the experimental CMC, micelle size, and degree of ionization, most probably because of a lack of
short-range head-head and head-tail repulsions.
More recently, LeBard et al. applied CG Molecular
Dynamic simulations to investigate the aggregation behavior of several ionic surfactants, including SDS [28].
In their model, originally proposed by Shinoda, De Vane
and Klein, [29, 30], these authors explicitly included the
effect of a water-like solvent made up by beads representing, each of them, three water molecules. They observed
an interesting transition from spherical to elongated micelles as a function of the hydrocarbon chain length. Additionally, the work by Shinoda and coworkers highlights
the importance of properly treating the long-range nature of the Coulomb force even when CG models are employed. This conclusion is also supported by our simulation results. Although most of the models on ionic surfactants assume a point unit charge at the headgroup or
counterion, quantum chemical methods unveiled that the
charge can partially distribute to the rest of the molecule,
more significantly on the α-methylene group and less on
the remaining alkyl chain [31]. This charge distribution
has an important effect on surfactant self-assembly and
can explain the polarity of micelle cores. Models incorporating multiple beads have been employed to describe
the charge distribution in water [32] and ionic molecules
[33].
In this work, we propose a lattice model including a
short-range correction to the Coulomb interaction that
is able to accurately reproduce the experimental degree
of ionization, which determines the extent of counterion
condensation (effective charge) on the micelles and thus
their formation and mutual interaction [34, 35]. This correction, justified by theoretical considerations involving
the chemical architecture of the surfactant, depends on

the distance between charges and is calculated only at
the beginning of the simulation, thus reducing the implementation process to a fast table lookup algorithm.
Our theoretical model is validated experimentally by investigating the micellization of Ricinoleamidopropyltri−
monium methosulfate (C24 H49 N2 O+
2 CH3 SO4 ), a monovalent cationic surfactant with a long hydrophobic chain
and a bulky counterion, commercialized as Varisoft RTM
50. Parametrization of the model was carried out on the
basis of the experimental CMC at 25 , that was used
to set the short-range tail-tail interaction strength. This
represents a substantial difference from the model proposed in Ref. [27], where the model parameters were obtained from experimental data not related tappendix.styo
micellization. Beside the fundamental challenges associated to its complex counterion, this surfactant is of
relevant interest among formulation industries with core
business in personal care products (conditioning shampoos and foams) or cosmetics (skin cleaners). To the best
of our knowledge, this work represents the first attempt
to describe its aggregation behavior.
This article is structured as follows. In Section II, we
describe the experiments performed to generate the data
used for the parametrization of our model. The theoretical aspects of the model and simulation methodology are
exposed in Section III, where we discuss the correction
to the Coulomb potential and justify its application. In
Section IV, the simulation results and their comparison
with experiments are presented. Finally, some conclusions wrap up the paper.



II. EXPERIMENTAL METHODOLOGY

Surface tension. A common method to determine the
CMC is to measure the surface tension of the aqueous solution containing the surfactant. As more surfactant accumulates at the water-air interface, the surface tension
of water decreases and, finally, achieves a stable plateau
once the amount of surfactant in solution has reached
its saturation value. This phenomenon occurs smoothly,
with the surface tension decreasing linearly with the logarithm of the concentration. The intersection between
the two straight lines describing the transition and saturation regimes, determines the concentration at which
micelles form, that is the CMC [36]. To measure the surface tension, we employed a tensiometer Krüss processor
K12 at a temperature Tlab = 25 and analyzed samples
at different surfactant concentrations around the CMC.
We applied the Wilhelmy method, which consists of a
platinum plate of known dimensions connected to a balance, dipped into the solution and raised back slowly until the weight is maximum. After equilibration, the force
obtained and the plate’s dimensions allow to calculate
the surface tension [37]. Since the commercial product is
a dilution of approximately 40% of surfactant in water,
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we used thermo-gravimetrical analysis to determine the
exact percentage in mass of amphiphile.
Conductivity. The experimental value of the degree of
ionization has been determined by measuring the change
in slope of the electrical conductivity, κ, versus the total surfactant concentration, csurf , across the CMC. It
is known that κ increases linearly with csurf in aqueous solutions and displays an abrupt change at the CMC
[9]. Our measurements were carried out for different concentrations with a conductimeter Crison GLP 31 at Tlab .
Above the CMC, the positively charged surfactant heads,
mostly concentrating at the micellar corona, attract the
negatively charged counterions. This electrostatic attraction is stronger than the thermal energy kB T and drives
the counterions to condense on the micellar aggregates
[13]. In particular, the degree of ionization, α, which is
the fraction of counterions that are dissociated from the
micelles and thus leave them charged, can be calculated
as the ratio between the slopes of κ versus csurf above
and below the CMC [9]:

α=

m>
m<

(1)

where m> and m< represent the slope dκ/dcsurf above
and below the CMC, respectively.

