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Extension of near-wall domain decomposition to
modeling flows with laminar-turbulent transition

M. Petrov1, S. Utyuzhnikov1,2, A. Chikitkin1 and N. Smirnova1

1 Moscow Institute of Physics & Technology, Dolgoprudny 141700, Russia
2 Department of Mechanical, Aerospace & Civil Engineering,
the University of Manchester, Manchester, M13 9PL, U.K.,

Abstract. The near-wall domain decomposition method (NDD) has proved to be very
efficient for modeling near-wall fully turbulent flows. In this paper the NDD is exten-
ded to non-equilibrium regimes with laminar-turbulent transition (LTT) for the first
time. The LTT is identified with the use of the eN-method which is applied to both
incompressible and compressible flows. The NDD is modified to take into account LTT
in an efficient way. In addition, implementation of the intermittency expands the capa-
bilities of NDD to model non-equilibrium turbulent flows with transition. Performance
of the modified NDD approach is demonstrated on various test problems of subsonic
and supersonic flows past a flat plate, a supersonic flow over a compression corner and
a planar shock wave impinging on a turbulent boundary layer. The results of modeling
with and without decomposition are compared in terms of wall friction and show good
agreement with each other while NDD significantly reducing computational resources
needed. It turns out that the NDD can reduce the computational time as much as three
times while retaining practically the same accuracy of prediction.

Key words: Domain decomposition; laminar-turbulent transition; interface boundary condition;
near-wall flow; low-Reynolds-number model

1 Introduction

The problem of modeling a laminar-turbulent transition (LTT) is of great interest in the
aircraft design since the turbulence of flow can have a significant impact on aerodynamic
characteristics. In industrial applications, the direct numerical simulation (DNS) and large
eddy simulation (LES) methods are not often used for modeling LTT. Instead, models
based on the Reynolds-Averaged Navier-Stokes equations (RANS) are applied. In such
models, as a rule, the LTT is set explicitly. LTT can be instant as in the Spalart-Allmaras
one-equation model with the trip term [1]. On the other hand, some other models can take
into account a transition region between the laminar and turbulent parts of the flow [2].
Regardless of a RANS model, computations can be time-consuming. At the same time,
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calculations in the near-wall region can take up to 90 % of all time expenses. This is caused
by the requirement to resolve a very thin laminar sublayer which is always present thanks
to the no-slip boundary condition and damping effect of the wall.

The classical way to reduce the computational time for RANS calculations is to use
the wall functions. The use of wall functions allows us to avoid detailed resolution of the
near-wall region and reduce the time cost. This approach represents a simplest way for
domain decomposition when Dirichlet boundary conditions are prescribed at the cell center
of the nearest to the wall cell in one way or another way. The wall functions are semi-
empirical and replace the effect of the wall for the outer flow. As well known, despite a
certain success with this approach, the wall functions have a number of limitations. They
inevitably contain parameters to be tuned. Most of them do not take into account the
effect of pressure gradient and other forces, and the obtained solution can be significantly
mesh sensitive. For these reasons, the applications of wall functions to flows with complex
geometries and boundary layer separation are very problematic. There are some advanced
wall functions (see e.g. [3–6]) in which some of these problems are resolved. However, they
are not able to overcome all the problems since they have a very limited basis. In addition,
the use of wall functions can be problematic in cases with LTT, since they presume the
presence of a fully developed turbulence.

The near-wall domain decomposition (NDD) method [7–9,11] represents an alternative
way to reduce the computational time. In this approach the computational domain is split
into two blocks. One of these two blocks covers a near-wall region. Such kind of domain
decomposition immediately follows from the physics of the problem when the inner region
is characterised by both high-gradients of the solution and small scale in the normal to
the wall direction. The solution of the entire problem is realized via a non-overlapping
domain decomposition. The boundary-value problems in each region are linked with each
other via interface boundary conditions (IBCs) of Robin type. In the original formulation
of NDD, an approximate NDD (ANDD) is realized. This is achieved with the use of the
Thin Boundary Layer Equations (TBLE) in the inner region. The IBCs are obtained via
transfer of the boundary conditions from the wall to the interface boundary [39, 40]. As
can be shown, in one-dimensional case the Dirichlet boundary condition can be exactly
transferred to the interface boundary in the form of an IBC of Robin type. The location
of the interface boundary y∗ allows the trade-off between the accuracy and computational
time to be efficiently controlled. As shown in [10] for incompressible flow in a diffuser,
an abatement in accuracy as much as a few percents allows the computational time to be
reduced by one order of magnitude. Recent investigations have shown the effectiveness
of the ANDD method for both steady and unsteady compressible flows around complex
geometries with separated flows and shock waves [12–15]. In [13] it was shown that the
ANDD method converges almost three times faster than the approach in one block without
decomposition. In addition, in [13] the exact near-wall domain decomposition (ENDD)
was proposed. In this approach the full RANS equations are solved in both blocks, which
makes it possible to reach the accuracy comparable to a single-block solution. However,
the ENDD method yields to ANDD in terms of the computational cost.
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In all the papers cited above the turbulent boundary layer was supposed to be fully
developed. So far, the NDD was successfully used to model LTT only in the framework
of the boundary layer model [16]. An immediate application of NDD to modeling no-
nequilibrium flows was problematic because of high dependence of IBC on the turbulent
viscosity coefficient. In the current paper, the NDD is extended to the full computational
region including the outer region (with respect to the boundary layer) with a predominant
convection. The NDD is applied to the compressible Navier-Stokes equations in such a
way that the LTT is identified by eN method and non-equilibrium turbulent flow is then
simulated with the use of RANS.

