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1AQ1 Study of the nonlocal active sound control with preservation
2 of desired field in time domain

34

5

6AQ2 Chuxiong Zhou and Sergey Utyuzhnikova)

7 Department of Mechanical, Aerospace & Civil Engineering, University of Manchester, Manchester M13 9PL, United Kingdom

ABSTRACT:
8 In the active sound control, a domain is protected from externally generated noise via constructing secondary sound
9 sources, which are called controls. These controls are applied on the boundary of the shielded domain. Apart from

10 the external noise, a desired sound generated by interior sources should also be retained inside the shielded domain.
11 However, it turns out it is a challenge to preserve the internally generated sound unaffected due to both the reverse
12 effect of the controls on the input data and sparse distribution on the boundary. To take into account the reverse
13 effect, an innovative algorithm based on nonlocal control is implemented in the time domain for the first time. Its
14 real-time practical implementation may include preliminary tuning to the real surrounding conditions. A number of
15 test cases are considered including external broadband noise and internal monochromatic desired sound. A sensitiv-
16 ity analysis is carried out with respect to some key design parameters such as density of sensors and controls as well
17 as respective geometrical displacement from one another determined by the Hausdorff distance. It is demonstrated
18 that the nonlocal control provides the noise attenuation level, which is not very sensitive to the presence of the
19 desired sound. VC 2020 Acoustical Society of America. https://doi.org/10.1121/10.0002880

(Received 18 August 2020; revised 22 October 2020; accepted 17 November 2020; published online xx xx xxxx)
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20 I. INTRODUCTION

21 With more and more stringent noise control regulations
22 in industry, a great deal of interest has been drawn to noise
23 control during the past few decades. The passive noise atten-
24 uation is achieved via implementation of insulation materi-

25 als and can be quite efficient in application to bounded
26 domains to be protected from high frequency noise.
27 Meanwhile, the application of passive noise control

28 becomes problematic if a low frequency noise propagates
29 since long waves can decay much slower than short waves
30 (Hansen and Snyder, 1996). In turn, the active sound control
31 (ASC) has proved to be efficient for the attenuation of low-
32 frequency noise (Canevet, 1978). In the ASC problems, a
33 domain, which is usually bounded, is supposed to be
34 shielded from noise generated outside by constructing sec-
35 ondary sound sources also known as controls. In the classi-
36 cal formulation, the ASC is based on the application of
37 Huygens’ principle (Baker and Copson, 1939). As a result,

38 an anti-noise is generated by controls positioned at the
39 perimeter of a domain to be shielded. In contrast to the pas-
40 sive sound control, ASC does not use any absorbing material
41 to cancel noise. Practically, passive sound control is mostly
42 applicable to the attenuation of mid- and high-frequency
43 noise, whereas the ASC is better suited for low frequency
44 noise due to the space and time limitations on the control
45 system (Elliott and Nelson, 1990). Therefore, the ASC can
46 be regarded as an effective supplement to the passive sound
47 control.

48The conventional ASC control systems are based on

49one of the two principal algorithms with feed-back and

50feed-forward controls (Elliott, 2001; Elliott and Sutton,

511996; Nelson and Elliott, 1991). In the feed-back system,

52the noise signal is detected by a set of error sensors imple-

53mented inside the shielded domain. The operation of feed-

54forward control is based on a predetermined strategy that

55the measurement of noise is completed before the controls

56(Kletschkowski, 2011). To realize the noise attenuation by

57the action of controls, the filtered-x least mean square

58(FxLMS) algorithm is commonly used for feed-back and

59feed-forward systems to adjust the noise signal (Hansen

60et al., 2012). Some examples of current ASC research

61include headphones (Hansen et al., 2012), ventilation and

62refrigeration systems (Tokhi et al., 2002), aircrafts, eleva-

63tors, and car cabins (Bai and Chen, 2000; Broadbent, 1976;

64Landaluze et al., 2003). In these applications, the controls

65are implemented over the entire acoustically transparent

66boundary to be shielded. However, in some applications the

67controls can be applied only on a part of the boundary of a

68protected domain. For example, in Zou et al. (2010), the

69controls were mounted on the top of anti-noise barriers to

70attenuate noise from outdoor transformers.

71It should be noted that the preservation of desired sound

72is usually not considered in the conventional ASC problems

73(Williams, 1984). In practice, especially for a feed-back sys-

74tem, it is problematic to differentiate immediately between

75noise and desired sound in the total acoustic field from the

76primary sources. It seems that for the first time, the ASC

77problem with the existence of an interior component was

78analysed by Malyuzhinets (1971). He obtained the solution

a)Also at: Moscow Institute of Physics & Technology, Moscow 141700,

Russia. Electronic mail: s.utyuzhnikov@manchester.ac.uk
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79 to the ASC problem in a bounded domain for the case when
80 the total field from only primary sources is available. This
81 solution presumes a continuous distribution of the controls
82 at the perimeter of the domain to be shielded. A discrete
83 realization of this approach, which was more practical, was
84 made in Konyaev et al. (1977).
85 Ryaben’kii (1995, 2002) obtained a solution to the sta-
86 tionary problem in a quite general formulation in discrete
87 spaces. Similar to Malyuzhinets (1971), this solution pre-
88 sumes the knowledge of the primary field at the perimeter of
89 the domain to be shielded. Thanks to a discrete form, it can
90 be realized via a set of monopoles and dipoles. This oppor-
91 tunity was clearly demonstrated by Tsynkov (2003). In his
92 paper, the links between finite-difference surface potentials,
93 the solution from Ryaben’kii (2002), and acoustic equations
94 are shown. The developed technique is applied to the
95 Helmholtz equations in Loncaric et al. (2001) where a link
96 with the surface Calder�on potentials was first provided. For
97 the first time, the problem on ASC was considered in com-
98 posite domains in Ryaben’kii et al. (2007).
99 The approach described above was extended to

