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The design of new ceramic materials with specific thermo-electrical and mechanical properties is impor-
tant for a range of engineering applications. Recent research has demonstrated that inclusion of soft
reduced graphene oxide (rGO) in hard ceramic matrix produces nano-structured ceramic composites
with improved electrical conductivity and fracture toughness. The emergent properties of such compos-
ites are strongly related to the mass fraction and spatial distribution of rGO inclusions. Their micro-
structure includes sub-structures with different dimensions - 1D, 2D and 3D - which calls for entirely
new approaches to characterisation and design. In this theoretical work, a new discrete (combinatorial)
strategy is proposed that allows for capturing all sub-structures, employing elements of algebraic topol-
ogy and modern graph theory. It is demonstrated how this strategy can be applied to the flexible design
of nano-structured ceramics with a superior balance between conductivity and resistance to fracture.
� 2021 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The manufacturing of advanced electro-mechanical materials is
a challenging area of materials science with a significant potential
for industrial and societal impact. These materials have to meet a
number of classic requirements, such as durability, scalability
and efficiency, as well as recently added, such as sustainability
and low-carbon processing. Several metal-rGO composites based
on aluminium [1], copper [2] and titanium alloys [3] matrices were
recently developed for advanced electrical and thermal applica-
tions. Further, rGO-metal oxide composites are considered as per-
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spective energy storage materials [4]. Graphene-enriched ceramic
materials are one example of broadly investigated [5–13] and
industrially relevant electro-mechanical composites [14,15]. The
introduction of 2-dimensional (2D) soft and highly conductive
materials into 3-dimensional (3D) strong ceramic matrices can cre-
ate unique combinations of properties, including electrical conduc-
tivity [6,7,11,13,16], thermal-conductivity [17] and mechanical
behaviour [5,8,11,12,15,18]. Particularly promising are the
nanocomposites with specific nanoscale ordering of reduced gra-
phene oxide (rGO) plates [14], as they have been shown to provide
both high conductivity [6,7] and fracture toughness [5,10]. The
study of rGO/ceramic nanocomposites is as much of industrial rel-
evance as of pure scientific interest. While significant knowledge of
the properties of detached rGO has been accumulated [19], very
few theoretical studies have been devoted to the behaviour of
rGO and matrix in nanocomposites [5]. They have not provided a
method for rational design of rGO composites for target combina-
tion of physical and mechanical properties.

All macroscopic properties of the rGO/ceramic nanocomposites
are primarily affected by the fraction and spatial distribution of the
rGO inclusions. Continuum-based descriptions of the composite
can accommodate the first factor, but not the second; they must
assume volumetric homogeneity [6,7], and thus do not allow for
understanding, even locally, the effect of the spatial distribution
of rGO inclusions on emergent properties. To overcome this limita-
tion we adopt a new fully discrete modelling strategy. The rGO/ce-
ramic nanocomposites are inherently multidimensional; they
include a 3D sub-structure of the bulk ceramic matrix, a (poten-
tially disconnected) 2D sub-structure of rGO plates, as well as a
(potentially disconnected) 1D substructure of double and triple
lines formed at junctions of rGO plates. The electrical and mechan-
ical properties of the composite are controlled by all substructures
to extents yet to be understood. For example, specific local
arrangements of rGO junctions could be as important as their vol-
umetric average. Investigating this question requires appropriate
definition of parameters describing local heterogeneities. The pre-
sent work will explore some relevant candidates, including
recently introduced parameters of structural [20] (or configura-
tional [21]) entropy and grain boundary index [22]. These allow,
for the first time, to analyse qualitatively relations between the
local rGO patterning and macroscopic physical properties of the
composite.

Standard ceramic materials are characterised by low fracture
toughness [23]. The origin of their brittleness are nano-cracks
and pores which form during the heat treatment due to thermal
expansion and act as stress concentrators [6,24]. The rGO inclu-
sions can have different effects on the composite behaviour. A
small fraction of inclusions (0–3 wt%) can be beneficial for the
mechanical performance as it leads to material strengthening
[5,25,26]. The strengthening arises from rGO filling pores of
nanoceramics and interacting with growing cracks [5]. However,
a small fraction of inclusions may not provide a desired increase
of the electrical conductivity of the composite. Inversely, a large
fraction of inclusions can be detrimental for the mechanical perfor-
mance, as rGO plates become the main stress concentration
sources. This is discussed clearly in [25]: ”A common trend
observed for all mechanical properties is that there is a limiting
content of graphene inclusions for enhancing properties, beyond
which a remarkable switch-over is observed. The explanation for
such behaviour lies in the conglomeration of graphene inclusions
at high concentration, which then become stress concentrating
defects. Such conglomeration promotes pore formation and nucle-
ation of micro-cracks.” Considering this, we take the view that spe-
cial sub-structures (or network architectures [14]) that include
high number of connected rGO plates and rGO junctions are a sub-
stantially more important factor controlling the macroscopic frac-
2

ture toughness than the average volumetric concentration of
inclusions. However, a large fraction of inclusions, and particularly
connected networks of rGO plates and rGO junctions, will increase
substantially the conductivity of the composite. This competition
between conductivity and fracture toughness suggest that the
important task for rGO/ceramic nanocomposite design is to find
the optimal texture for given conductivity-toughness requirements
[14]. Our discrete strategy is appropriate precisely for exploring
the competition as a major step towards optimal design.