The paper is organized as follows. In Section 2 the governing equations are formulated.
The numerical method used for solving the unsteady nonlinear equations is described in
Section 3. In Section 4 the use of NDD in the form of ANDD and ENDD for modeling LTT
is addressed. In Section 5 the method for predicting LTT is presented. Section 6 contains
computational tests such as sub- and supersonic flow past a flat plate, a supersonic flow
over compression corner and a planar shock wave impinging on a turbulent boundary layer.
The results obtained with the use of NDD are compared with the single-block solutions
obtained without decomposition. Finally, conclusions are given in Section 7.

2 Governing equations

Gas state at space point x=(x1,x2,x3)T and time moment t is characterized by density ρ,
velocity u=(u1,u2,u3)T, pressure p and energy per unit volume E.

In the dimensional form the governing equations are given by

∂

∂t
U+∇(F−Fv)=S(U), (2.1)

F=(F1,F2,F3), Fv =(Fv
1 ,Fv

2 ,Fv
3 ),

where U is the vector of conserved variables, F, Fv are tensors of convective and viscous
fluxes, S is the source term:

U =



ρ
ρu1
ρu2
ρu3
E
ρν̃

, Fk =



ρuk
ρu1uk+δ1k p
ρu2uk+δ2k p
ρu3uk+δ3k p
(E+p)uk

ρν̃uk

,

Fv
k =



0
τ1k
τ2k
τ3k

uαταk−qk
Fv

k (6)

, S=



0
0
0
0
0

Ssa

.
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Here, τij, qk are components of stress tensor and heat flux vector; p=ρRgT (Rg is the gas
constant); E= ρ(e+ 1

2 uαuα), where e is the internal energy per unit mass; a summation
is supposed over repeating indexes (Einstein rule); ν̃ is the turbulent variable; Fv

k (6) =
ρ

σ

(
(ν+ ν̃) ∂ν̃

∂xk

)
; Ssa is a turbulent source term.

For modeling turbulent flows the Spalart-Allmaras one-equation model with the trip
term (SA-la) is used [1]. The full viscosity is given by µ=µmol+µt; the full heat conducti-
vity, λ=λmol+λt, where µmol is the molecular viscosity; µt is the turbulent viscosity; λmol,
the molecular heat conductivity; λt, the turbulent heat conductivity.

The turbulent viscosity is defined as

µt =ρν̃ fv1 (2.2)

In turn, the turbulent source term reads:

Ssa = cb1(1− ft2)ρS̃ν̃+
(

cw1 fw−
cb1

κ2 ft2

)
× (2.3)

ρ

(
ν̃

d

)2

+cb2
ρ

σ

∂ν̃

∂xk

∂ν̃

∂xk
+ ft1∆U2.

Here, the last term ft1∆U2 is used to model LTT where

ft1= ct1gt exp
(
−ct2

ω2
t

∆U
(d2+g2

t d2
t )

)
,

gt =min
[

0.1,
∆U

ωt∆xt

]
, ct1=1, ct2=2.

In addition, ∆U is the difference between the velocity at the field point and that at the
trip (on the wall); ∆xt, the grid spacing along the wall at the trip; ωt, the wall vorticity
at the trip; dt, the distance from the field point to the trip.