100 unsteady problems in Ryaben’kii and Utyuzhnikov (2006,
101 2007) and Utyuzhnikov (2009a, 2010b). In Utyuzhnikov
102 (2010b), the operation of ASC was explicitly demonstrated
103 via the exact analytical solution to the unsteady problem
104 obtained in a quite general formulation. A desired sound
105 was allowed to be present in the shielded domain. It was
106 shown that ASC can be realized even for resonance regimes
107 in bounded domains. Afterwards, Utyuzhnikov was the first
108 who considered the solvability of the nonlinear problem via
109 the apparatus of generalized nonlinear potentials
110 Utyuzhnikov (2010a) introduced. The experimental realiza-
111 tion of the potential-based approach applied to ASC was
112 addressed in a number of publications (see, e.g., Lim et al.,
113 2009; Lim et al., 2011; Lim et al., 2014; Ntumy and
114 Utyuzhnikov, 2014, 2015).
115 It is to be noted the key assumption for the control men-
116 tioned above is based on an a priori knowledge of the pri-
117 mary field generated by both undesired and desired sources.
118 This is hardly achievable in practice since in real-time reali-
119 zation, the sound component generated by the controls is
120 inevitable in the input data to be measured. As shown by
121 Ryaben’kii and Utyuzhnikov (2006, 2007), controls can
122 double the desired sound outside the protected region. This
123 makes the original field from the primary sources unattain-
124 able. In some practical applications, mostly related to the
125 noise control in ventilation, this problem is partially
126 resolved via directional measurements (see, e.g., Huang
127 et al., 2011; Jakob and Moser, 2003a,b; Kwon and Park,
128 2011; Sieck and Lau, 2011; Wang et al., 2016). In
129 Ryaben’kii (2011), it is proposed to solve an auxiliary local
130 initial-boundary value problem across the control boundary
131 to generate the control function. Although in a finite-
132 difference formulation considered in the paper the algorithm
133 is strict, its practical realization is very problematic. Indeed,

134 it presumes a second-order numerical differentiation of
135 noisy and contaminated input data. Moreover, for the

136algorithm, it is important that the controls are supposed to

137be acoustically transparent and have no volume that is prac-

138tically not realizable.

139A new approach to tackle this problem was proposed by

140Utyuzhnikov (2009b, 2014). In these papers, the proposed

141control is nonlocal. This means the operation of a control

142depends on the field along an entire control surface. The

143approach is based on the projection property of Calder�on

144surface potentials. As a result, the contribution of the desired

145sound and secondary field is effectively subtracted from the

146total field. In this way, there is no need to predict desired

147sound thanks to the automatic separation of noise and

148desired sound from the total field. A practical algorithm for

149realization of the nonlocal active control was proposed in

150Utyuzhnikov (2017). The algorithm is potentially applicable

151to realization in real-time regimes. It was implemented for

152the first time in the frequency domain by Zhou and

153Utyuzhnikov (2020). In that paper, it was demonstrated that

154the nonlocal control has an advantage over the local control

155even without the presence of desired sound.

156The current paper is organized as follows. First, an

157introduction to the general formulation of the ASC problem

158is provided in the next section AQ7. It presumes the presence of

159desired sound along with noise generated outside a protected

160area. Then, Sec. III addresses the local and nonlocal ASC

161algorithms. The nonlocal control is based on a potential-

162based algorithm. The problem of the reverse effect of the

163controls on the input data is discussed. The results of numer-

164ical experiments carried out for a few pure-tone sources are

165demonstrated in Sec. IV. A sensitivity analysis is considered

166with respect to different input parameters such as the distri-

167bution density of sensors and dynamics as well as their rela-

168tive geometrical displacement. Finally, the test cases with a

169broadband noise are discussed in Sec. V, which is followed

170by the Conclusion.

171II. GENERAL FORMULATION OF THE ASC PROBLEM

172We consider the following problem formulation.

173Introduce some domain D0 : D0 � R3. In addition, we intro-

174duce subdomain Dþ : Dþ � D0 with smooth enough bound-

175ary C. This subdomain is supposed to be shielded from the

176noise generated in domain D� :¼ D0nDþ .

177Assume the acoustic field in domain D0 is described by

178the following linear initial-boundary-value problem (IBVP):

ptt � a2Dp ¼ f ; (1)

pðx; 0Þ ¼ ptðx; 0Þ ¼ 0; x 2 D0

p 2 ND0
; (2)

179where p is the sound pressure, a is the speed of sound, f cor-

180responds to the acoustic sources, and ND0
is a functional

181space such that the solution of the IBVP [Eqs. (1) and (2)]

182exists and is unique. If domain D0 is unbounded, then space

183ND0
is determined by the Sommerfeld boundary conditions.
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184 The acoustic source f presented on the right hand side
185 of Eq. (1) is composed of noise sources f� and desired sound
186 sources fþ,

f ¼ fþ þ f�

supp fþ � Dþ

supp f� � D� : (3)

187 In turn, the total sound field p consists of desired sound
188 pþ and noise p�,

p ¼ pþ þ p�: (4)

189 Assume that we are going to protect domain Dþ from
190 noise p–. At the same time, it is required to retain the desired
191 field pþ unaffected there. It is worth noting that pþ also
192 includes any field reflected from the boundaries if it exists.
193 The same definition is applicable to p–. Then, the ASC
194 becomes an inverse source problem: find secondary sound
195 sources G0 on boundary surface C such that the solution to
196 IBVP,

pcjtt � a2Dpc ¼ f þ G0

supp G0 � DnDþ

pcðx; 0Þ ¼ pcjtðx; 0Þ ¼ 0; x 2 D0

pc 2 ND0; (5)

197 coincides with pþ in Dþ : pc ¼ pþ.

198 III. ASC

199 A. Local sound control

200 Consider the control function as a linear combination of
201 simple and double-layer sources,

G0ðC; tÞ ¼ �a2dðCÞ@p

@njC
� a2pC

@dðCÞ
@n

; (6)

202 where n is the outward normal to boundary C, dðCÞ repre-
203 sents the surface delta-function associated with C, pC is the
204 restriction of p to C: pC ¼ pðC; tÞ, and pðC; tÞ corresponds to
205 the total field from the primary sources at boundary C.
206 Source G0 generates field pl,

plðx; tÞ ¼
ð

C;s

�
@Gr

@n
ðx; tjy; sÞpCðy; sÞ

� Grðx; tjy; sÞ@p

@njC
ðy; sÞ

�
drds; (7)

207 where n is the outward normal to C, Gr represents Green’s
208 function, x corresponds to the observation points, and the
209 retarded time is considered in the convolution.
210 Equation (7) can be rewritten in a more compact form
211 via the Calder�on potentials (Utyuzhnikov, 2017),

plðx; tÞ ¼ PDþnCðC; tÞ: (8)

212Here, nC ¼ ðpC; @p=@njCÞT means the density of the

213potential.