III. MODEL AND SIMULATIONS
III.1. Model

Our CG model is a modification of the lattice model
originally proposed by Larson to study the micellization of non-ionic block copolymers [18], and, more recently, different lyotropic liquid crystals, including lamellar, hexagonal, and cubic mesophases [38–40]. In particular, space is organized into a three-dimensional cubic
network of sites which are occupied by the solvent, the
ionic surfactant molecules or their counterion. The model
surfactant, T5 H + C − , is made up of nT = 5 beads constituting the hydrophobic tail, nH = 1 bead which represents the hydrophilic head carrying a positive unit charge,
and nC = 1 negatively charged counterion modeled as a
single bead. An equal number of positive and negative
charges keeps the whole system electrically neutral. A
schematic representation of our CG ionic surfactant is
depicted on Fig. 1. Solvent molecules, which occupy the
available lattice sites left empty by the surfactant chains,
are implicitly included [18]. As a general constraint, no
overlaps between beads are allowed.
While in Larson’s model all the beads have the same
size (the lattice unit length), the diameter of the H + , T ,
and C − beads in our model is set according to the average bond lengths and Van der Waals radii of the original amphiphilic molecule. The length of the hydrophobic

FIG. 1. Schematic representation of the CG ionic surfactant T5 H + C − and corresponding chemical structure. Green,
magenta, and blue beads represent the hydrophobic tail (T ),
hydrophilic head (H + ), and the counterions (C − ), respectively. Junctions between beads represent bond lengths,
which change with orientation. Solid, dashed, and dotted
circles over the chemical structure are a guide for the eye
representing T , H + , and C − beads, respectively.

backbone, made up by 18 C-C, 2 C-N, and 1 C=C bonds,
is LT = 29.5 Å, including the Van der Waals radius of the
methyl group, while the angle formed by three consecutive carbon bonds is θCCC = 109.5◦ . By coarse-graining
the tail in nT = 5 beads of identical size, their resulting diameter is σT = LT /nT ≈ 5.9 Å, which we take
as our model’s unit length. By contrast, the diameter
of the hydrophilic head (σH ) and counterion (σC ) are
approximately the same and equal to 9.5 Å. To embody
this difference in the geometrical arrangement of a lattice
model, surfactant heads and counterions are represented
√
by larger beads with diameter σH = σC = 2σT . Although the original surfactant tail is not a mere saturated
hydrocarbon chain, the five T beads are here modeled
identically, with no attempt to incorporate their chemical details into our CG model. While this choice makes
our model less realistic, it provides the unquestionable
benefit of reducing its complexity by keeping the primary
ingredients promoting self-assembly: (i ) the tendency of
the hydrocarbon chains to cluster together and (ii ) the
solubility of the hydrophilic heads. The lattice coordination number, set to z = 26, implies the presence of
fluctuating bond lengths, which only
lim√ assume values
√
ited by the lattice√ geometry: σT , 2σT , or 3σT . In
particular, Rz = 3σT is the cut-off of the short-range
T − T interactions. It should be noticed that, since the
size of C and H beads exceeds the lattice unit length,
their neighboring sites at distance σT can only be occupied by the implicit solvent. This constraint determines
the condensation of counterions and limits the chain’s
mobility around the micellar corona.
In addition to these excluded volume interactions, our
force field comprises the long-range electrostatic interac0
tion between charges, Uij
and the effective short-range
interaction between tail groups, T T . The former is described by the Coulomb’s law:

0
Uij
=

e2 zi zj
,
4πεr ε0 rij

(2)
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where zH = 1 and zC = −1 are the charges carried
by H + and C − beads, respectively, in units of the elementary charge e, rij the distance between two charges,
εr = 78.54 the relative permittivity (dielectric constant)
of water at T = 298.15 K, and ε0 = 8.854 · 10−12 Fm−1
the vacuum permittivity. The short-range interaction,
T T , is only defined for pairs of nearest or diagonallynearest T beads. The remaining short-range bead-bead
interactions, ij , are set to zero. The nature of these interactions can be better understood by considering the
Flory-Huggins theory for polymer solutions [17], where
the global interaction established between two beads i
and j is defined as
1
ωij = ij − (ii + jj ),
2

(3)

and it is related to the Flory-Huggins parameter χij =
zβωij , with β = 1/kB T . More specifically, χij defines the
nature of the enthalpic contribution to the free energy of
self-aggregation between species i and j [17]. Regardless
the specific value assigned to the short-range effective
interaction, Eq. (3) states that contacts between identical
beads do not contribute to the energy change, that is
ωii = 0. Since all the energy terms for the formation of
unlike pair contacts, ij , are set to zero, the only global
interactions contributing to the energy change are those
involving at least one T bead. More specifically, ωT H =
ωT C = ωT S = −T T /2, whereas ωHS = ωCS = ωHC =
0. The value of T T is set according to the procedure
described in section III.3.