The other terms in the turbulent source are the following:



5

S̃=S+
ν̃

κ2d2 fv2,

S=
√

2WijWij,Wij =
1
2

(
∂ui

∂xj
−

∂uj

∂xi

)
,

fv1=
χ3

χ3+c3
v1

, χ=
ν̃

νmol
,

fv2=1− χ

1+χ fv1
,

ft2= ct3exp(ct4χ2),

fw = g
[

1+c6
w3

g6+c6
w3

]1/6

,

g= r+cw2(r6−r),r=min
(

ν̃

S̃κ2d2
,10
)

,

where
cb1=0.1355 cb2=0.622 cv1=7.1

cw2=0.3 cw3=2 cw1=
cb1
k2 +

1+cb1
σ

σ=2/3 κ=0.41 ct3=1.2
ct4=0.5

Boundary conditions at the wall and free stream are of Dirichlet type and homogeneous.
The turbulent heat conduction coefficient is given by λt = cpµt/Prt with turbulent

Prandtl number Prt =0.85.

3 Numerical method

To solve system (2.1), an implicit finite-volume numerical method is used. It is implemented
in the in-house code "FlowModellium" [17]. In the code, both structured and unstructured
meshes can be used. Mesh cells can be tetrahedral, pyramidal, hexahedral, and prismatic.

Rewrite system by integrating it in each spatial cell Ci in the computational domain
and using the divergence theorem:

(Ūi)t =Ri =−
1
|Ci| ∑

f j∈F (Ci)

(
Φji−Φv

ji

)
+S̄i, (3.1)

i=1,.. .,Nc,

where Ūi is the cell average of the unknown vector. Inviscid fluxes Φji are approximated
using the Riemann problem solution. To solve the Riemann problem, a hybrid HLL-
HLLC [18,19] solver is used. HLL is used on all mesh faces that are further from the body
surface than a given distance. Viscous fluxes Φv

ji and the source term S̄i are computed by
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using the approximation of involved spatial derivatives. Finally, system (3.1) becomes the
system of nonlinear ODEs:

dW(t)
dt

=R(W(t)), (3.2)

where

W=


Ū1
Ū2
. . .

ŪNc

, R(W)=


R1(W)
R2(W)

. . .
RNc(W)

 (3.3)

The use of an implicit Euler approximation in time results in the following algebraic
system of equations for time increments ∆W[

I−∆t
∂R
∂W

(Wn)

]
∆W≡A∆W=∆tR(Wn), (3.4)

which is solved using the LU-SGS scheme [20, 21]. Its modifications in the context of the
present method are discussed in [22, 23]. The stationary solution is found by integrating
over time until the following condition is satisfied:

‖R‖<ε, (3.5)

where ε is some small predefined parameter.
To solve the entire system of discrete governing equations, the NDD method is used

in both variants: ANDD and ENDD. Formally, in both approaches the IBC are of Robin
type. In addition, the equations in the outer block coincide. These two approaches are
distinguished by the governing equations in the inner region. This is addressed in the next
section.

4 Near-wall domain decomposition

In this section we consider sequentially basic ideas for implementation of both ANDD and
ENDD. In addition, we discuss how to modify these methods for the LTT modeling.

First, consider TBLE used in ANDD. Each of these equations (apart from the continuity
equation) can be written down as follows:

∂

∂y

(
µ

∂U
∂y

)
= f . (4.1)

Consider domain 0≤y≤ye, and presume that equation (4.1) is completed by Dirichlet
boundary conditions:

U(0)=U0, (4.2)
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U(ye)=U1

Let us split the entire region into the near-wall inner region 0≤y≤y∗ and outer region
y∗≤y≤ye. One can transfer the boundary condition from the wall at y=0 to the interface
boundary y=y∗ [41]:

U∗=
∂U
∂y

∣∣∣∣
y∗

f1+ f2+U0 (4.3)

where

f1=
∫ y∗

0

µ∗

µ
dy,

f2=−
∫ y∗

0

1
µ

∫ y′

0
f dydy′

and µ∗=µ(y∗).

Thus, the IBCs can be formulated in a universal form (4.3) for all variables but the
normal velocity and density. For example, the IBC for the tangential velocity is obtained
as [9]:

v∗τ = f v
1 v∗τ,y+ f v

2 , (4.4)

which can be approximated as

v∗τ =
vτ,I f v

1 +d f v
2

d+ f v
1

.

Here, v∗τ is the tangential velocity at the interface boundary; vτ,I , in the first cell near
the interface in the outer region; f v

1 and f v
2 , the integrals for the tangential component of

velocity; d, the distance from the center of the first cell to the interface boundary. Once
the solution in the outer block is computed, the profile of the tangential velocity in the
inner domain can be obtained from the momentum conservation law with closure (4.4):

vτ(y)=
dv
dy

∣∣∣∣
y∗

∫ y

0

µ∗

µ(ξ)
dξ−

∫ y

0

dp
dx (y

∗−ξ)

µ(ξ)
dξ (4.5)

The IBC for the normal component of velocity can be obtained from the Taylor expan-
sion [13]:

vn =
y∗

3
v′n. (4.6)

After approximating Eq. (4.6) near the interface boundary, the normal component of
velocity near y∗ can be computed as

vn =
y∗

3d+y∗
vn,I ,
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where vn,I is the normal velocity at the interface with the outer region. Once the solution
in the outer block is computed, the profile of the normal velocity can be obtained from

vn(y)=vn(y∗)
(

y
y∗

)2

.