214In application to the wave equation with homogeneous

215initial conditions, the Calder�on potential in domain X is

216determined by (Utyuzhnikov, 2009a)

PXn@Xðx; tÞ ¼
ð
@X;s
ðGrðx; tjy; sÞn@Xj2ðy; sÞ

� @Gr

@n
ðx; tjy; sÞn@Xj1ðy; sÞÞdrds; (9)

217where x 2 X; n@X ¼ ðn@Xj1; n@Xj2ÞT , n is the outward nor-

218mal to @X.

219It is to be noted that for the ASC the initial data are not

220important. In a more general formulation with nonhomoge-

221neous initial conditions, the definition of the Calder�on

222potential can be found in Petropavlovsky et al. (2018).

223The key property of the Calder�on potential is a projec-

224tion. It immediately follows from the Green’s formula

225(Petropavlovsky et al., 2018; Utyuzhnikov, 2009a). Thanks

226to the projection property, in the case of continuous surface

227control,

PDþnCðx; tÞ ¼ p�ðx; tÞ; x 2 Dþ;

228if nC ¼ ðpC; @p=@njCÞT .

229Thus, if the total field from the primary sources pC is

230available, then G0 generates anti-noise and provides com-

231plete noise attenuation (see, e.g., Utyuzhnikov, 2010b).

232The control is local because the surface integrals are

233approximated in a discrete form via a set of monopoles and

234dipoles (Utyuzhnikov, 2017),

G0ðC; tÞ � �a2
XN

i¼1

�
@p

@njC
ðxi; tÞdðx� xiÞ

þ pCðxi; tÞ
@d
@n
ðx� xiÞ

�
Dri; (10)

235where xi 2 Dri ði ¼ 1;…;NÞ, n is the outward normal to C,

236and Dri ði ¼ 1;…;NÞ are nonintersecting elementary areas

237ri that cover the entire surface C.
238It is to be noted that from the projection property

PDþnCðx; tÞ ¼ PDþn
�
C ðx; tÞ; (11)

239where n�C ¼ ðp�C ðxi; tÞ; ð@p�=@njCÞðxi; tÞÞT .
240In turn,

PDþn
þ
C ðx; tÞ ¼ 0; (12)

241where nþC ¼ ðpþC ðxi; tÞ; ð@pþ=@njCÞðxi; tÞÞT .

242Thus, the control looks similar to the case when only

243noise is present. In the case of pure noise, an anti-noise can

244be generated locally along the entire perimeter of the pro-

245tected region. However, this similarity takes place only in

246the case of continuous surface control. In other words, this

247presumes the validity of Eqs. (11) and (12) that are actually
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248 nonlocal. In the case of a discrete approximation, the projec-

249 tion property is violated up to the error of approximation.

250 This issue is discussed in more detail in the next section.AQ8

251 It is to be noted that if a desired sound is present, a field

252 equal to the desired acoustic field pþ is simultaneously gen-

253 erated by control G0 immediately outside the shielded

254 domain (Utyuzhnikov, 2010b). As a result, the primary field

255 is practically unavailable for real-time measurements unless

256 the field is repeated in time. In order to remove the reverse

257 effect of controls, a nonlocal control is introduced in the

258 next sectionAQ9 . It is to be noted that the reverse effect occurs

259 only if a desired sound is allowed to be present in the

260 shielded domain.

261 B. Nonlocal active control

262 To take into account the reverse effect of the controls,

263 an algorithm of nonlocal active control was developed in

264 Utyuzhnikov, 2017). Unlike the algorithm introduced in the

265 previous sectionAQ12 , the input data pcðC�; tÞ are assumed to be

266 measured on the external side C� of the boundary surface C.

267 Thus, pcðC�; tÞ is the total field generated from both the pri-

268 mary and secondary sources.

269 Practically, surfaces C and C� should be separated. One

270 can introduce domain Dþ� : Dþ � Dþ�. Then, the boundary

271 of Dþ� can be selected as C� (see Fig. 1). Thus, on boundary

272 surface C we obtain field p�e ðC; tÞ to be attenuated,

p�ejCðx; tÞ ¼
ð

C�;s
ðGrðx; tjy; sÞ @pc

@n�
ðy; sÞ

� @Gr

@n�
ðx; tjy; sÞpcðy; sÞÞdrds

x 2 C; y 2 C�; (13)

273 where n� is the outward normal to the external surface C�.

274 In a more general formulation, the field p�e can be cal-

275 culated via the Calder�on potentials (Utyuzhnikov, 2017),

p�ejCðx; tÞ ¼ PDþ�nC�ðC�; tÞ: (14)

276 Thanks to the projection property, ideally, i.e., in the

277 case of continuous surface control, p�jCðx; tÞ ¼ p�ejCðx; tÞ.