III.2. A short-range effective correction to the
Coulomb interaction

The above described model is a rather naı̈ve representation of an aqueous solution containing an ionic surfactant. It neglects at least two major ingredients that
can dramatically influence the counterions’ condensation
on the micelles: (i ) the asymmetric distribution of the
electric charges in the counterions, and (ii ) the low polarizability of the micellar core. To incorporate both effects into our model, we propose a short-range correction to the electrostatic potential. With regard to point
(i ), a more realistic picture should consider the rearrangement of the charge according to the local molecular distribution. More specifically, close to a positively
charged head, the counterion’s electronic cloud, on average equally distributed among the three equivalent oxygen atoms, should orient towards the surfactant head,
minimize the distance from its positive charge, and thus
increase the strength of their Coulomb interaction. For
similar reasons, the negative charges of two neighboring
C − beads would maximize the distance from each other
and thus weaken their Coulomb interaction. As far as

point (ii ) is concerned, assuming a homogeneous dielectric constant, ε, across the micellar solution might not
be very satisfactory when estimating the interaction of
charges surrounding a micelle and could underestimate
the degree of counterions’ condensation. The incorporation of both effects leads to a modified Coulomb potential
that reads:

δε
Uij
=

zi zj
e2
,
4πεr ε0 Gε (rij + 2δij Fδ )

(4)

where δij depends on the nature of the interacting beads,
whereas Fδ = Fδ (rij ) on
distance between them. In
√ the √
particular, δij /σT = − 2/2, 2, or 0, for the H + − C − ,
C − − C − , and H + − H + interactions, respectively. The
function Fδ reads:
1

Fδ (rij ) =
e

rij −Rδ
Σδ

,

(5)

+1

√
where Rδ /σT = 2 is the minimum distance allowed
between two charged beads. More specifically, the highest deviations from the unmodified Coulomb potential
emerge at rij = Rδ . The constant Σδ = Rz − Rδ is the
width of Fδ . The contribution of Fδ to the Coulomb potential is neglected for distances lower
√ than the diameter
of a charged bead, that is rij /σT < 2.
The second correction to the Coulomb potential accounts for the spatial inhomogeneity of the dielectric constant in a micellar solution. Due to significant change of
the dielectric properties in the vicinity of an interface,
the incorporation of a space-dependent dielectric constant is crucial in many different fields, including electrokinetics [41] and solvation of salt ions [42]. Its rigorous description can be provided by applying the Poisson
equation. Nevertheless, the calculation of the induced
charges at each simulation step makes solving the Poisson equation very computationally demanding, especially
for three-dimensional systems. The recent introduction
of a variational formulation of the polarization charge
density simplified the explicit calculation of the electrostatic potential [43, 44]. In our model, to incorporate
the spatial inhomogeneity of the dielectric constant, we
introduce an effective correction, Gε = Gε (rij ), that can
be easily tuned on the basis of experimental conductivity measurements. In particular, the effective dielectric
constant is defined as follows:
ε0 = εr ε0 Gε = εr ε0 (1 − ξFε ),

(6)

where
1

Fε (rij ) =
e

rij −Rε
Σε

,
+1

(7)
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√
where Rε /σT = 5 is the radius of gyration of the micelles, calculated with the unmodified Coulomb potential (Eq. (2)), and Σε = Rz − Rδ . The condensation
parameter, ξ ∈ [0, 1], is heuristic and characteristic of
our model, and its purpose is to modulate the intensity
of the short range correction. Its value is intimately related to the surfactant studied, and is set on the basis of
the experimental degree of ionization. By contrast, the
functions Fδ and G , which are proposed from qualitative considerations, are parametrized in agreement with
the electrostatic properties and the chemical structure of
the molecules involved. Although the validity of the proposed short-range Coulomb correction is tested here for a
particular surfactant, our model can be applied to other
ionic surfactants in water solutions. More specifically,
by tuning the tail-tail interaction strength and the condensation parameter, and eventually incorporating the
effect of the charge distribution in the surfactant heads
and counterions, we can study the aggregation behavior
of long-chain cationic and anionic surfactants, including,
for instance, CTAB and SDS, respectively. The interested reader is referred to the supplemental material at
[URL] for additional details on the model proposed here.