The methodology is introduced in Section 2, and develops pre-
vious works [20,22,27,28] using elements of algebraic topology
[29,30] for the description of composite microstructures and graph
theory [31,32] for their characterisation. In its present form it does
not include full analysis of the relevant processes, such as trans-
port, deformation and fracture, albeit such can be developed.
Instead, it is focused on the effects of rGO arrangements on poros-
ity, electrical conductivity and fracture toughness estimated with
graph-theoretical arguments. The results are presented in Section 3
and include effects of random and highly ordered spatial distribu-
tions (textures). The specific values of porosity and conductivity
depend strongly on the temperature, the type of rGO [19] and
other processing parameters, and for this reason the study is per-
formed in dimensionless settings, which allows for subsequent
estimation of any required values.
2. Methodology

Modern mathematical techniques are penetrating actively quite
conservative areas of materials science and materials design. In the
last few years, such methodologies incorporated machine learning
[33–35], neural networks [36], fractal theory [37], and biological
pattern generation [38] to name a few. Bulk nanocrystalline com-
posites with embedded 2D inclusions, such as rGO plates, have
complex discrete topologies of interconnected 1D, 2D and 3D sub-
structures [14,19]. Modern discrete mathematics offers a wide
range of tools for describing and characterising such topologies
[30–32,39–43]. Here, the topology of a nano-crystalline composite
is constructed using a polyhedral cell complex as a template
[30,39,40], described in Section 2.1. The assignment of appropriate
characteristics to different cells of such a complex creates sub-
structures similar to the rGO networks in nanocrystalline compos-
ites [14]. All parameters used for characterising the substructures
are introduced in Section 2.2.
2.1. Polyhedral complexes

In algebraic topology, a discrete topological n-complex is a col-
lection of cells of dimensions k 6 n, where every k-cell for
0 < k 6 n has a boundary formed by k� 1ð Þ-cells belonging to
the complex. The co-boundary of every k-cell for 0 6 k < n is the
set of kþ 1ð Þ-cells whose boundaries contain the k-cell. Polyhedral
complexes are a special class of regular quasi-convex discrete
topological complexes [44,45], in the geometric realisation of
which, 0-cells are identified with points or vertices, 1-cells with
line segments or edges, 2-cells with planar polygons or faces, 3-
cells with polyhedrons or simply cells, etc. We restrict our atten-
tion to polyhedral 3-complexes whose 3-cells are convex polyhe-
drons, whose 0-cells are in the boundary of exactly three 1-cells.
Such complexes arise from Voronoi tessellations of spatial domains
around arbitrary sets of points, which ensure that each 1-cell is in
the boundary of exactly three 2-cells and three 3-cells, and each 0-
cell is in the boundary of exactly four 1-cells, six 2-cells and four 3-
cells. This description is very close to real material microstructures
[46–48], and is widely used in molecular dynamics and other sim-
ulations [47,49]. In the terminology established in materials
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science, 3-cells are grains, 2-cells are grain boundaries, 1-cells are
triple lines (or junctions), and 0-cells are quadruple points. The
open source software Voro++ [50] is used to construct polyhedral
complexes in this work. Voro++ is written in C++ and is similar
to other codes, such as Neper [51] and Dream.3D [52], developed
to analyse EBSD maps and create realistic synthetic Voronoi type
microstructures. An example of a polyhedral complex is shown
in Fig. 1.

The 3-complexes constructed this way have separate topologi-
cal and geometric characteristics. The geometric properties are
encoded in the volumes of different cells: 1 for 0-cells, length for
1-cells, area for 2-cells, and volume for 3-cells. A probability den-
sity of 3-cells volumes in the complexes used in the work is similar
to the real log-normal grain size distributions. However, the geo-
metric information is not used in the analysis henceforth. The
topological properties are encoded in a boundary operator, @,
which maps all kþ 1ð Þ-cells to the k-cells in their boundaries, tak-
ing into account cells orientations. This is a purely combinatorial
description, which we use in the analysis. Let Nk denote the num-
ber of k-cells in a complex. Without going into details about the
boundary operator, we mention that it is a direct sum of operators
for every specific k; kþ 1ð Þ½ � pair. The algebraic realisation of the
operator for the k; kþ 1ð Þ½ � pair is referred to as the k-th incidence
matrix, @k, which has Nk rows and Nkþ1 columns and contains 0, 1,
�1, indicating non-adjacency, adjacency with agreeing and with
opposite orientations, respectively, between k-cells and kþ 1ð Þ-
cells [30]. The transpose of the k-th incidence matrix, dk ¼ @T

k , is a
matrix representing the k-th co-boundary operator, which maps
all k-cells to the kþ 1ð Þ-cells in their co-boundaries. Importantly,
the k-th combinatorial Laplacian is given by

Lk ¼ dk�1 � @k�1 þ @k � dk; ð1Þ

and maps all k-cells to themselves, collecting local connectivity
information. One important application of the combinatorial Lapla-
cians is in calculating combinatorial curvatures [53], which have
been used successfully in analysis of flow in complex networks
[54]. Since the Laplacians are symmetric positive semi-definite
matrices, their eigenvalues are real. The spectra of eigenvalues
can be used to classify discrete topologies, with two topologies con-
sidered as equivalent when they have the same Laplacians’ spectra.
The spectrum of Lk provides all the essential information about the
texture of the k-cells network [43], also referred to as the k-skeleton
of the complex. In particular, the smallest non-zero eigenvalue is of
special interest because it correlates with the robustness of the k-
skeleton, measured by the minimal number of cuts required to dis-
connect the skeleton [43]: the larger this eigenvalue the larger the
number of elements that need to be removed to cut the network.
Fig. 1. A polyhedral 3-complex with
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Furthermore, the dimension of the nullspace of Lk, i.e. the number
of its zero eigenvalues, equals the number of connected compo-
nents of the k-skeleton. Of particular importance is the 0-
Laplacian, L0 ¼ @0 � d0, which maps 0-cells to 0-cells by collecting
information from the adjacent 1-cells and is used for analysis of
the 1-skeleton of a complex, which is a graph.

For this work, an in-house code VoroC++Analyzer (VCA) [55] has
been developed for post-processing the Voro++ output and con-
structing all necessary operators. The eigenvalues of Laplacians
have been calculated using the library [56]. The way this apparatus
has been applied in the analysis of rGO/ceramic nanocomposites is
described in Section 2.2.
2.2. Structural parameters

The microstructure of the rGO/ceramic nanocomposite is repre-
sented by categorising the 2-cells of the 3-complex as either being
occupied by rGO plates or not. Making the correspondence
between rGO plates and 2-cells is justified by the fact that plates’
width is only several atomic layers, which is insignificant in com-
parison with the size of the 3-cells. The rGO-occupied 2-cells are
referred to as ’special’, and their number is denoted by N2;1; the
number of non-special 2-cells is thus N2;0 ¼ N2 � N2;1. The set of
special 2-cells forms a (not necessarily connected) sub-set of the
2-skeleton. The basic macroscopic (bulk) characteristic of the spe-
cial 2-cells is their fraction p ¼ N2;1=N2. A particular distribution of
special 2-cells into the 2-skeleton of the 3-complex is encoded in a
state vector V of length N2 with elements v i ¼ 1 when the i-th 2-
cell is special and 0 otherwise. For each p, the number of distinct
states equals the number of combinations of pN2 elements out of
N2, but the number of specific textures that can be attained is sub-
stantially less and requires additional characteristics to be intro-
duced. The sub-set of special 2-cells can be described by reduced

boundary operators, c@k , and combinatorial Laplacians, cL2 . These
are used in the present work for analysis of the rGO configurations
(spatial distributions and clustering).