278Thus, the control at the boundary C is represented by

G0ðC; tjp�ejCÞ ¼ �a2 @pe

@n

�

jC
dðCÞ � a2

@p�ejCdðCÞ
@n

: (15)

279Hence, we can extract the noise field from the total field

280pcðC�; tÞ on external surface C� due to the projection prop-

281erty of the surface potentials. As a result, this approach is

282able to remove the reverse effect of controls on the input

283data. The obtained field p�e ðC; tÞ on C can then be used as

284the input field for the local control in Eq. (6) to achieve

285noise attenuation. The entire control is non-local in space

286since its operation at each point of the control surface is

287based on the total field over the whole surface C�. Besides,
288it is clear that the control is also nonlocal in time.
289It is to be noted that in the general case, Green’s func-

290tion is unknown. Therefore, practical control [Eq. (13)] can-
291not be applicable straightforward.
292In order to approximate the integrals in Eq. (13), a dis-

293crete distribution of sensors and controls is considered in

294Utyuzhnikov (2017). The external surface C� and boundary

295surface C are divided into small enough nonintersecting

296
areas Dr�j and Dri, respectively. Presume that l�j ¼

ffiffiffiffiffiffiffiffiffi
Dr�j

q
297� rj ¼ jy� yjj ðj ¼ 1;…;N�Þ; li ¼

ffiffiffiffiffiffiffiffi
Dri

p
� ri ¼ jx� xij

298ði ¼ 1;…;NÞ. Next, Eq. (13) can be approximated as
299follows:

p�e ðxi; tÞ �
XN�
j¼1

Dr�j

ð
s

�
@pc

@n�
ðyj; sÞGrðxi; tjyj; sÞ

� pcðyj; sÞ
@Gr

@n�
ðxi; tjyj; sÞ

�
ds;

300where xi 2 Dri ði ¼ 1;…;NÞ; yj 2 Dr�j ðj ¼ 1;…;N�Þ.
301Then

G0ðC; tjp�ejCÞ � �a2
XN

i¼1

Dri

�
@p�e
@n
ðxi; tÞdðx� xiÞ

þ p�e ðxi; tÞ
@d
@n
ðx� xiÞ

�
;

302where n is the outward normal to C.
303Then, the explicit formula for the nonlocal control reads

G0 ¼�a2
XN

i¼1

Dri �
XN�
j¼1

Dr�j

ð
t

Aij
@pc

@n�
þBijpc

� �
jyj;s

� dðx� xiÞþ Cij
@pc

@n�
þDijpc

� �
jyj;s

@d
@n
ðx� xiÞds :

(16)

304Here, transfer matrices A, B, C, and D, which have

305dimensions ½N � N�	, depend only on Green’s function and

306the coordinates of sensors and controls if the geometry of

307boundary surfaces C and C� is known. Thus, these matrices
308can be measured or calculated efficiently in advance withFIG. 1. Domain sketch.
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309 the use of the method of difference potentials
310 (Petropavlovsky et al., 2018; Ryaben’kii, 2012).
311 It is worth noting here that the entire algorithm is based
312 on the projection property of the surface potentials. It pre-
313 sumes the controls and sensors are distributed over whole
314 boundaries C and C�, respectively. In the case that only a
315 selected part of the boundary is covered, the projection
316 property can be either significantly violated or not valid.

317 C. Calculation of surface potentials

318 The unsteady surface potentials can be efficiently calcu-
319 lated with implementation of the impulse response function
320 that represents a unit impulse applied to a small enough
321 period of time. In the algorithm, the input field on external
322 surface C� is approximated by a set of basis functions UkðyÞ
323 and ð@Uk=@n�ÞðyÞ; y 2 C�; k ¼ 1;…;Nb, where Nb � N�.
324 Then, an impulse response function can be determined as
325 follows:

vkðxi; tÞ ¼

XN�
j¼1

Dr�j

�
@Uk

@n�
ðyjÞGrðxi; tjyj; 0Þ

�UkðyjÞ
@Gr

@n�
ðxi; tjyj; 0Þ

�

if min
j

sij 
 t 
 max
j

sij

0 else;

8>>>>>>>>>><
>>>>>>>>>>:

(17)

326 where xi 2 Dri ði ¼ 1;…;NÞ; yj 2 Dr�j ðj ¼ 1;…;N�Þ, n�

327 is the outward normal to C�, and sij ¼ jxi � xjj=a represents
328 a retarded time.
329 The impulse response functions can be preliminary
330 either calculated or measured. Next, at each time moment
331 t ¼ tp ðp ¼ 0; 1; 2; 3……Þ, density nC�ðtpÞ can be approxi-
332 mated by solving the following variation problem:

min
ak

¼
����nC�ðtpÞ �

XNb

k¼1

akðtpÞgkC�

����
2

; (18)

333 where gkC� ¼ ðUkðyÞ; ð@Uk=@n�ÞðyÞÞT ; y 2 C�.
334 Then, the surface potentials can be calculated at bound-
335 ary surface C,

PCC�nC�ðtÞ �
XNb

k¼1

Xp

l¼0

akðtlÞtkCðt� tlÞðtlþ1 � tlÞ: (19)

336 Thus, the potential in Eq. (19) provides for the control
337 [Eq. (15)] noise field p�ejC to be attenuated.
338 A more efficient strict way to calculate the unsteady
339 Calder�on potentials can be found in Petropavlovsky et al.
340 (2018). It is based on the partition in time and the existence
341 of lacunas.
342 In the next sectionAQ10 , the results of numerical simulation
343 are presented and discussed.

344 IV. RESULTS OF NUMERICAL EXPERIMENTS
345 WITH ASC

346 In the setup of numerical simulation, virtual primary
347 sources, sensors, and secondary sources are implemented.

348As domain Dþ AQ3is to be shielded, we consider a cube with the

349edge length equal to 1 m. Assume the center of domain Dþ

350coincides with the origin of the Cartesian coordinate system.

351The boundary surface C� corresponds to the sides of cube

352Dþ�, which is obtained by the expansion of cube Dþ with the

353factor of 1.4 in each direction. In this case, the Hausdorff

354distance between cubes Dþ and Dþ� equals 0.2 m. Assume

355three virtual secondary sources are evenly distributed along

356each axis on each side of cube Dþ. In turn, six virtual sen-

357sors are implemented along each axis on each side of cube
358Dþ to measure the total acoustic field.
359Three types of virtual primary sources are considered in