III.3. Simulation Methodology

Preliminary simulations were performed to set the parameters of our force field, that is the interaction energy
T T and the condensation parameter ξ. More specifically,
we first simulated a system with N = 100 molecules in
the canonical (N V T ) ensemble at the same concentration as the experimental CMC and gradually increased
the value of the interaction energy, T T , until micelles
were formed. At T = 298.15 K, this was detected
at T T /kB T = −0.503. Although the NVT ensemble
was appropriate to accurately set the value of T T , it
is usually rather inefficient for analyzing the aggregation behavior of amphiphiles at concentrations close to
the CMC. Therefore, apart from this initial setting, all
the remaining simulations were performed in the grand
canonical (µV T ) ensemble, at a chemical potential in the
range −27.8 ≤ µ/kB T ≤ −21.2, with µ/kB T ≈ −24.5
the chemical potential at the CMC.
To set the value of the condensation parameter, ξ,
in Eq. (7), a number of simulations were performed at
µ/kB T = −24.1 and T T /kB T = −0.503. At this state
point, which is just above the CMC, we computed the
degree of ionization, α, for different values of ξ and compared it with its experimental value. The degree of ionization is the ensemble average of chains ionized in a cluster and is calculated as follows:
Ncl
D
X
Nc,i E
,
α= 1−
Na,i
i=1

(8)

where Ncl is the total number of clusters in solution, Nc,i
the number of counterions that condensed on cluster
i, and Na,i the number of chains in the same cluster.
In our model, a counterion is considered to be bound
to a micelle, if it is within the coordination shell of at
least one surfactant head belonging to that micelle. The
value of the condensation parameter giving the best
approximation of the degree of ionization above the
CMC was found to be ξ = 0.3 as indicated in Fig. 2.
1
0.8

α 0.6
0.4
0.2

0

0.1

0.2

0.3
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0.5

ξ
FIG. 2. Micellar degree of ionization, α, as a function of
the condensation parameter, ξ, at µ/kB T = −24.1 and
T T /kB T = −0.503. The dashed line indicates the experimental value of α at the CMC. The solid line is a fitting of
the simulation points and intersects the experimental value of
α at ξ = 0.3.

Due to its long-range nature, the electrostatic potential must incorporate the interactions between beads distributed over all the periodic images of the simulation
box. To this end, we employed the Ewald summation
method, which divides the total interactions into shortrange and long-range contributions, estimated in the real
and Fourier space, respectively [45, 46]. To improve
the efficiency of our calculations, the long-range interactions between any pair of sites on the lattice, including
their periodic images, were pre-computed at the beginning of each simulation by employing 337 Fourier-space
wave vectors and a real-space damping parameter set
to κdump = 5. Given the discrete translational symmetry of a lattice, these Fourier-space contributions can
be stored in an array and accessed along the simulation
via a fast table lookup algorithm [47]. By contrast, our
proposed corrections to the Coulomb potential, which
arise from the asymmetric distribution of the electric
charges in the counterions and the spatial inhomogeneity
of the dielectric constant, are computed in the real space.
0
The resulting deviations from the Coulomb potential Uij
are restricted
√ to short distances and have no effect for
rij /σT ≥ 2 2, as can be appreciated from Fig. 3 for the
particular case of H + − C − interactions. Similar results
for the C − − C − and H + − H + interactions are provided
as supplemental material [URL].
The initial configurations consisted of surfactant chains
sequentially placed in the lattice, which were allowed to
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number Ng , ni the amount of clusters with Ng = i, and
h...i denotes ensemble average. The degree of elongation
of a micelle is strictly related to its three radii of gyration, Rg,1 ≤ Rg,2 ≤ Rg,3 , which are the eigenvalues
of the tensor of gyration. These three parameters are
here conveniently combined to describe the anisotropy of
a micelle in terms of eccentricity and triaxiality. More
specifically, the eccentricity is defined as

UHC / kBT

0

1

-1

0
-1

-2
-2
-3

-3

1

2

1.5

2.5

3

3.5

4

e2 = 1 − a2 /b2
0

1

2

3

4

5

6

7

rHC / σT
0
FIG. 3. Coulomb potential, UHC
(solid line), and modiδε
fied Coulomb potential, UHC
(symbols), as a function of the
distance between heads and counterions. The dashed line
δε
gives the difference between these two potentials,
√ ∆UHC ≡
δε
0
UHC
− Uij
, which is negligible for rHC /σT ≥ 2 2. The minimum distance
√ at which the modified potential is applied is
rHC /σT = 2. The inset displays the behavior of the three
functions at short distances.

relax at a very high temperature by temporarily switching off the effect of charges. This created a completely
random distribution of the surfactant and the starting
configuration for the equilibration run. Surfactant chains
T5 H + have been moved by reptation and configurational
bias regrowth [45, 48], whereas counterions by random
displacements of length ∆, with 0 ≤ ∆ ≤ L/2 in the three
directions. A typical mix of attempted MC moves consisted of 50% reptation, 30% configurational bias, 10%
counterion displacements, and 10% of insertion/removal
attempts to exchange mass and energy with a reservoir at
constant chemical potential and temperature. All kinds
of moves were accepted or rejected according to the standard Metropolis algorithm and satisfy the detailed balance [45]. The exchange of T5 H + C − molecules with the
reservoir was performed by following the method proposed by Orkoulas and Panagiotopoulos [49]. Additional
details are provided in the supplemental material [URL].
Systems were considered to be at thermodynamic equilibrium with the reservoir if the number of chains achieved
a steady value within statistical fluctuations.
To have an insight into the structural properties of the
micellar clusters, we calculated their size distribution and
degree of elongation. More specifically, the cluster size
distribution indicates the preferential size of the micelles
and their degree of dispersion in solution. In other words,
it is the probability P (Ng ) of observing a cluster with
aggregation number Ng :
hφNg iV
P (Ng ) = P
h ni i Ng (nH vH + nT vT )