The categorisation of 2-cells creates a classification of the 1-
cells into four types, depending on the number of special 2-cells
in their co-boundaries. These four types of 1-cells are denoted by
Jx, where x ¼ 0;1;2;3 is the number of special 2-cells in the co-
boundary of the 1-cell. The notation for the 1-cell types is associ-
ated with the physically distinct types of triple junctions of grain
boundaries given by EBSD maps [57,58]. Fig. 2 illustrates the triple
junctions types and a sketch of a single rGO plate associated with
2-cells (grain boundaries). The 1-cells of each type form a (not nec-
essarily connected) sub-set of the 1-skeleton, which can be anal-
ysed by constructing reduces boundary and Laplacian operators
the example of its different cells.



Fig. 2. Triple junctions J0; J1; J2 and J3, with 0, 1, 2 and 3 adjacent rGO plates, respectively.
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as for the sub-set of special 2-cells. Let N1;x denote the number of
1-cells of type Jx in the complex, so that N1 ¼ P

N1;x, and
jx ¼ N1;x=N1 denote the fraction of 1-cells of type Jx.

The classification of 1-cells into four types allows for the intro-
duction of a new characteristic of 2-cells, which was called ”local
boundary index” in [22]. Let a; b and c denote the number of 1-
cells in the boundary of a 2-cell of types J1; J2 and J3, respectively.
This classifies the 2-cells into groups denoted by Babc. The 2-cell
index is defined by the formula BL ¼ aþ 2bþ 3c, and characterises
the concentration of internal stresses associated with a 2-cell. For
example, a non-special 2-cell will have BL ¼ 0; an isolated special
2-cell with b 1-cells in its boundary will have BL ¼ b
(a ¼ b; b ¼ 0; c ¼ 0); a special 2-cell with b 1-cells in its boundary
and a single special 2-cell neighbour will have BL ¼ bþ 1
(a ¼ b� 1; b ¼ 1; c ¼ 0), etc. The larger the BL, the higher the
propensity for fracturing the 2-cell at a given external load. Let
F nð Þ denote the number of 2-cells in the 3-complex with BL ¼ n.
In addition to the local index, BL, a global parameter characterising
the propensity for fracture of the entire composite is introduced
by:

B ¼
P

nF nð Þ � exp nð Þ
C2 � N2

; ð2Þ

where C2 is a constant selected to fulfil the condition B ¼ 1 at p � 1,
and the factor exp nð Þ reinforces the increasing significance of 2-
cells with increasing local indices.

Similarly to 1-cells, the 0-cells are classified into groups,
denoted by Qabc, where a; b and c are the numbers of 1-cells of
types J1; J2 and J3, respectively, in their co-boundaries. Note, that
0-cells with no adjacent special 2-cells are included in the classifi-
cation as Q000. Let N0;abc denote the number of 0-cells of type Qabc

in the complex, with their sum equal to N0, and qabc ¼ N0;abc=N0

denote the fraction of 0-cells of type Qabc. The notation for the 0-
cell types is associated with the distinct quadruple points as the
joints of grain boundary triple junctions. Similarly to the local
index of 2-cells, a local index of 0-cells, based on the types of 1-
cells in their co-boundaries, is introduced. The 0-cell index is
defined by QL ¼ aþ 2bþ 3c. It characterises the propensity for
forming a void (pore) at the 0-cell; the larger the QL, the higher
the propensity for nucleating a void at the 0-cell at a given external
load. As for 2-cells, let P nð Þ denote the number of 0-cells in the 3-
complex with QL ¼ n. The global parameter characterising the
entire composite is defined by

Q ¼
P

nP nð Þ � n
C0 � N0

; ð3Þ

where C0 is a constant selected to fulfill the condition Q ¼ 1 at
p � 1.

The proposed parameters characterise the multidimensional
nature of rGO/ceramic composites and can be used for assessments
of propensity to fracture and void nucleation: large values of BL

indicate high probability of fracturing grain boundaries, while
large values of QL indicate high probability of void nucleation.
4

However, they do not provide information about the specific con-
figuration of the special 2-cells, which can be purely random or fol-
lowing different patterns of clustering and/or texture.

To differentiate between configurations, an additional measure
of the deviation of the set of special 2-cells from the random spatial
distribution of inclusions is introduced. For this, the notion of con-
figurational [21] or structural [20] entropy defined by the types of
1-cells in the 3-complex can be used. According to [21], different
values of this entropy correspond to distinct 3D textures of faces.
The structural entropy is given by [20]:

S ¼ �k
X3
x¼0

jxlog2jx: ð4Þ

Such a definition is closely related to the Shannon informational
entropy [59] and, from another side, to the configurational entropy
of alloys [60]. The calculations in this work have been performed
with k ¼ 1, which is the usual choice for entropy expressed in bits
(see the logarithm base 2 in Eq. (4)).

The entropy defined by (4) depends on the fractions of different
types of 1-cells and can clearly take different values for the same
fraction of special 2-cells, p. Let Sstr pð Þ denote the value of S for a
specific distribution of special 2-cells with fraction p; Srnd pð Þ denote
the value of S for configuration with purely random distribution of
special 2-cells with fraction p, and Smax pð Þ denote the maximal pos-
sible value of S achievable by distributing special 2-cells with frac-
tion p. These values are used to define a convenient measure of
complexity of the sub-set of special 2-cells, which was called infor-
mativeness in [20]:

s pð Þ ¼ Sstr pð Þ � Srnd pð Þ
Smax pð Þ � Srnd pð Þ : ð5Þ

For purely random distribution of special 2-cells Sstr pð Þ ¼ Srnd pð Þ, so
that s pð Þ ¼ 0, i.e. there is no information about special clustering
and/or texture. When Sstr approaches Smax; s pð Þ approaches 1, which
is a maximal deviation from the random case, an indication of rich
collection of sub-structures of special 2-cells [20].