360the numerical simulations: pure tone, mixed sound of three

361monochromatic sources, and broadband signal. In the pure

362tone test, a noise source with frequency of 50 Hz is situated

363outside the shielded domain Dþ at point with coordinate

364(1.5, 1.5, 0 m). In turn, a desired acoustic source with a fre-

365quency of 50 Hz is supposed to be at the center of Dþ. In

366addition, we also consider a mixed noise case that is com-

367posed of three noise point sources with the frequencies equal

368to 40, 70, and 90 Hz, which are situated outside the shielded

369domain and have coordinates (1.5, 1.5, 0 m), (1, �1, 1 m),

370and (�1, 0.5, �1 m), respectively. Similarly, the desired

371mixed sound is composed of three point sources with the

372frequencies of 40, 70, and 90 Hz. These point sources are

373situated inside domain Dþ and have coordinates (0.3, 0.3,

3740.3 m), (�0.4, 0.1, 0.2 m), and (0.2, �0.3, �0.3 m), respec-

375tively. In the numerical simulations, the sampling rate is

376chosen as much as 1 kHz to ensure the accuracy of
377approximation.
378In the numerical experiments, an average noise attenua-

379tion is measured at N observation points that are evenly dis-

380tributed in shielded domain Dþ. The level of noise
381attenuation is determined as follows:

As ¼
1

N

XN

k¼1

20 log10

���� p�k
pcjk � pþk

����dB; (20)

382where pc corresponds to the total field while the control is

383on.
384The noise attenuation achieved with the local and non-

385local controls is discussed in the next section AQ11. First, we con-

386sider the test case with a monochromatic noise source.

387Then, the case with a mixed noise field is addressed. It is

388followed by a sensitivity analysis with respect to the

389Hausdorff distance dH between surfaces C and C� as well as

390the density of sensors ns and controls nc. In the final section,
391we carry out numerical experiments with broadband noise.

392A. Pure tone case

393First, consider the conventional ASC algorithm based

394on the local control for the case of pure-tone primary sour-

395ces. Presume that the total primary field is a priori known.

396In case the desired sound is not present, Fig. 2(a) shows the

39750 Hz noise field with and without shielding inside domain
398Dþ for time interval [0, 1 s]. The average noise attenuation
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399 of about 12 dB is achieved over time. Here and further,
400 N¼ 100. Thus, the noise is effectively attenuated inside the
401 shielded domain.
402 In turn, if the desired sound is present, the noise attenu-
403 ation deteriorates even though the primary field is available
404 at the boundary surface C. As can be seen from Fig. 2(b),
405 the noise field with ASC is only slightly attenuated. The cor-
406 responding average noise attenuation drops to 2.5 dB, which
407 is essentially worse than that in the previous case. The rea-
408 son for this can be interpreted as follows. As mentioned in
409 the previous sectionAQ13 , the local control is determined by the
410 total acoustic field at the perimeter C. The error in the
411 approximation of surface potentials in Eq. (11) leads to
412 some violation of the projection property [Eq. (12)]. This
413 error can be treated as an extra noise. Thus, the noise attenu-
414 ation is deteriorated.
415 As mentioned above, practically the primary field is not
416 available at the perimeter C if a desired sound is present due

417to the reverse effect of controls. Therefore, next a more real-
418istic case that takes into account the reverse effect of con-
419trols on the input data is considered. Figure 3(a) shows that
420the noise is rather reinforced than attenuated with the input
421data based on the total field in the case of the local control.
422The primary field is the same as that in the previous exam-
423ple. As can be seen, the noise level grows with time under
424the effect of the control. This phenomenon can be explained
425as follows.
426The control from Eq. (6) AQ4doubles internally generated
427sound outside the shielded domain in the case of continuous
428control (see, e.g., Utyuzhnikov, 2009a). Since the control
429from Eq. (6) must be approximated by the discrete control
430[Eq. (10)], projection [Eq. (12)] is only valid with some
431error. This error should effectively lead to generation of
432extra imaginary noise sources caused by the discrete control
433that follows from the Huygens principle. The field generated
434by the imaginary sources is also reinforced outside the

FIG. 3. (Color online) Reverse effect of local control with input total field. Pure tone case: (a) Noise level, (b) level of noise attenuation.

FIG. 2. (Color online) Application of local control to a pure tone field with input primary field: (a) Noise signal (without desired sound), (b) noise signal

(with desired sound).
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435 shielded domain as an internally generated sound. This

436 effect is repeated and reinforced with time.

437 Next, consider the application of nonlocal control to a

438 pure tone field. In contrast to the local control, the input data

439 are measured on C�. In case the desired field is not present,

440 Fig. 4 demonstrates the sound pressure achieved at 0.5 s. As

441 can be seen, the sound pressure is efficiently attenuated

442 inside the cubic shielded domain Dþ. Moreover, the ampli-

443 tude of sound wave achieved with the nonlocal control for

444 time interval [0, 1 s] is similar to that obtained with the local

445 control considered above [see Fig. 2(a) and Table I].

446 In turn, as can be seen in Table I, a good level of noise

447 attenuation is still achieved by the nonlocal control even if

448 the desired sound is present. The corresponding average

449 noise attenuation of 11 dB basically retains the same as that

450 without the existence of the desired sound source. The con-

451 tribution of the desired field and extra noise caused by a dis-

452 crete approximation of surface potentials is basically

453 eliminated from the total field on C�. This is achieved

454 thanks to the projection property of the surface potentials

455 used.

456 It is to be noted that with nonlocal control, the level of

457 noise attenuation is determined by the frequency of the noise

458 source and almost does not depend on the frequency of

459 desired sound. This is confirmed by the result that the level

460of noise attenuation with and without desired sound is prac-

461tically the same.

462B. Mixed sound case

463Next, consider the attenuation of noise composed of

464three noise point sources with frequencies of 40, 70, and

46590 Hz. In turn, there are three desired sound sources with the

466same frequencies if they are supposed to be present.

467First, the case with local control is studied without the

468presence of desired sound. Assume that the primary field is

469always available at perimeter C over time. Then, as can be

470seen in Table II, the noise can be significantly attenuated.

471The level of noise attenuation varies between 7 and 13 dB at

472different time (t¼ 0.015, 0.02, 0.025, 0.03, 0.035 s). In con-

473trast to the attenuation of pure tone noise, the level of noise

474attenuation for the mixed case essentially depends on time.

475This happens because the level of noise attenuation depends

476on the frequency. It is clear that at the higher frequency, the

477lower level of noise attenuation occurs (Epain and Friot,

4782007; Zhou and Utyuzhnikov, 2020).