(10)

(9)

where vi is the volume occupied by a T or H + bead,
φNg is the volume fraction of clusters with aggregation

where a and b are the length of the micelle’s minor and
major semi-axes, respectively. The former is defined as
the quadratic mean of Rg,1 and Rg,2 , whereas the latter
is set equal to Rg,3 . The triaxiality allows to distinguish
between prolate and triaxial micelles and is defined as
∆e2 = ∆a2 /b2

(11)

2
2
where ∆a2 = (Rg,2
− Rg,1
)/2. Values of the eccentricity
and triaxiality for several geometries are shown in Table
I.

TABLE I. Limit values of eccentricity, e2 , triaxiality, ∆e2 ,
and relative weight of the three radii of gyration, Rg,i , for
several micellar geometries.
Shape Radii of gyration ratios
2
2
2
Spherical Rg,1
. Rg,2
. Rg,3
2
2
2
Prolate
Rg,1 . Rg,2  Rg,3
2
2
2
Oblate
Rg,1
 Rg,2
. Rg,3
2
2
2
Triaxial
Rg,1  Rg,2  Rg,3

e2
≈0
≈1
≈ 1/2
≈1

∆e2
≈0
≈0
≈ 1/2
&0

IV. RESULTS AND DISCUSSION

In this section, we provide experimental and simulation results of the CMC, degree of ionization, and
structural properties of the systems studied. The CMC
is the concentration of surfactants above which micelles
appear in the system. Below the CMC, most of the
amphiphilic chains are isolated and the presence of
micelles is practically negligible, although there is, in
principle, a small probability of observing clusters of
any given size. The CMC was first determined by the
tensiometry measurements shown in Fig. 4. Due to a minor experimental uncertainty in the measurements, the
transition regime, with only free surfactant monomers
existing in solution, provides a dependence of the surface
tension on concentration that can be accurately fitted by
two straight lines with a slightly different slope. In order
to unambiguously identify the CMC, we set its value at
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FIG. 4. Surface tension γ as a function of surfactant concentration C. Dashed and dash-dotted lines are fittings of
the experimental data in the transition regime. Experimental
data in the saturation regime are fitted by a solid line. In the
inset, points P1 and P2 locate the intersection between the
fitting lines of the transition regime and that of the saturation regime. The experimental CMC is considered to be at
half distance between P1 and P2 (red cross).

the midpoint between the intersection points, P1 and P2 ,
of the straight lines fitting the transition regime with the
line fitting the saturation regime. This value, displayed
in the inset of Fig. 4, is (3.3±0.3)×10−2 mM, being very
similar to the CMC of other cationic surfactants with
analogous architecture [9, 50]. To better quantify the
agreement between experimental and simulation results,
hereafter all the concentrations will be normalized by
the experimental CMC, defining C ∗ ≡ C/CM C, where
CM C = 3.3 × 10−2 mM. The surface tension measurements allow to estimate other relevant physico-chemical
−
parameters of C24 H49 N2 O+
2 CH3 SO4 , which, to the best
of our knowledge, are here calculated for the first time.
The interested reader is referred to the supplemental
material [URL] for further details.
The CMC obtained experimentally was used as input
parameter in the N V T MC simulations to set the value of
T T . At this stage, we used the Coulomb potential with
0
no corrections, Uij
, and found T T /kB T = −0.503. With
this value of the T −T interaction, the CMC was recalculated in the µV T ensemble with the modified form of the
δ
Coulomb potential, Uij
, given in Eq. (5) with condensation parameter ξ = 0.3. By estimating the CMC in the
µV T ensemble, our aim was to determine the effect of the
modified Coulomb potential on the aggregation behavior
of our model surfactant. To this end, the concentration
of free chains (Cf∗ree ) and that of chains in aggregates
∗
(Cagg
) were plotted as a function of the total surfactant
concentration, C ∗ , as shown in Fig. 5.
At the CMC, the slope dCf ree /dC ∗ decreases from 1 to
approximately 0, whereas dCagg /dC ∗ increases from 0 to
approximately 1. This indicates that above the CMC any
further addition of surfactant to the solution contributes
to increase the concentration of aggregates, but leaves
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FIG. 5. Concentration of free surfactant (Cf∗ree , empty cir∗
cles) and concentration of surfactant in aggregates (Cagg
, solid
squares) versus the total surfactant concentration (C ∗ ) as calculated in the µV T ensemble with the modified Coulomb potential and condensation parameter ξ = 0.3. Dashed lines
are guides for the eye. The change of the slope dCf ree /dC ∗
or dCagg /dC ∗ determines the CMC, which is indicated by a
vertical dotted line. The inset shows larger concentrations.