Fig. 3 shows three different configurations of inclusions (bold
lines) placed in small 2D honeycomb lattices (thin lines). The total
number of boundaries in each lattice is 66, and of triple junctions is
50. The rGO fraction is constant p � 0:4, which gives 27 bold lines.
The values of B and S parameters are calculated by Eqs. (2) and (4),
respectively, and are shown under each lattice. The parameter Q,
by definition Eq. (3), cannot be calculated for a 2D structure.

2.3. Composite conductivity

The electrical conductivity of nano-structured ceramics is the
main physical characteristic of interest. It is assumed here that
the bulk conductivity of the ceramic is constant and the focus is
on the additional part arising from charge transport along the 2-
skeleton (� interface transport). This part depends strongly on
the global connectivity of the rGO network, i.e. of the set of special
2-cells. In order to analyse it expediently, an auxiliary 1-complex (a



Fig. 3. A sketch of honeycomb lattices representing qualitatively different patterns of rGO inclusions: high fracture propensity B (left); high structural entropy S (middle); and
random case (right) where both parameters are close to their minimal values.
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graph) is constructed. It is formed by 0-cells at the centres of the
original 2-cells, and 1-cells connecting the centres of 2-cells with
common 1-cell boundary in the original 3-complex. This is illus-
trated in Fig. 4.

Let the conductivity of non-special 2-cells be r0, and the con-
ductivity of special 2-cells be r1. The conductivity of 1-cell in the
auxiliary graph is defined by r ¼ 2ri � rj= ri þ rj

� �
, where ri and

rj are the conductivities of the connected 2-cells in the original
complex.

Considering the case of electronic conductivity, for which
r0 � r1, only the sub-graph formed by 0-cells at special 2-cells
of the original complex and 1-cells connecting neighbouring spe-
cial 2-cells can be analysed (Fig. 4). In such case, the problem of
2-skeleton conductivity is reduced to the well-developed problems
of percolation threshold [61,62] and conductivity of a graph
[43,31]. Below a certain threshold, the conductivity is zero as the
graph is disconnected, and above the threshold the conductivity
is a function of the fraction p. In the case of random distribution
of special 2-cells, the problem is relatively simple and well devel-
oped. The percolation threshold in this case in terms of fraction of
special 2-cells is p � 0:08, and far above the threshold the conduc-
tivity of the graph has a quasilinear dependence on p [62]:

RG ¼ p� �
1� �

� R0 � H p� 0:15ð Þ; ð6Þ

where � � 0:12 for the considered 3-complex [62], R0 is the conduc-
tivity of the graph for p ¼ 1, and H xð Þ is the Heaviside step function.
This provides a linear growth of conductivity at large enough p.

For a more involved analysis of conductivity above the thresh-
old, and particularly for cases with non-random distribution of
special 2-cells, one could use the graph theory [31,32], where the
conductivity and other characteristics of the graph are related to
its combinatorial characteristics, such as the number of covering
trees [31]. Specifically, one can use the max-flow min-cut theorem
Fig. 4. A sketch of a discrete complex with six 3-cells (a), corresponding space la
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[31,43,63]. A cut is a partition of the vertices of a graph into two
disjoint subsets. The theorem states that the maximum possible
current through the graph is proportional to the total conductivity
of the edges in its minimal cut. This value can be obtained with
many available algorithms for minimal cut in graphs, e.g. the free
source codes [56,64].

More generally, graph conductivity can be estimated from the
spectrum of the graph Laplacian, i.e. the 0-Laplacian, L0, introduced
in Section 2.1. The spectrum is the set of eigenvalues
l1 P l2 P . . . P lN�1 P lN P 0, where N is the number of nodes,
and the number of connected components of the graph equals the
number of zero eigenvalues. For a fully connected graph, lN ¼ 0
and lN�1 > 0. A simple estimator for the conductivity of a con-
nected graph is the so called bisector value [43], b ¼ lN�1=4, which
is related to the minimal cut, and therefore reflects the conductiv-
ity and robustness of the graph. The bisector value is appropriate
for assessing graphs arising from random distribution of special
2-cells. For highly non-random distributions a more complex esti-
mator can be used, based on the entire spectrum except lN ¼ 0.
This is based on the effective graph resistance, defined by
[43,65,66]:

RG ¼ Nrs
XN�1

k¼1

1
lk

; ð7Þ

where rs is the resistance of rGO plates, which we take as 1X for
generality. By definition, Eq. (7) is inversely proportionally to the
total number of spanning trees [43], also representing the graph
complexity. The effective conductivity RG is then given by

RG ¼ R�1
G : ð8Þ

Notably for disconnected graph, the resistance will be infinite and
the conductivity zero. Conductivity maximisation is constrained
by the need to minimise the number of local stress concentrators
ttice (b) and a graph structure (c) representing the texture of special faces.
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and voids, which are characterised by the structural indices intro-
duced in Section 2.2. In Section 3, both random and non-random
cases of spatial distributions of special 2-cells will be explored to
find an optimum balance between the two.
2.4. Estimation of rGO fraction from experimental data

The last part of the methodology is dedicated to the relation
between the fraction of special 2-cells and experimental mass frac-
tion of rGO powder. Experimental studies typically report the den-
sity of the composite, q ¼ m=V , where m ¼ mG þmC is the sum of
rGO inclusions mass,mG, and the ceramic powder mass,mC , as well
as the mass fraction of rGO inclusions f mG ¼ mG=m [6]. The density
of reduced graphene oxide is close to the density of graphite, so it
can be assumed that qG � 2266 kg/m3.