For the temperature the IBC reads:

T∗=
dT
dy

(y∗) f T
1 +Tw, (4.7)

where f T
1 is the integral assigned to the temperature; T∗, the temperature at the interface;

Tw, the surface temperature. Once the solution in the inner block is found, the temperature
is computed as:

T(y)=
dT
dy

∣∣∣∣
y∗

∫ y

0

k∗

k(ξ)
dξ+Tw. (4.8)

The density profile in the inner block is computed under the assumption of the constant
pressure along the normal direction to the wall:

ρ(y)=
pI

T(y)R
. (4.9)

pI is the pressure in the first cell nearby the interface.
The viscosity profile in the inner block is used to compute integrals f1 and f2 in the

boundary conditions of Robin type. In the ANDD method it is assumed that the profiles of
turbulent viscosity and turbulent variable are known a priori. One of the profiles which can
be used is the profile of Duprat et al. [24]. It takes into account the pressure gradient, which
allows the separation point to be predicted more accurately. As an alternative profile, the
profile from ZPG SA solution [25] can be used:

ν̃=κuτy. (4.10)

To model LTT with the SA-la model and ANDD, there are two options. At the first
option it is assumed that the transition region is short. This assumption corresponds to
the standard SA-la model. If such, the turbulent viscosity profile is set to zero in the
inner region up to the transition onset (trip). Beyond that point the turbulent viscosity
profile is supposed to correspond to a developed turbulence. The tests presented in Section
6 demonstrate that such an assumption is also applicable in the transition region, and it
slightly distorts the solution. The results corresponding to this case are denoted by ANDD-
S. In the second option the transition region is determined by the intermittency coefficient.

The intermittency is expressed as

γI(x)=1−0.01(x−x1)
2/(x2−x1)

2
. (4.11)
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Here x1 is the transition onset, x2 is the transition end. In [26] it is shown that (4.11) is a
reasonably good approximation for the intermittency coefficient.

In this case, within the transition region between x1 and x2, the turbulent viscosity
profile is multiplied by γI . It is set to zero in the inner region up to the transition onset.
After the transition end the turbulent viscosity profile corresponds to a developed turbu-
lence. This approach allows the transition region to be taken into account, and thereby
it expands the capabilities of the SA-la model to modeling flows with extended transition
regions. In Section 6 the appropriate results are presented by ANDD-I.

To compute the turbulent viscosity profile, the surface friction is needed. It can be
computed by integrating the momentum equation in the near-wall region straightforward:

τw =µ
∂vτ

∂y
=

µ∗

f v
1
(v∗τ− f v

2 )−
dp
dx

y∗.

As a result, the general framework for solving the problem with the ANDD method
can be formulated as follows:

1. specify the initial flow field in both inner and outer blocks;

2. in the inner block the Thin Boundary Layer (TBL) model is used to obtain the
boundary condition of Robin type at the interface boundary;

3. the problem is solved in the outer region using Robin boundary condition (4.3) at
the interface boundary. This step corresponds to one global LU-SGS iteration of Eq.
(3.4);

4. once the solution in the outer region is found, the flow field in the inner region is
recalculated with the Dirichlet boundary conditions obtained from the solution in
the outer region;

5. if the convergence condition (3.5) in the outer region is not satisfied, return to step
2.

The ENDD can be implemented as an addition to the ANDD. Now consider the equa-
tions solved in the ENDD. They entirely correspond to the full RANS equations in both
the inner and outer regions. Let u1 be the solution of the problem in the inner domain, u2
be the solution in the outer domain. The solution of the single block problem is reduced
to the iterative solution of two systems in the inner and outer regions:

L(u1)=R1,
∂uk+1

1
∂n

+σuk+1
1 = gk+1

1 at y=y∗ (4.12)

and

L(u2)=R2,
∂uk+1

2
∂n
−σuk+1

2 = gk+1
2 at y=y∗, (4.13)
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where
gk+1

1 = gk+1
2 +2σuk+1

2 , gk+1
2 = gk

1−2σuk
1,

and

g0
1 =

∂u0
1

∂n
+2σu0

1. (4.14)

For each problem the IBCs are precisely satisfied for the exact solution. In the general
form, they were introduced for the non-overlapping domain decomposition by Lions and
Deng [27], [28]. The convergence of iteration process (4.12)-(4.14) for an arbitrary positive
σ in application to the Poisson equation was proven in [29]. To make these interface

boundary conditions consistent with the IBC in ANDD, we select σ=
1
f1
, where f1 is the

integral from the Robin boundary condition (4.3). This choice of σ is based on the locally
one-dimensional approximation of the Steklov-Poincaré operator [30].