479In case the local control is used along with the presence

480of desired sound, the noise is reinforced similar to the mono-

481chromatic case. As shown in Table II, the level of noise

482attenuation falls to �6 dB at 0.03 s due to the additional

483noise caused by the discrete control. Over time, the negative

484level of noise attenuation varies between �6 and 4 dB.

485If the primary field is not a priori available on surface

486C, the control affects the input data measured at C. Similar

487to the single tone case, this effect continuously grows over

488time as can be seen in Fig. 5(a). Moreover, as Fig. 5(b) dem-

489onstrates, the noise attenuation becomes practically impossi-

490ble with the local control.

491Afterwards, consider the nonlocal control applied to the

492mixed field. First, Table III demonstrates that the level of

493noise signal with the active control is significantly less than

494the original noise signal in case there are no interior sources.

495The peak of the noise attenuation reaches about 13 dB at

4960.035 s. In turn, if the preservation of the interior desired

497sound in domain Dþ is required, the noise can significantly

498be reduced with the nonlocal control. Moreover, although

499the noise attenuation varies over time, the level of noise

500attenuation achieved with preservation of interior sound is

501quite similar to that achieved without any desired sound.

502This can be expected because the input total field on exter-

503nal surface C� is separated thanks to the projection property

504of the surface potentials used.

TABLE I. Application of nonlocal control to a pure tone field with input total field.

The case without desired sound The case with desired sound

Amplitude, Pa
Attenuation,

Amplitude, Pa
Attenuation,

(without ASC) (with ASC) dB (without ASC) (with ASC) dB

Noise 17.10 4.60 11.40 17 4.75 11.10

FIG. 4. Sound pressure at 0.5 s. Pure tone case without desired sound.
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505 C. Sensitivity analysis

506 As mentioned in the previous sectionsAQ14 , the level of
507 noise attenuation significantly depends on the errors in the
508 discrete approximation of the surface potentials. Practically,

509 both the sensors and controls (loudspeakers) cannot be
510 implemented continuously. Therefore, it is important to dis-
511 cuss how the densities of sensors ns and controls nc affect
512 the ASC performance. Besides, the Hausdorff distance dH

513 between the external surface C� and boundary surface C has
514 an effect on the noise attenuation. This section focuses on
515 the sensitivity analysis with respect to these factors via

516 some numerical experiments. In the tests, the pure tone and
517 mixed primary fields are considered.
518 First, we study how the density of sensors affects the
519 noise attenuation. Suppose that the number of controls along
520 each axis Nc is equal to 3. In other words, nine controls on
521 each side and 54 controls in total are distributed on surface

522 C. Several sets of sensors with Ns ¼ 3; 4; 5; 6 are imple-
523 mented on external surface C� to detect the input field.
524 As can be seen in Table IV and Fig. 6, a poor noise
525 attenuation is achieved with pure tone and mixed primary
526 field in the case with Ns ¼ 3;Nc ¼ 3. The noise attenuation
527 even falls to �9.83 dB with the pure tone primary field in
528 time interval [0, 1 s]. Besides, the level of noise attenuation

529occurs mostly in a negative area with the mixed primary

530field. Moreover, a satisfactory noise attenuation is not

531achieved when the number of sensors along each axis Ns is

532equal to 4 and 5. In turn, about 11 dB reduction in the noise

533level is achieved if Ns increases to 6. It is clear that the error

534in the discrete presentation of sensors [Eq. (13)] AQ5is reduced

535as the higher density of sensors is implemented. It turns out

536that the number of sensors along each axis Ns is required to

537be twice more than the number of controls along each axis

538Nc for the most efficient noise attenuation.

539Next, consider the sensitivity analysis with respect to

540the density of controls. Several sets of controls (Nc ¼ 2;
5413; 4; 5) are uniformly distributed on the boundary surface C
542while Ns is equal to 10. First, presume that the total primary

543field is known for ASC. Tables V and VI show the effect of

544the number of controls on the attenuation of pure tone and

545mixed noise, respectively.

546As noted above, if a desired sound is present, the noise

547attenuation with the local control is much worse than that

548achieved without the presence of desired field. As shown in

549Table V, a good enough noise attenuation of 9.56 dB is

550achieved with the local control without the presence of

551desired sources if Nc equals 2. However, if the desired sound

552source is present, the noise attenuation drops to 0.69 dB.

TABLE II. Application of local control to mixed sound case with input primary field.

The case without desired sound The case with desired sound

Noise, Pa
Attenuation,

Noise, Pa
Attenuation,

t, s (without ASC) (with ASC) dB (without ASC) (with ASC) dB

0.015 �33.45 8.48 12 �33.45 �35.38 �0.5

0.02 58.63 �20.41 9 58.6 �38.46 4

0.025 9.96 4.27 7 9.96 12.07 �2

0.03 37.06 �11.47 10 37.06 �75.55 �6

0.035 �39.86 9.29 13 �39.86 34.11 1

FIG. 5. (Color online) Reverse effect of local controls on noise attenuation. Mixed sound: (a) Noise, (b) level of noise attenuation.
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553The deterioration of noise attenuation is about 9 dB. The

554same level of drop retains in case Nc increases to 3, 4, and 5.

555In turn, the nonlocal control allows us to keep a satisfactory

556level of noise attenuation despite the presence of the desired

557sound. Even in case Nc equals 2, the noise attenuation

558obtained with and without preservation of desired field cor-

559responds to 9.02 and 8.98 dB, respectively. The level of

560noise attenuation remains low sensitive to the presence of

561desired sound with the other sets of controls: Nc ¼ 3; 4; 5.

562In the mixed field case, the noise attenuation caused by

563the local control varies between 13 and 18 dB without the

564presence of desired sound if Nc equals 5 (see Table VI). In

565case we consider the preservation of desired sound, the dete-

566rioration in the noise attenuation grows with the increase of

567Nc. The peak of noise attenuation even falls to a negative

568value, about �12 dB, if Nc reduces to 2. This means that the

569mixed noise is enhanced rather than reduced if the local con-

570trol is applied. In addition, the level of noise attenuation

571fluctuates more significantly with the lower density of con-

572trols. In turn, in case the nonlocal control is applied to the

573mixed field, as shown in Table VI, a good enough level of

574noise attenuation, 13–19 dB, is achieved. It retains the same

575regardless of the presence of desired sources if Nc is equal to

5765. Even if Nc decreases to 2, the noise attenuation is quite

577reasonable. The reason for this is similar to the pure tone

578case discussed above.