Mass fraction of rGO powder is the convenient measure of rGO
content in experimental research. Different measures, such as the
volume fraction, are also possible and can be linked to the mass
fraction using certain geometric assumptions [67]. The volume
fraction of rGO inclusions at given mass fraction can be calculated
as f vG=f

m
Gq=qG. For example, for YSZ-based composite with

q ¼ 5757kg/m3, f vG � 2:54 f mG , and for Al2O3-based composite with
q ¼ 3990 kg/m3, f vG � 1:8 f mG . The calculations in ths work use den-
sity q ¼ 5757 kg/m3, measured experimentally for YSZ nanoceram-
ics with rGO inclusions [6].

Assuming a constant thickness of rGO plates hG � 3 nm (about a
dozen atomic layers), the total surface area of the rGO plates can be
calculated from the experimental data as
AG ¼ f mG m

� �
= qG hGð Þ ¼ f vG m

� �
= q hGð Þ.

In the model, the area of the 2-skeleton, i.e. the total area of the
2-cells, depends on the 3-cells volumes, which represent the grain
volume distribution in the nanocomposite. Let di denote the size of

a 3-cell, i.e. the cube root of its volume, v i ¼ d3
i , and ai its surface

area. Let further m denote the average number of 2-cells per 3-

cell in the 3-complex, and j the average ratio between ai and d2
i

of all 3-cells, i.e. j ¼< ai=d
2
i >. An estimation for the surface area

of the 2-skeleton can be made by taking d to be the average 3-
cell size, and a to be the average 3-cell surface area, and noting that

N2 � mN3=2, and the volume of the complex is V � N3d
3. Introduc-

ing also the average 2-cell area as s ¼ jd2
=m, after simple manipu-

lations, the surface area of the 2-skeleton is � 0:5 jð Þ V=d. The
total area of special 2-cells with fraction p is then estimated as
A2 ¼ p 0:5 jð Þ V=d.

The equality between the experimental surface area of rGO
plates, AG, and the surface area of the special 2-cells in the 3-
complex, A2, gives

p ¼ f mG d
2 q

j qG hG
¼ Cm fmG d: ð9Þ

Simulations have shown, that in a Voronoi tessellation m � 14 [68]

and j ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36p=Q23

q
� 83 is inversely proportional to the isoperi-

metric quotient Q � 0:74 [69], describing the similarity of an aver-
age Voronoi polyhedron to a sphere. For the YSZ nanoceramics with
rGO inclusions considered here, the parameter Cm is estimated to be
Cm ’ 107 m�1. Eq. 9 shows that for a constant mass fraction of gra-
phene f mG and given density of the composite, the fraction of special
2-cells is linearly dependent on the 3-cell size, p � 0:02f mG d [nm].
This means that the fraction of boundaries covered with rGO can
be increased by increasing the grain size of the ceramic powder,
which practically can be achieved by increasing the surface area
of the rGO plates. However, there is a natural limit to the mass frac-
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tion of inclusions. Since p 6 1; f mG 6 Cm � dð Þ�1, which gives around a
few mass percents only, depending on the grain size.
3. Analysis of composites

In this section, the properties of composites with purely random
distributions of rGO plates (a homogeneous case) and with distri-
butions possessing the highest possible value of structural entropy
are explored. A 3-complex containing 3000 3-cells (grains) is used.
A fraction of special 2-cells, p, corresponds to a given mass fraction
of rGO inclusions, f mG , as described in Section 2.4.

All boundary operators and Laplacians related to the sub-sets of
special 2-cells, different types of 1-cells, auxiliary graph for charge
transport, and structural indices defined in Section 2.2 are obtained
using VoroC++Analyser [55]. The same in-house software, with the
additional library Eigen [70], is used for calculating spectra of
Laplacians and from there conductivity as described in Section 2.3.
Fig. 5 shows a flowchart diagram with the details of the calculation
process. The most computationally expensive parts here are the
initial construction of the combinatorial cell complex and multiple
calculations of the Laplacian eigenvalues. In the random cases, the
special 2-cells are selected at random. This provides an important
”ground level” for subsequent analysis of textures arising in spe-
cially tailored structures. For the case of a purely random distribu-
tion of special 2-cells, the relationship between the fraction of
special 2-cells, p, the fractions of 1-cell types jx; x ¼ 0;1;2;3ð Þ
and the fractions of 0-cell types qabc; a; b; c ¼ 0;1;2;3;4ð Þ have
been derived analytically [21,71]:

j0 ¼ 1� pð Þ3; j1 ¼ 3p 1� pð Þ2; j2 ¼ 3p2 1� pð Þ; j3 ¼ p3: ð10Þ

qabc � ja1 � jb2 � jc3 � j 4�a�b�cð Þ
0 : ð11Þ

Important to note is the considerable differences between all jx at
any value of p > 0. This leads to low values of the configurational
entropy given by Eq. (4). It has been confirmed by calculations
[20] that the random selection of special 2-cells provides distribu-
tions of 1-cell and 0-cell types coinciding with the analytical formu-
las, and corresponds to 2-cell patterns with low configurational
entropy, close to its minimum possible values.

The purely random model is idealised at least in two aspects,
because in reality inclusions can cover only parts of faces or several
neighbouring faces at once, making the distribution of inclusions
over the volume generally non-random and possibly significantly
inhomogeneous. All these characteristics are determined by fea-
tures of the manufacturing process of nanocomposite and can vary
depending on the technology. The results of studying the role of
special ordering or patterning of rGO inclusions are presented
below. It may not be superfluous to highlight again that the local
patterning of inclusions is weakly related to their particular distri-
bution within the volume, but strongly affects the types of junc-
tions formed.

3.1. Structural parameters at low- and high-entropy configurations

The methodology in Section 2.2 is used to calculate the struc-
tural parameters of fracture propensity B and voiding propensity
Q by Eqs. (2) and (3), respectively, for varying fraction of special
2-cells and varying complexity (informativeness, Eqs. (2) and
(3)), - from purely random (s pð Þ ¼ 0) to highly structured distribu-
tions of special 2-cells (s pð Þ � 1). These are presented in Fig. 6 as
maps. At purely random distribution of inclusions (s pð Þ ¼ 0), the
parameter B, associated with 2-cells (boundaries/faces) and char-
acterising global propensity for fracture, is very small at low con-
tent of rGO (such as 0:25% and 0:6% mass fraction reported in



Fig. 5. A VoroC++Analyser flowchart diagram shows the calculation procedures.