One should note, in case the ENDD is used, the LTT modeling is provided directly by
the turbulence model used. Conversely, in the ANDD the choice of a turbulent profile in
the inner block depends on the part of the flow set. This is possible thanks to the fact that
the full equations of the model are solved in both the inner and outer regions. Therefore,
the formulation and implementation of the ENDD in the cases of developed turbulence
and nonequilibrium flow with LTT are mostly identical.

5 eN-method to define transition from laminar to turbulent flow

To model LTT using the SA-la model, the position of the LTT on the body surface is
needed. To find this position, the eN-method is used [31,32]. Consider now the main idea
of the method. Accordingly to the linear stability analysis, we linearize the Navier-Stokes
equations with respect to small perturbations. For this purpose, the primitive variables
included in equations (2.1) are represented as follows

Φ(x,t)= Φ̄(x)+Φ′(x,t),

where Φ̄(x) is the unperturbed vector of the primitive variables, Φ = (u1,u2,p)T in the
incompressible case and Φ=(u1,u2,p,T,u3)T in the compressible case, Φ′(x,t) is an appro-
priate unsteady perturbation.

After linearization with respect to a locally parallel to the wall solution, small pertur-
bations are considered in the form of a plane wave:

Φ′(x,t)= Φ̂(y)expi(αx+βz−ωt),

where Φ̂ is an amplitude function; α and β are the wavenumbers; ω is the cyclic frequency.
After substituting such a perturbation into the linearized Navier-Stokes equations, the

linear system of partial differential equations is transformed to the system of ordinary
differential equations:

(AD2+BD+C)Φ̂=0, (5.1)
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which is completed by homogeneous boundary conditions. Here, D is the differentiation
operator in the normal to the wall direction. In the incompressible case matrices A, B
and C have dimension 3×3. In turn, in the compressible case they have dimension 5×5.
In the software implementation, those matrices used for the incompressible case are built
according to paper [33], while matrices for the compressible case are taken from [32]. All
these matrices are provided in the Appendix.

Further, the boundary value problem with homogeneous boundary conditions (5.1),
which determines the eigenvalue problem, is approximated by finite differences and solved
in the spatial form. In the incompressible case a regular mesh is used. In the compressible
case an irregular mesh is specified with a refinement to the plate, which is constructed in
such a way that approximately 50% nodes are situated inside the boundary layer. Then,
this mesh is displayed on a regular one with transform y= ηL/(g−η). Here, η is a new
variable, with respect to which the computational mesh is regular; L, g are automatically
selected constant values. In both cases the approximation on a regular mesh is conducted
in the following manner:

DΦ̂=
Φ̂(i+1)

D −Φ̂(i−1)
D

2∆η
+O(∆η2),

D2Φ̂=
Φ̂(i+1)

D −2Φ̂(i)
D +Φ̂(i−1)

D
∆η2 +O(∆η2).

(5.2)

Here, i is the index of a mesh node, subscript D means an approximate value.
After substitution (5.2) into (5.1) an eigenvalue problem is considered with the complex

wavenumber α as an eigenvalue while β and ω are treated as real parameters. In the
study, the solution to the eigenvalue problem was performed using the software package
ARPACK [34]. The wavenumbers α, which are found for unstable modes, are used then
to calculate the amplification curves. In agreement with the eN-method, LTT starts when
the envelope of amplification curves crosses the threshold of N that is a factor defined for
a given flow. For a wide range of two-dimensional boundary layers the threshold can be
expressed by Mack’s interpolation formula [35]:

N=2.13−6.18lg(Tu), (5.3)

where Tu is the degree of turbulence with respect to the inflow velocity as a percentage.
In computations carried out with the SA-la model, the transition onset found in this way
is used as the trip.

In a similar way the transition end can be found but another threshold should be used:

N=5−6.18lg(Tu). (5.4)

It is to be noted that the analytical approximations (5.3) and (5.4) were used for the
sake of simplicity. In practice, such curves might be available. If not, they need to be
obtained from experiments for similar cases.

Next, we consider some examples of searching for a transition onset in sub- and super-
sonic flows past a flat plate.
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5.1 Search of a transition in a subsonic flow past a flat plate.