579Finally, we consider how the ratio of Hausdorff distance

580dH between surfaces C and C� to wave length k affects the

581noise attenuation achieved with the use of nonlocal control.

582Suppose that the number of controls Nc and sensors Ns is

583equal to 3 and 6 for the sake of comparison. First, Table VII

TABLE III. Application of nonlocal control to mixed sound case with input primary field.

The case without desired sound The case with desired sound

Noise, Pa
Attenuation,

Noise, Pa
Attenuation,

t, s (without ASC) (with ASC) dB (without ASC) (with ASC) dB

0.015 �33.45 9.91 11 �33.45 9.56 11

0.02 58.63 �22.66 8 58.6 �21.52 9

0.025 9.96 �4.70 7 9.96 �4.73 7

0.03 37.06 �12.73 9 37.06 �12.10 10

0.035 �39.86 9.43 13 �39.86 9.35 13

TABLE IV. Effect of the number of sensors Ns on attenuation of pure tone

sound.

Ns

3 4 5 6

Noise attenuation, dB �9.83 4.34 7.53 11.10

FIG. 6. (Color online) Effect of the number of sensors Ns on attenuation of

mixed sound.

TABLE V. Effect of the number of controls Nc on attenuation of pure tone

sound.

Noise attenuation, dB

Nc

Local control

(without desired

sound)

Local control

(with desired

sound)

Nonlocal control

(without desired

sound)

Nonlocal control

(with desired

sound)

2 9.56 0.69 8.98 9.02

3 11.70 2.63 11.40 11.10

4 14.46 5.39 14.50 14.63

5 17.28 8.22 17.74 17.87

TABLE VI. Effect of the number of controls Nc on attenuation of mixed

sound.

Interval of noise attenuation, dB

Nc

Local control

(without desired

sound)

Local control

(with desired sound)

Nonlocal control

(without

desired

sound)

Nonlocal

control (with

desired

sound)

2 5–11 �12–�1 5–11 5–11

3 7–13 �7–4 7–13 7–13

4 10–16 �3–6 9–16 10–16

5 13–18 0–9 13–19 13–19
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584 presents the noise attenuation for the pure tone field with

585 k ¼ 10 m achieved for different Hausdorff distances

586 (dH ¼ 0:1 ; 0:2 ; … ; 0:9 m). A significant noise attenuation

587 is obtained for the pure tone field if the ratio dH=k is above

588 0.02. The noise attenuation increases with the increase of

589 ratio dH=k until it reaches a maximal value of 13.21 dB with

590 dH=k ¼ 0:08. Afterwards, the noise attenuation decreases

591 slightly to 13.18 dB if the ratio dH=k increases to 0.09. Thus,

592 the optimal ratio dH=k is equal to 0.08 in this case. In turn,

593 in case dH=k is equal to 0.01, a negative noise attenuation of

594 about �5 dB is obtained in time interval [0, 1 s]. The deteri-

595 oration in the noise attenuation occurs because the operation

596 of nonlocal control becomes rather local in case the external

597 surface C� is too close to the boundary surface C. As dem-

598 onstrated in Zhou and Utyuzhnikov (2020), a control point
599 source operates locally in its some vicinity.
600 Next, Fig. 7 demonstrates the noise attenuation for the

601 mixed primary fields achieved for different Hausdorff dis-

602 tances (dH ¼ 0:1 ; 0:15 ; 0:2 ; 0:25 m). The minimal wave

603 length kmin is used as the reference length. As can be seen,

604 the mixed noise is effectively attenuated if the ratio dH=kmin

605 equals 0.06. There is a slight increase of noise attenuation if

606 dH=kmin decreases to 0.05. The level of noise attenuation

607 retains if dH=kmin is equal to 0.04. In turn, the noise attenua-

608 tion achieved with dH=kmin ¼ 0:03 reaches its minimum of
609 �8 dB. Thus, the optimal Hausdorff distance dH between

610surfaces C and C� is about 5% of the minimal wave length
611to be attenuated.
612In the final section, the technique is extended to the
613case of broadband noise.

614V. BROADBAND SOUND

615Consider now the case of broadband noise in the range
616below 100 Hz. The coordinates of noise and desired sources,
617parameters of shielded domain, density of controls and sen-
618sors, and Hausdorff distance are the same as those in the
619pure tone case. The considered desired sound wave is mono-
620chromatic with the frequency of 50 Hz. Figure 8 represents
621the sound pressure obtained at 0.5 s with the preservation of
622desired sound. As can be seen, the controls are individually
623distinguishable at perimeter C. With the application of con-
624trols, the desired sound is preserved inside domain Dþ while
625the noise is shielded. It is to be noted here that the results
626presented for very low frequencies down to 0 Hz are rather
627formal since such frequencies are hardly achievable in
628practice.
629If the desired sound is not present, the broadband noise
630with and without shielding inside domain Dþ for time inter-
631val [0, 1 s] is shown in Fig. 1. As can be seen, the broadband
632noise can also be effectively attenuated. In turn, despite the
633presence of the desired sound, as can be seen in Fig. 9(b),
634the noise attenuation obtained with the nonlocal control is
635basically the same as that without the desired sound.
636The corresponding frequency spectrums with and with-
637out preservation of desired sound are shown in Figs. 9(c)
638and 9(d), respectively. At low frequencies, especially below
63940 Hz, a significant noise attenuation is reached. It decreases
640as the frequency increases. It should be noted that the noise
641with ASC is attenuated slightly or even enhanced when the

TABLE VII. Effect of the ratio between Hausdorff distance dH and wave

length k on attenuation of pure tone sound.