Fig. 6. Maps of global face parameter B s;pð Þ and point parameter Q s;pð Þ.
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[7]), and does not increase significantly with p, within the range
shown in the figure. This illustrates that the purely random distri-
bution does not increase the brittleness of the composite substan-
tially within this range. In contrast, in structures with high
complexity (s pð Þ > 0:6), i.e. high variety of clusters of special 2-
cells, the parameter B is large even at low content of rGO
(p < 0:2) and remains several times larger than in the correspond-
ing random case. Fig. 6 clearly shows that both characteristics -
rGO fraction and complexity - strongly, but not equally affect the
parameters B and Q. This provides an opportunity for exploring
the designs of the inclusion patterns with relatively high complex-
ity at moderate rGO fractions if they are beneficial for electrical
conductivity. The parameter Q, associated with 0-cells (quadruple
points) and characterising global propensity for voiding, grows
with p gradually for all possible structures. To a large extent it fol-
lows the trends of B.
3.2. Effective conductivity of the composite

The methodology in Section 2.3 is used to calculate the effective
conductivity as a function of the structural parameters and the
fraction of special 2-cells. The corresponding map for the propen-
sity for void formation B is presented in Fig. 7a; notably the elec-
tronic part of the grain boundary conductivity is considered only.

According to these results, increasing boundary conductivity
requires a significant increase of the face parameter B, which
increases the propensity for cracking, but a moderate increase in
the point parameter Q for sufficiently high fractions of special 2-
cells. This suggests that it might be possible to increase the elec-
tronic conductivity by an order of magnitude (Fig. 7a) remaining
at low porosity; the resistance to cracking would decrease, but
one can select a region leading to acceptable embrittlement. Max-
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imising conductivity requires mass fraction of rGO inclusions
above 1%. Increasing the fraction above 1.5% does not provide fur-
ther notable increase in conductivity, but leads to growth of both
structural parameters. This outcome agrees with recent experi-
mental results [72], where the mass fraction of about a couple per-
cents of rGO filament was found to be close to optimal. According
to the calculations, the scatter on configurational entropy appears
almost uniform in the range Smin � Srand � Smax, which is shown on
Fig. 7b.

For completeness, Fig. 8 presents also the dependence of the
electrical conductivity on the fraction of special 2-cells and the
complexity. It shows that special structures of rGO inclusions (high
complexity) allow for increasing the grain boundary conductivity
several times.

3.3. Damage effects on conductivity

The effect of grain boundary failures and voiding is assessed
with the help of a damage parameter, which is defined as a
Weibull-type function of the structural parameters:

/ ¼ 1� e� kbB
kþkqQkð Þ ð12Þ

with material dependent constants kb; kq and shape exponent k. Pre-
sently, there is no available experimental data to test this combined
damage parameter fully, but there is data relating relative density
to rGO content [11,67]. Therefore it is assumed that the contribu-
tion of Q to the overall damage / is dominant and that

/ � 1� e�kqQ
k ð13Þ

represents the porosity of the composite. Then the relative density
qr , i.e. the ratio of the measured density q to the pores-free refer-
ence material q0, is



Fig. 7. Effective conductivity maps R Q ; pð Þ and the observed structural entropy range S pð Þ.

Fig. 8. Effective conductivity map R s; pð Þ.
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qr ¼ q=q0 ¼ 1� /: ð14Þ
A fit of Eq. (13) to the experimental data [11,67], illustrated in
Fig. 9a, gives kb ¼ 2:5 and k ¼ 1. Here, the density q ¼ 3990 kg/m3

of Al2O3 based ceramic [67] is used. Based on these parameters,
the map of the effective conductivity R /;pð Þ, as a function of poros-
ity and mass fraction of rGO is shown in Fig. 9b.

The observed simultaneous increase of the effective electrical
conductivity and porosity looks paradoxical and strongly relates
to the arrangement of rGO inclusions: from one side, the growth
in the number of rGO junctions increases the propensity for void
formation, and from another, it increases the robustness of the
rGO network.

4. Discussion and conclusions

The concept of filling ceramic matrices with two-dimensional
rGO inclusions appears beneficial for design of strong ceramic
composites with superior characteristics of electrical conductivity
and fracture toughness [5,7,11,14]. The physical and mechanical
properties of rGO/ceramic nanocomposites are controlled by both
the volume fraction of rGO inclusions and the specific spatial dis-
tribution of inclusions across the composite. The patterns of two-
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dimensional inclusions in bulk polycrystalline material cannot be
studied effectively within a continuum theory framework.

A new discrete methodology has been developed in this work,
where structures containing elements of different geometric
dimensions (0D, 1D, 2D and 3D) are represented as combinatorial
complexes. This allows for performing efficiently statistical analy-
sis of sub-structures for the calculation of newly introduced
parameters measuring propensity to fracture at grain boundaries
and to voiding at quadruple points. Moreover, the combinatorial
representation is very efficient for calculating the structural
entropy introduced in [20] to distinguish the cases of homoge-
neous or random distribution and highly ordered spatial distribu-
tion of rGO inclusions. In addition, this representation as
combinatorial complex allows for using select methods of modern
graph theory, in particular the spectra of Laplacians [43], to calcu-
late an electronic part of grain boundary conductivity. In such a
way, the proposed methodology overcomes the main difficulties
with the continuum approaches and provides a basis for a natural
consideration of how the inclusions patterning affect different
types of stress concentrators and global connectivity of the 2D
inclusions network. Along with the other possibility of clustering
analysis for spatial distributions of inclusions, it opens further
inspiring perspectives for the ceramic composites design.