A subsonic flow past a flat plate of length L=1.5 m is considered. The parameters of the
inflow are set as for air under normal conditions: pressure is p∞ = 101325 Pa, density is
ρ∞ =1.214 kg/m3 and the sound speed is c=341.8 m/s. The velocity of inflow is U∞ =50
m/s. First, a laminar calculation was carried out. Then, 24 points were selected along the
entire length of the plate with a refinement towards the edge to obtain one-dimensional
data sets along the normal to the plate at these selected points. The layer thickness of
the one-dimensional set was 15 boundary layer thicknesses for each point. In each one-
dimensional set, a uniform mesh of 2000 nodes was specified. The study of grid convergence
shows that this number of nodes is sufficient.

Fig. 1 demonstrates the dependence of the transition onset on the number of nodes.
The calculations for the search for unstable modes were carried out for 20 frequencies in
the range f =ωU∞/(2πL)= 20−160 KHz. In the two-dimensional incompressible case,
it was assumed that β=0. In turn, Fig. 2 shows the amplification curves for considered
frequencies. Accordingly to formula (5.3), the threshold N-factor for a given degree of
turbulence Tu=0.12% is equal to N=7.82 and crosses the envelope of amplification curves
at x1 = 0.785 that corresponds to the transition onset. At the transition end, N and x2
are equal to 10.7 and 1.25, respectively. The obtained transition points are in a good
agreement with the results of physical experiments [36].

5.2 Search of a transition in a supersonic flow past a flat plate.

Next, a supersonic flow past a flat plate of length L=0.5 m and Mach number M∞=1.47
is considered. The parameters of the inflow are set as follows: the pressure is p∞ =19650
Pa, the density is ρ∞ = 0.3373 kg/m3, and the velocity of inflow is U∞ = 419.814 m/s.
First, a laminar flow was calculated. Then, similar to the subsonic case, 24 points were
selected along the entire length of the plate with a refinement towards the edge to obtain
one-dimensional data sets along the normal to the plate. The layer thickness of the one-
dimensional set was 40 boundary layer thicknesses for each point. In each one-dimensional
set, an irregular mesh of 800 nodes was specified with a refinement to the plate. The
computations for the search for unstable modes were carried out for 18 frequencies in the
range of f =3.9−23 MHz. For each frequency the wavenumber β was chosen in such a way
that the disturbance at this frequency was maximal. To find an appropriate wavenumber, a
series of calculations was carried out in a given range of β. It turned out that the maximum
was achieved with β≈ 0.1/δ, where δ is the boundary layer thickness. Fig. 3 represents
the amplification curves for considered frequencies. Accordingly to the experiment [31] the
threshold N-factor for onset is N = 3.15. It crosses the envelope of amplification curves
at x1 = 0.135. In this case, at the transition end N = 5.12 and x2 = 0.33. Similar to the
subsonic case, the predicted transition points are in a good agreement with the results of
the physical experiments provided in [31].
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6 Test cases

To model the LTT, the Spalart-Allmaras one-equation model with the trip term (SA-
la) is used. Four test problems are considered: a sub- and supersonic flow past a flat
plate, a supersonic flow over compression corner and a planar shock wave impinging on a
turbulent boundary layer. For each problem a single-block solution without decomposition
is also obtained for the comparison purposes. In the calculations the first cell height in
the boundary layer is selected such that y+≈ 1. The two-block calculations are carried
out with the exact NDD, approximate NDD with a short transition region (ANDD-S) and
approximate NDD with the intermittency (ANDD-I). In the case of ANDD, in the inner
region before the transition a laminar viscosity profile is set. Finally, in the two-block
solution the distance from the interface boundary to the wall corresponds to y+=100. In
general, it has been noted that the TBL model has a good enough accuracy in a quite
large range of y+, up to 300. To make sure that this requirement is satisfied, preliminary
estimates for y+ at the interface boundary might be needed.

The obtained results are compared with respect to the surface friction distribution.
System (2.1) is solved using the finite-volume implicit method outlined in Section 3.

6.1 Flow past a subsonic flat plate

For the problem on subsonic flow past a plate, the parameters of the inflow were set as in
Section 5.1. The transition point xtrip=0.785 was set according to the results of searching
for LTT from Section 5.1 and the transition end x2=1.25. The computational domain has
dimensions of 1.5×0.3×0.03 with number of nodes 601×101×4 on each directions with a
refinement to the plate (second dimension). Four solutions were obtained: a single-block
solution, two two-block solutions with an ANDD and a two-block solution with ENDD.
Based on these calculation results, the distributions of the friction over the plate surface
are compared in Fig. 4.

The ANDD-S method demonstrates a reasonably good agreement with the single-block
solution including the transition region. Some difference between the solutions is caused
by the simplification of the governing equations in the near-wall region that in turn leads
to accelerating convergence. The ANDD-I gives a significant mismatch because of the
intermittency implemented in this model. It allows us to determine an extended transition
region in accordance with the previously found positions of the transition onset and its
end. This leads to a more accurate prediction of the transition region. As can be seen in
the next example of a supersonic flat plate problem, at the end of the transition region,
which is not taken into account in the one-block calculation, the curves for the one-block
solution and ANDD-I effectively merge.