dH=k

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

Noise

attenuation, dB

�4.91 11.10 11.88 12.07 12.22 12.43 12.83 13.21 13.18

FIG. 7. (Color online) Effect of the ratio between Hausdorff distance dH

and kmin on attenuation of mixed sound. FIG. 8. Sound pressure at 0.5 s. Broadband sound case with desired sound.
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642 frequency exceeds 90 Hz. Next, Figs. 9(f) and 9(e) present
643 the spectrum of noise attenuation obtained with and without
644 presence of desired sound, respectively. Above 3 dB, the
645 noise attenuation can be reached with frequencies below
646 40 Hz. In turn, a negative level of noise attenuation, about

647�0.05 dB, is obtained at 100 Hz. As can be seen, the pres-
648ence of desired sound weakly affects the level of noise
649attenuation. This is a key property of the nonlocal control.
650Next, consider the sensitivity analysis with respect to
651the ratio between the Hausdorff distance dH and minimal

FIG. 9. (Color online) Application of nonlocal control on broadband sound case with input primary field: (a) Noise signal (without desired sound), (b) noise

signal (with desired sound); (c) frequency spectrum (without desired sound), (d) frequency spectrum (without desired sound), (e) noise attenuation (without

desired sound), (f) noise attenuation (with desired sound).
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652 wave length kmin to be attenuated. Since the set up of the
653 broadband case is the same as that in the pure tone case, the
654 reference Hausdorff distance dH and its corresponding ratio
655 dH=kmin are equal to 0.2 m and 0.06. Several tests with dif-
656 ferent ratios dH=kmin (dH=kmin ¼ 0:05; 0:06; 0:07; 0:08) are
657 considered while the densities of controls Nc and sensors Ns

658 remain the same as those in the monochromatic case
659 (Nc ¼ 3;Ns ¼ 6). Figure 10 shows the frequency spectrum
660 of noise attenuation reached with several sets of ratio
661 dH=kmin in case the desired sound is present. First, a negative
662 value of noise attenuation is obtained with dH=kmin ¼ 0:07
663 and 0.08 if frequency is above 65 and 55 Hz, respectively. In
664 turn, a better noise attenuation is achieved with ratio
665 dH=kmin of 0.06 than that obtained with ratio dH=kmin of 0.07

666and 0.08 in the frequency spectrum. In case ratio dH=kmin

667decreases to 0.05, a negative peak of noise attenuation,
668about �6 dB, is observed at 50 Hz. This phenomenon occurs
669because the contribution of the desired sound is not
670completely removed from the total field on the external sur-
671face C�. Moreover, the operation of controls becomes local
672since the external surface C� is too close to the boundary
673surface C. Thus, the optimal ratio dH=kmin equals 0.06 in
674this case.
675Afterwards, consider the sensitivity analysis with
676respect to the density of sensors Ns. Suppose that dH=kmin

677and Nc are equal to 0.06 and 3, respectively. Figure 11 dem-
678onstrates the frequency spectrum of noise attenuation
679obtained with several sets of Ns (Ns ¼ 4; 5; 6; 7) if the
680desired sound is present. In the cases of Ns ¼ 4; 5 the den-
681sity of sensors is not large enough such that the deterioration
682of noise attenuation occurs between �2 and 0.8 dB if the
683frequency exceeds 50 Hz. If Ns increases to 6, even though a
684good enough noise attenuation is reached for frequencies
685below 50 Hz, the noise attenuation deteriorates to a negative
686value for frequencies above 95 Hz. In turn, a better noise
687attenuation, above 1 dB, is obtained with Ns¼ 7 for higher
688frequencies in comparison with Ns¼ 6.
689Finally, consider how the density of controls Nc affects
690the noise attenuation. Assume that dH=kmin and Ns are equal
691to 0.06 and 6, respectively. Figure 12 presents the frequency
692spectrum of noise attenuation reached with several sets of
693the density of controls Nc (Nc ¼ 2; 3; 4; 5) in case the desired
694sound is present. A satisfactory noise attenuation is reached
695in the frequency range up to 100 Hz if Nc equals 5.
696Significant noise attenuation is reached at very low frequen-
697cies. In turn, the noise attenuation deteriorates to around
6980 dB at higher frequencies. Finally, a negative level of noise
699attenuation is obtained with Nc¼ 2 if the frequency is
700above 80 Hz.

FIG. 10. (Color online) Effect of the ratio between Hausdorff distance dH

and kmin on attenuation of broadband noise.

FIG. 11. (Color online) Effect of the number of sensors Ns on attenuation of

broadband noise.

FIG. 12. (Color online) Effect of the number of controls Nc on attenuation

of broadband noise.
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701 VI. CONCLUSION

702 The applicability of the nonlocal potential-based algo-

703 rithm for a real-time noise attenuation has been demon-

704 strated via a series of numerical experiments in the time

705 domain. It is shown that the noise attenuation achieved with

706 a local control deteriorates with the presence of desired

707 sound even if the total primary field at the perimeter of the

708 domain to be shielded is available. This result occurs

709 because a discrete set of controls is not able to provide a

710 strict projection property of the surface potentials. In addi-

711 tion, the real-time ASC becomes unrealistic with the local

712 control if a desired sound component is present and to be

713 retained. In this case, the noise level grows with time

714 because of the reverse effect of the discrete control. As has

715 been shown, the nonlocal control enables us to retain a sig-

716 nificant noise attenuation even if the input field from the pri-

717 mary sources is unavailable and limited only to the total

718 field from the primary and secondary sources. It turns out

719 that with the nonlocal control the level of noise attenuation

720 is mostly determined by the undesired incident field and

721 weakly depends on the desired interior sound with the same

722 level of intensity. This property is not realized with the local
723 control.
724 The sensitivity analysis demonstrates that the density of

725 sensors generally plays a more important role than the den-

726 sity of controls in the case of nonlocal control. On average,

727 it is required to double the density of controls with respect

728 to the density of sensors. In practical applications, the

729 Hausdorff distance between the surfaces with sensors and

730 controls is not allowed to be much less than the minimal

731 wavelength to be attenuated. As demonstrated on different

732 test cases including a broadband noise, for low enough fre-

733 quencies the nonlocal control provides practically the same

734 level of noise attenuation regardless of the presence of
735 desired sound.
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