The simulation results show clearly that the spatial distribution
of rGO inclusions, i.e. the topology of the sub-structure formed by
them, can have more substantial effect on the structural parame-
ters, associated with the power of local stress concentrators, than
the rGO fraction. Therefore, varying only the fraction of inclusions,
which is the usual practice in experimental studies, or varying the
grain size of the nanocomposite may not provide the best possible
values for strength and electrical conductivity. At a very low frac-
tion of rGO, the complexity of their sub-structure, defined as the
increase in configurational entropy, has a particularly prominent
effect on all considered macroscopic properties. According to the
simulation results, the best possible strategy to obtain rGO/ceramic
nanocomposites possessing superior physical and mechanical
characteristics is the increase in rGO fraction slightly above one
mass per cent with a simultaneous increase in complexity to the
range 0.3–0.4. Random distribution of inclusions can be an optimal
choice only for very small mass fractions, typically below one mass
per cent. Numerical simulations of various textures and mass frac-
tions of rGO inclusions have shown that the proper choice of rGO
patterns can increase grain boundary conductivity of nanocompos-
ite by nearly an order of magnitude. The moderate values of struc-
tural complexity imply the localisation of grain boundaries covered



Fig. 9. Effect of porosity on conductivity: (a) Fitting kj ¼ 2:5 at k ¼ 1 to experimental [(1) from [67] and (2) from [11]]; and (b) map of the effective conductivity as function of
porosity and mass fraction of rGO R /; pð Þ.
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by rGO inclusions. Apparently, such localisation can be achieved by
using long enough rGO platelets (with a length much larger than
the grain size) lying at grain boundaries together with utilising
the fabrication routes that prevent rGO agglomeration. The long
graphene platelets increase the number of J2 type junctions of
grain boundaries at the expense of reducing the number of J1 ones,
thereby increasing the structural complexity in accord with Eq. (4).
Physically, such long platelets serve as long conductive paths that
can promote the current percolation across grain boundaries in the
composite. Therefore, one can speculate that the electronic con-
ductivity of rGO/ceramic composites can be tuned by varying the
ratio of the rGO platelet length to the matrix grain size. The cera-
mic strength and fracture toughness depend exponentially on the
material’s porosity [73] as � exp �const � /ð Þ with coefficients
depending on the specific microstructure. So the ceramics degrade
with increasing porosity but the effect of structure patterning and
mechanisms of inclusion-matrix interaction can be very complex
[5] and require future investigations.

More comprehensive investigations, taking into account the
ionic type of conductivity [72] and partial disruption of the rGO
network connectivity due to fracture processes, are ongoing and
will be reported in the near future. Another related topic is the
scale effects in rGO spatial distributions. The formulated discrete
methodology can be easily extended to consider the clustering
coefficients and other discrete characteristics like a fractal dimen-
sion of the inclusions substructure. That sets a basis for a new
advanced level of characterisation and design of ceramic
nanocomposites.
Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.
Acknowledgments

The study of rGO/YSZ-ceramic nanocomposites has been sup-
ported by the Russian Science Foundation through the Grant No.
18-19-00255, https://rscf.ru/project/18-19-00255/. Jivkov
acknowledges the support of the Engineering and Physical Sciences
Research Council (EPSRC) UK, via grant EP/N026136/1, for the
development of the discrete complex methodology and VoroC+
+Analyzer (VCA) software.
9

The authors confirm that the data supporting the findings of
this study is available within the article. The raw/processed data
required to reproduce these findings cannot be shared at this time
due to technical or time limitations.
References

[1] T. Vogel, Y. Liu, Q. Guo, D. Zhang, Strength-conductivity synergy in cold-drawn
reduced graphene oxide (RGO)-aluminum composite wires for electrical
applications, Mater. Des. 209 (2021) 109951, https://doi.org/10.1016/
j.matdes.2021.109951. URL: https://www.sciencedirect.com/science/article/
pii/S0264127521005050, ISSN 0264-1275.

[2] J. Li, P. Zhang, H. He, B. Shi, Enhanced the thermal conductivity of flexible
copper foil by introducing graphene, Mater. Des. 187 (2020) 108373, https://
doi.org/10.1016/j.matdes.2019.108373. URL: https://
www.sciencedirect.com/science/article/pii/S0264127519308111, ISSN 0264-
1275.

[3] F. Zhang, J. Wang, T. Liu, C. Shang, Enhanced mechanical properties of few-
layer graphene reinforced titanium alloy matrix nanocomposites with a
network architecture, Mater. Des. 186 (2020) 108330, https://doi.org/
10.1016/j.matdes.2019.108330. URL: https://www.sciencedirect.com/science/
article/pii/S0264127519307683, ISSN 0264-1275.

[4] Y. Zhang, Y. Shen, X. Xie, W. Du, L. Kang, Y. Wang, X. Sun, Z. Li, B. Wang, One-
step synthesis of the reduced graphene oxide@NiO composites for
supercapacitor electrodes by electrode-assisted plasma electrolysis, Mater.
Des. 196 (2020) 109111, https://doi.org/10.1016/j.matdes.2020.109111. URL:
https://www.sciencedirect.com/science/article/pii/S0264127520306468, ISSN
0264-1275.

[5] A.G. Sheinerman, N.F. Morozov, M.Y. Gutkin, Effect of grain boundary sliding
on fracture toughness of ceramic/graphene composites, Mech. Mater. 137
(July) (2019) 103126, https://doi.org/10.1016/j.mechmat.2019.103126.

[6] O.Y. Kurapova, O.V. Glumov, I.V. Lomakin, S.N. Golubev, M.M. Pivovarov, J.V.
Krivolapova, V.G. Konakov, Microstructure, conductivity and mechanical
properties of calcia stabilized zirconia ceramics obtained from nanosized
precursor and reduced graphene oxide doped precursor powders, Ceram. Int.
44 (13) (2018) 15464–15471, https://doi.org/10.1016/j.ceramint.2018.05.202.

[7] O.Y. Kurapova, A.G. Glukharev, O.V. Glumov, M.Y. Kurapov, E.V. Boltynjuk, V.G.
Konakov, Structure and electrical properties of YSZ-rGO composites and YSZ
ceramics, obtained from composite powder, Electrochim. Acta 320 (2019)
134573, https://doi.org/10.1016/j.electacta.2019.134573.

[8] L. Hu, W. Wang, Q. He, A. Wang, C. Liu, T. Tian, H. Wang, Z. Fu, Preparation and
characterization of reduced graphene oxide-reinforced boron carbide ceramics
by self-assembly polymerization and spark plasma sintering, J. Eur. Ceram. Soc.
40 (3) (2020) 612–621, https://doi.org/10.1016/j.jeurceramsoc.2019.10.036.
ISSN 1873619X.