6.2 Flow past a supersonic flat plate

In the case of a supersonic flow past a flat plate, the parameters of the inflow were set
as in Section 5.2. As was obtained in that section, the transition point is situated at
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xtrip = 0.13 while x2 = 0.33. Similar to the previous test case, mesh of the same size is
used with another refinement to the wall to satisfy condition y+≈1 at the first wall cell.
Similar to the subsonic case, there solutions were obtained for the comparison with respect
to the friction distribution. The obtained results are compared in Fig. 5. It turns out that
NDD methods demonstrate good agreement with the single-block solution, especially the
ENDD method. In this test case, it is clearly seen that in the turbulent part the friction
distribution in the exact decomposition exactly coincides with the single-block solution.
As can be seen from the figure, if the intermittency is taken into account, the friction
reaches a fully developed turbulent regime strictly after the end of transition x2. Thus,
it is demonstrated that the ANDD-I expands the capabilities of the basic SA-la model to
modeling flows with an extended transition region.

Fig. 6 shows comparison of the residual as a function of the computational cost which
is estimated as follows. There are two times more cells in the outer block than those in
the inner block. Then, with ENDD the computation cost of one iteration in the inner
block is taken as one unit and in the outer block as two units. In turn, the single-block
iteration requires three units. The ANDD requires two units per iteration because gover-
ning equations (2.1) are basically solved only in the outer block. It is to be noted that the
computational cost to resolve the inner block is negligible. From the comparison it can be
seen that the ANDD method converges almost three times faster than the single-block and
ENDD approaches. The ENDD and single-block methods converge approximately within
the same time.

6.3 A supersonic flow over compression corner

For the test case of a supersonic flow over a compression corner, the parameters of the
inflow are set as in Section 5.2. Despite the fact that the problem is considered with the
same parameters of the inflow as those at the test case for the supersonic flow past a plate,
the position of the transition onset differs. This is due to the propagation of disturbances
from the compression angle upstream through the subsonic part of the boundary layer.
Nevertheless, as the study with the eN-method shows, this effect insignificantly changes the
position of the transition. Then, lets assume that the transition onset occurs at xtrip=0.13.
The computational domain and mesh are shown in Fig. 7. Along the entire wall the mesh
contains 300 cells. The characteristic cell size ∆xt near the trip, which is used in the SA-la
model, is equal to 0.01. In turn, the mesh along the normal to the wall direction contains
60 cells refined towards the wall. To make sure that the computational results are mesh
independent, computations were also carried for the number of cells equal to 80 and 100 in
the normal direction, as well as the number of cells in the longitudinal direction such that
∆xt = 0.005;0.001. As demonstrated in Fig. 8, again the NDD approaches are in a good
agreement with the single-block solution. As expected, the solution obtained with ENDD
is more accurate than that obtained with ANDD.
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6.4 A planar shock wave impinging on a turbulent boundary layer

According to [37,38], the problem of a planar shock wave impinging on a turbulent boun-
dary layer is set and solved. The transition onset is determined in [38]. A fragment of
the computational domain with mesh is shown in Fig. 9. The mesh contains 346 cells
along the plate. The characteristic cell size ∆xt is equal to 0.0048. In the normal direction
to the wall the mesh contains 70 cells refined towards to the wall. The obtained results
practically coincide the prediction reached on a finer mesh with 100 cells along the normal
direction and ∆xt =0.001. In turn, the flow field is shown in Fig. 10.

The flat plate is situated in plane y=0 between x=0 and x=0.32 m. The free stream
is a supersonic air flow with Mach number M∞ =3.04 and Reynolds number Re=38·106

m−1. The transition onset occurs at xtrip = 0.1. The turbulent boundary layer on the
plate interacts with a planar shock wave, moved away from the cylinder of radius r=0.01
centered at point (0.189,0.1). In Fig. 11, the friction over the plate surface obtained with
ANDD-S is compared against one-block solution. As can be seen, the results occur in a
reasonably good agreement.