unchanged that of free molecules. We assume that the
concentration at which the change of slope dCf ree /dC ∗
(or dCagg /dC ∗ ) is observed is the CMC, as previously
proposed by other authors [24, 51]. Other definitions of
the CMC are also available [23, 52, 53].
The value of the CMC determined with the modified
Coulomb potential does not show any significant difference from the experimental CMC. As a consequence, one
can conclude that the charge density distribution in the
counterions and the permittivity of the hydrophobic micellar core have a very weak impact on the CMC, which
is adequately predicted by the traditional form of the
Coulomb potential provided in Eq. (2). In other words, a
simple CG model neglecting key physico-chemical details
of a micellar solution of ionic surfactants is still able to
provide a good estimate of the CMC as long as the effective interactions between tail beads, T T , is consistently
set. Nevertheless, a close analysis of the aggregation behavior of our ionic surfactant reveals that in order to estimate other properties, such as the aggregation number
and degree of ionization, a more sophisticated description
of the intermolecular interactions is required. In particular, the degree of ionization has been estimated experimentally by measuring the conductivity, κ, at different
normalized surfactant concentrations, C ∗ , as presented
in Fig. 6.
Interestingly enough, three separate linear regimes,
one below and two above the CMC, with κ ∝ (3.3, 2.6,
2.3) C ∗ , respectively, have been determined. The straight
lines fitting the experimental points in Fig. 6 intersect at
C1∗ = 1.01 ± 0.20 and C2∗ = 6.6 ± 0.9. The first con-
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FIG. 6. Experimental conductivity κ at several concentrations. Solid triangles represent experimental data. Lines are
fits of points below (dashed), slightly above (solid) and well
above (dash-dotted) the CMC. The inset contains data of
conductivity beyond C ∗ = 8. Vertical dotted lines locate the
intersection of the linear fits of contiguous data sets at C1∗
(CMC) and C2∗ .

centration, C1∗ , indicates the position of the CMC and is
in excellent agreement with the CMC calculated by surface tension measurements and found by simulations in
the µV T ensemble. The intersection at C2∗ would indicate the occurrence of a second CMC, possibly due to a
shape transition from spherical to prolate micelles with
increasing aggregation number [54]. Sphere-to-rod transitions are not unusual in micellar systems of cationic
surfactants and are associated to the dehydration of the
micellar interface and simultaneous increase of the interfacial counterion’s concentration [55]. In our systems, the
degree of ionization, α, calculated by conductivity measurements according to Eq. (1), shows an abrupt change
at C ∗ = C2∗ , as indicated in Fig. 7. In particular, α ≈ 0.8
between the first and second CMC, whereas α ≈ 0.7 for
C ∗ > C2∗ . These experimental results (dashed lines in
Fig. 7) have been compared with the simulation results
obtained by applying the bare form of the Coulomb potential (empty symbols in the same figure) and the modified form of the Coulomb potential with ξ = 0.3 (solid
symbols).
While the traditional form of the Coulomb potential
cannot reproduce the abrupt change of α, the simulation results based on our theoretical approach are in very
good agreement with the experiments and confirm the
existence of a third regime above C2∗ . In this regime,
α appears to be substantially reduced as a result of a
larger condensation of counterions around the micellar
aggregates. Although our simulations cannot be conclusive on the abrupt change of α observed experimentally
at C ∗ = C2∗ , they clearly indicate that it decreases significantly as compared to the region of concentrations in between the two CMCs, a tendency not observed when Eq.
(2) is applied. Therefore, the local distribution of charges
in the H + and C − beads and the spatial heterogeneity of
the dielectric constant play an important role in assessing
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FIG. 7. Degree of ionization as a function of reduced surfactant concentration. Horizontal dashed lines refer to experimental values obtained from conductivity experiments. Symbols refer to simulation results obtained by employing the traditional Coulomb potential (empty diamonds) and the modified Coulomb potential with ξ = 0.3 (solid circles). Vertical
dotted lines indicate the value of the two CMCs and define
the borders of the three relevant concentration’s intervals.