7 Conclusion

The method of the near-wall decomposition has been extended to modeling non-equilibrium
flows with a laminar-turbulent transition. The compressible RANS equations are closed
with the use of the Spalart-Allmaras model with the trip term. The laminar-turbulent
transition is taken into account in the approximate domain decomposition method by
using different viscosity profiles in the laminar, transitional and turbulent regions. It has
been shown that the implementation of the intermittency in the NDD approach essentially
expands the capabilities of the SA-la model to efficiently model non-equilibrium turbulent
flows with an extended transition region. In turn, the exact domain decomposition met-
hod can be used to model LTT straightforward similar to the fully developed turbulence
modeling although it requires more computing time. The considered test cases with flows
over sub- and supersonic flat plate, compression corner and a planar shock wave impinging
on a turbulent boundary layer demonstrate the capacity of the NDD approach in pre-
dicting non-equilibrium flows with high accuracy. Our study shows that for the considered
geometries the skin friction obtained with NDD almost coincides with the single-block so-
lution. A slight difference is only found in the skin friction if the interface boundary is set:
y+> 100. The computations for compression corner and a planar shock wave impinging
on a turbulent boundary layer demonstrate the capability of the NDD method to predict
with high accuracy the position of separation point and formation of the shock wave with
the presence of a laminar-turbulent transition.
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Appendix

The non-zero elements of the coefficient in (5.1) for 3D incompressible flow for matrices
A, B and C are given below [33]. For results presented in this paper, it is set β=0:

A21=1, A32=1,B12=1, B33=−R,

C11= iα, C21= iωR−αiRu1, C22=−R
du1

dy
,

C23=−iαR, C32= iωR−αiRu1.

In the case of 3D compressible flow, the non-zero elements of the coefficient in (5.1) for
matrices A, B and C are presented below [32]. In the present paper, it is set u3=0:

A11=1, A22=1, A44=1, A55=1,

B11=
1
µ

dµ

dT
T′, B12= iαl1,

B14=
1
µ

dµ

dT
u′1, B21= iαl1/l2,

B22=
1
µ

dµ

dT
T′, B23=−R/(l2µ),

B25= iβl1/l2, B32=1,

B41=2(γ−1)σM2u′1, B44=2k′/k,

B45=2(γ−1)σM2u′3, B52= iβl1,

B54=
1
µ

dµ

dT
u′3, B55=

1
µ

dµ

dT
T′,
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C11=−iξR/(µT), C12=−Ru′1/(µT)+
iα
µ

dµ

dT
T′,

C13=−iαR/µ, C14=
1
µ

dµ

dT
u′′1 +

1
µ

d2µ

dT2 T′u′1,

C15=−αβl1, C21= iα
1
µ

dµ

dT
T′l0/l2

C22=−iξR/(l2µT), C24= i
1
µ

dµ

dT
T′(αu′1+βu′3)

C25= iβ
1
µ

dµ

dT
T′l0/l2, C31= iα, C32=−T′/T,

C33= iγM2ξ, C34=−iξ/T, C35= iβ,

C51=−αβl1,C52= iβ
1
µ

dµ

dT
T′−Ru′3/(µT),

C53=−iβR/µ, C54=
1
µ

dµ

dT
u′′3 +

1
µ

d2µ

dT2 T′u′3,

C55=−iξR/(µT),

C42=2i(γ−1)M2σ(αu′1+βu′3)−σRT′/(µT),

C43= iξ(γ−1)M2σR/µ,

C44=−iξRσ/(µT)+(y−1)M2σ
1
µ

dµ

dT
(u′21 +u′23 )+k′′/k.
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Figure 1: Dependence of transition onset on the number of nodes for subsonic flow past a
flat plate.
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Figure 2: Amplification curves for search for transition in a subsonic flow past a flat plate.
The red dot marks the position on the envelope corresponding to the beginning of LTT.
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Figure 3: Amplification curves for search for transition in a supersonic flow past a flat
plate. The red dot marks the position on the envelope corresponding to the beginning of
LTT.
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Figure 4: Comparison of friction in a single-block calculation (single block) against two-
block solutions with ENDD, ANDD-S and ANDD-I for subsonic flow past a flat plate.
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Figure 5: Comparison of friction in a single-block calculation (single block) against two-
block solutions with ENDD, ANDD-S and ANDD-I for supersonic flow past a flat plate.
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Figure 6: Comparison of the residual time history for ANDD, ENDD and single-block
computations for a supersonic flow past a flat plate with LTT. The computational cost is
measured in conventional units.
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Figure 7: A supersonic flow over compression corner mesh.
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Figure 8: Supersonic flow over compression corner. Comparison of friction in a single block
solution against with two-block solutions with ENDD, ANDD-S and ANDD-I.
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Figure 9: Fragment of the computational domain with mesh for a planar shock wave
impinging on a turbulent boundary layer.

Figure 10: Flow field in the problem of a planar shock wave impinging on a turbulent
boundary layer.
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Figure 11: Planar shock wave impinging on a turbulent boundary layer. Comparison of
friction for a single-block solution against a two-block solution with ANDD-S.