the condensation of counterions around the micelles and
are crucial to reproduce the experimental observations.
These results are confirmed by the analysis of the density
profiles, ρi (r), which describe the spatial distribution of a
given bead i in concentric spherical shells around the center of the micelles [39]. In particular, they provide relevant details on the counterions’ condensation that cannot
be gained from the degree of ionization. Density profiles
calculated at µ/kB T = −24.2, corresponding to a surfactant concentration in between C1∗ and C2∗ , are shown
in Fig. 8 for systems whose electrostatic interactions are
described by Eq. (2) (top frame) and Eq. (4) (bottom
frame). The density of counterions on the micelles’ surface is larger when the modified Coulomb potential is
employed, in good agreement with the results shown in
Fig. 7. Regardless the Coulomb potential applied, heads
and counterions share the same volume surrounding the
micellar core, which is almost completely composed by
hydrocarbon chains.
In order to unambiguously ascertain the origin of the
second CMC, we estimated shape and size of the micelles
observed in solution across the complete range of concentrations studied and up to C ∗ ≈ 50. In particular, Fig.
9 presents the cluster size distribution (CSD) at concentrations C1∗ < C ∗ < C2∗ (top frame) and C ∗ > C2∗ (bottom frame) for both the traditional and modified form
of the Coulomb potential (dashed and solid line, respectively). The narrow CSDs in the top frame, both calculated at C ∗ = 2 (µ/kB T = −24.2), indicate the presence
of an essentially monodisperse system of micelles with aggregation number Ng ≈ 35 for the traditional Coulomb
potential and Ng ≈ 48 for the modified Coulomb potential. The shifting of the CSD towards larger aggre-
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FIG. 8. Density of T (diamonds), H + (circles) and C −
(crosses) beads as a function of the radial distance from the
center of micelles at C1∗ < C ∗ < C2∗ (µ/kB T = −24.2). The
top and bottom frames show density profiles in systems whose
Coulomb interactions are described, respectively, by Eq. (2)
and Eq. (4). Solid and dashed lines are guides for the eye.
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FIG. 9. Cluster size distributions as a function of the aggregation number as obtained by molecular simulation with the
traditional (blue dashed lines) and modified (red solid lines)
Coulomb potential. The top frame shows monodisperse distributions at µ/kB T = −24.2 and C ∗ ≈ 2, while the bottom
frame shows bidisperse distributions at µ/kB T = −21.2 and
C ∗ ≈ 50.

gation numbers is most probably due to the effect on
the short-range interactions between charged beads inδ
troduced in the modified Coulomb potential Uij
. More
δ
specifically, while Uij has no effect on the long-range
interactions between charged beads, it produces short-

range interactions that are significantly more attractive
than those resulting from the traditional Coulomb po0
tential Uij
, as Fig. 3 shows. Such stronger attractions
promote the efficient packing of the charged beads in the
micellar corona by partially compensating the steric effects produced by the lattice geometry. The resulting effect is a larger number of surfactant chains fitting within
a single micellar aggregate. For similar reasons, above
the second CMC, the micelles’ aggregation number increases when the modified Coulomb potential is applied,
as confirmed by the bottom frame of Fig. 9, where results
are given for systems at µ/kB T = −21.2. However, regardless the electrostatic potential employed, the CSD’s
profiles are substantially different from those observed
at C1∗ < C ∗ < C2∗ as two well distinct peaks can be
appreciated. These peaks reveal the presence of a bidisperse distribution of micelles with aggregation number
0
(dashed curves in Fig.
Ng ≈ 43 and Ng ≈ 58 for Uij
δ
9), and Ng ≈ 52 and Ng ≈ 65 for Uij
(solid curves
in Fig. 9). Bidisperse systems with similar CSDs (not
shown here) have been also observed at other concentrations above C2∗ . The peaks of these distribution profiles,
indicating the most likely aggregation numbers, keep essentially the same value in the range of concentrations
between C1∗ and C2∗ . In particular, Fig. 10 shows the aggregation number of a system described by the modified
Coulomb potential as a function of the total surfactant
concentration. A family of micelles consisting of roughly
50 surfactant chains is observed above C1∗ , while a second
family of micelles with Ng ≈ 60 appears only above C2∗ .
An estimate
of their radius, rmic , can be obtained from
p
rmic = 5/3Rg [56], with 18 Å < Rg < 24 Å. Therefore,
rmic vary from 23 Å to 31 Å, and the micelles’ diameter, which also
√ includes the thickness of the corona (approximately 3σT = 10.2 Å), varies between 67 Å and
82 Å. These values are in good agreement with experimental observations on micellar aggregates made of similar cationic surfactants [57, 58]. The larger aggregates
enhance the condensation of the counterions dispersed
in solution and would explain the abrupt decrease of α
observed experimentally at concentrations above the second CMC. Despite the ∼ 20% difference in aggregation
number between the two families of micelles in the bidisperse region, the difference between their radii R, with
1/2
R ∝ Ng , would be too small to be unambiguously distinguished by experimental techniques, such as Dynamic
Light Scattering (DLS). Therefore, while our experimental observations indicate that some sort of change took
place at C2∗ , it is only by molecular simulation that we
were able to understand its origin and relate it to a structural transition.
With this insight into the dependence of the aggregates’ size and aggregation number on the surfactant
concentration, we now complete our analysis on the morphology of the micelles by determining their shape and
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and does not display any relevant change across the second CMC. In particular, we found that e2 < 0.5 and
∆e2 < 0.1. According to Table I, we can conclude that
the micelles observed in the monodisperse and bidisperse
regions are roughly spherical and no shape transition occurs. Switching off the modifications to the electrostatic
potential does not alter this picture and maintain both
e2 and ∆e2 essentially at the same values as those in Fig.
11. As an additional proof supporting this conclusion,
we also calculated the intermicellar distance (ID), which
was shown to be strongly related to the occurrence of a
sphere-to-rod transition [58]:

C*
FIG. 10. Aggregation number, Ng , as a function of the total
surfactant concentration, C ∗ , as obtained by molecular simuδ
lation with the modified Coulomb potential, Uij
. Empty and
∗
∗
solid circles at C > C2 ≈ 6.6 indicate the presence of bidisperse micelles. Error bars are of the size of the symbols or
smaller. Dotted lines represent the values of the two experimental CMCs and delimit the three regimes studied in this
work.
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FIG. 11. Eccentricity (top frame) and triaxiality (bottom
frame) of aggregates observed in systems described by the
modified Coulomb potential. Empty and solid circles at C ∗ >
C2∗ ≈ 6.6 indicate the presence of bidisperse micelles. Error
bars are of the size of the symbols or smaller. Vertical dotted
lines represent the values of the two experimental CMCs and
delimit the three regimes studied in this work. Horizontal
dashed lines denote the average value of eccentricity (top)
and triaxiality (bottom).

investigating the eventual occurrence of a shape transition across the second CMC. To this end, the eccentricity, e2 , and triaxiality, ∆e2 , of the aggregates in solution have been calculated as described in Eqs. (10) and
(11). The results are shown in Fig. 11 for the modified
δ
Coulomb potential Uij
. Both parameters clearly indicate that the morphology of the micellar aggregates has
a very weak dependence on the surfactant concentration


ID = dmic

π
6φ

1/3
(12)

where dmic and φ are the diameter and volume fraction of the micelles, respectively. In particular, a shape
transition is expected when ID is of the order of the
size of the micelles [59]. For monodisperse micelles with
dmic = 80 Å, the ID in the most concentrated systems
studied here is ID ≈ 420 Å, which is roughly 5 times
the size of the micelles. According to this result, the
second CMC determined from conductivity experiments
does not correspond to a sphere-to-rod transition.
In the light of these results, we can state that, since
our CG model neglects the chemical details of the systems studied, but it is still able to predict the micelles’
size transition and the change of the degree of ionization,
the second CMC is most probably the mere consequence
of the ionic nature and geometry of the surfactant. The
cis-trans isomerism of the surfactant due to the double
bond between the 12th and 13th carbon atoms of the
hydrocarbon tail, completely disregarded in our model,
might not be the origin of two separate CMCs, as for
instance observed in the micellization of a proline surfactant forming two conformational isomers [60].
V. CONCLUSIONS

In summary, we presented a theoretical model incorporating a short-range correction to the Coulomb potential
to describe the self-assembly of ionic surfactant molecules
in dilute aqueous solutions. In order to evaluate the
effects of this correction, we investigated the micellization behavior of Ricinoleamidopropyltrimonium metho−
sulfate, C24 H49 N2 O+
2 CH3 SO4 , a cationic surfactant especially employed in formulation cosmetics. The coarsegrained lattice model used in this work is a solventfree representation of an amphiphilic solution, where the
model surfactant, T5 H + C − , consists of five hydrophobic
beads (T ), one positively charged hydrophilic head (H + ),
and one negatively charged counterion (C − ). Although
similar models have been used in the past to describe dilute and concentrated amphiphilic solutions, the novelty
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here arises from incorporating a short-range correction
to the Coulomb potential, justified by theoretical considerations on the asymmetric distribution of the electric
charges in the counterions and the low polarizability of
the micellar core. Incorporating these contributions has
an effect on the short-range interactions between charged
beads, but does not alter their long-range interaction as
compared to the traditional Coulomb potential.
Surface tension and conductivity measurements were
performed to obtain the most suitable interaction parameters for the force field used in the model. In particular,
the value of the effective attraction between hydrocarbon
chains, T T , was set to reproduce the experimental CMC
determined by surface tension. We stress that the value
of T T was set with no modifications in the Coulomb
potential. By contrast, the strength of the electrostatic
interaction between charged beads, ξ, referred to as condensation parameter, was set to reproduce the counterions’ condensation around the micelles, or, equivalently,
their degree of ionization, at concentrations close to the
CMC. Interestingly enough, conductivity measurements
revealed an abrupt decrease of the micelles’ degree of ionization at surfactant concentrations well above the CMC.
The occurrence of this change, that seems to be related
to the presence of a second CMC, was also confirmed
by simulations. A detailed computational analysis of the
micelles’ morphology across the second CMC discarded
the occurrence of a sphere-to-rod shape transition, but
unveiled a size transition from monodisperse to bidisperse aggregates. In particular, the bidisperse cluster
size distribution highlighted the formation of two welldefined families of micelles with pretty different aggregation numbers.
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