[9] C. Song, Y. Liu, F. Ye, J. Wang, L. Cheng, Microstructure and electromagnetic
wave absorption property of reduced graphene oxide-SiCnw/SiBCN composite
ceramics, Ceram. Int. 46 (6) (2020) 7719–7732, https://doi.org/10.1016/j.
ceramint.2019.11.275. ISSN 02728842.

[10] R. Zhou, L. Liao, Z. Chen, L. Zhong, X. Xu, Y. Han, Y. Zhong, Y. Zheng, R. Yao,
Fabrication of monolithic rGO/SiC(O) nanocomposite ceramics via precursor
(polycarbosilane-vinyltriethoxysilane-graphene oxide) route, Ceram. Int. 44
(12) (2018) 14929–14934, https://doi.org/10.1016/j.ceramint.2018.05.084.
ISSN 02728842.

[11] L. Zhou, J. Qiu, X. Wang, H. Wang, Z. Wang, D. Fang, Z. Li, Mechanical and
dielectric properties of reduced graphene oxide nanosheets/alumina

https://rscf.ru/project/18-19-00255/
https://doi.org/10.1016/j.matdes.2021.109951
https://doi.org/10.1016/j.matdes.2021.109951
https://www.sciencedirect.com/science/article/pii/S0264127521005050
https://www.sciencedirect.com/science/article/pii/S0264127521005050
https://doi.org/10.1016/j.matdes.2019.108373
https://doi.org/10.1016/j.matdes.2019.108373
https://www.sciencedirect.com/science/article/pii/S0264127519308111
https://www.sciencedirect.com/science/article/pii/S0264127519308111
https://doi.org/10.1016/j.matdes.2019.108330
https://doi.org/10.1016/j.matdes.2019.108330
https://www.sciencedirect.com/science/article/pii/S0264127519307683
https://www.sciencedirect.com/science/article/pii/S0264127519307683
https://doi.org/10.1016/j.matdes.2020.109111
https://www.sciencedirect.com/science/article/pii/S0264127520306468
https://doi.org/10.1016/j.mechmat.2019.103126
https://doi.org/10.1016/j.ceramint.2018.05.202
https://doi.org/10.1016/j.electacta.2019.134573
https://doi.org/10.1016/j.jeurceramsoc.2019.10.036
https://doi.org/10.1016/j.ceramint.2019.11.275
https://doi.org/10.1016/j.ceramint.2019.11.275
https://doi.org/10.1016/j.ceramint.2018.05.084


E. Borodin, A.P. Jivkov, A.G. Sheinerman et al. Materials & Design 212 (2021) 110191
composite ceramics, Ceram. Int. 46 (March) (2020) 1–7, https://doi.org/
10.1016/j.ceramint.2020.04.293. ISSN 02728842.

[12] M. Li, W. Wang, Q. He, A. Wang, L. Hu, Z. Fu, Reduced-graphene-oxide-
reinforced boron carbide ceramics fabricated by spark plasma sintering from
powder mixtures obtained by heterogeneous co-precipitation, Ceram. Int. 45
(13) (2019) 16496–16503, https://doi.org/10.1016/j.ceramint.2019.05.183.
ISSN 02728842.

[13] A. Gallardo-López, I. Márquez-Abril, A. Morales-Rodríguez, A. Muñoz, R.
Poyato, Dense graphene nanoplatelet/yttria tetragonal zirconia composites:
Processing, hardness and electrical conductivity, Ceram. Int. 43 (15) (2017)
11743–11752, https://doi.org/10.1016/j.ceramint.2017.06.007. ISSN
02728842.

[14] X. Zhang, N. Zhao, C. He, The superior mechanical and physical properties of
nanocarbon reinforced bulk composites achieved by architecture design – A
review, Prog. Mater Sci. 113 (March) (2020) 100672, https://doi.org/10.1016/j.
pmatsci.2020.100672. ISSN 00796425.

[15] Y. Wu, F. Ma, J. Qu, T. Qi, Enhanced mechanical and piezoelectric properties of
BCZT-CuY/rGO-based nanogenerator for tiny energy harvesting, Mater. Lett.
231 (2018) 20–23, https://doi.org/10.1016/j.matlet.2018.07.102. ISSN
18734979.

[16] N.W. Solís, P. Peretyagin, R. Torrecillas, A. Fernández, J.L. Menéndez, C. Mallada,
L.A. Díaz, J.S. Moya, Electrically conductor black zirconia ceramic by SPS using
graphene oxide, J. Electroceram. 38 (1) (2017) 119–124, https://doi.org/
10.1007/s10832-017-0076-z. ISSN 15738663.

[17] Y. Cheng, Y. Liu, Y. An, N. Hu, High thermal-conductivity rGO/ZrB2-SiC
ceramics consolidated from ZrB2-SiC particles decorated GO hybrid foam
with enhanced thermal shock resistance, J. Eur. Ceram. Soc. 40 (8) (2020)
2760–2767, https://doi.org/10.1016/j.jeurceramsoc.2020.03.029. ISSN
1873619X.

[18] Y. Huang, D. Jiang, X. Zhang, Z. Liao, Z. Huang, Enhancing toughness and
strength of SiC ceramics with reduced graphene oxide by HP sintering, J. Eur.
Ceram. Soc. 38 (13) (2018) 4329–4337, https://doi.org/10.1016/
j.jeurceramsoc.2018.05.033. ISSN 1873619X.

[19] S. Pei, H.M. Cheng, The reduction of graphene oxide, Carbon 50 (9) (2012)
3210–3228, https://doi.org/10.1016/j.carbon.2011.11.010. ISSN 00086223.

[20] S. Zhu, E.N. Borodin, A.P. Jivkov, Triple junctions network as the key structure
for characterisation of SPD processed copper alloys, Mater. Des. 198 (2020)
1093522.

[21] M. Frary, C.A. Schuh, Connectivity and percolation behaviour of grain boundary
networks in three dimensions, Phil. Mag. 85 (11) (2005) 1123–1143, https://
doi.org/10.1080/14786430412331323564. ISSN 14786435.

[22] E.N. Borodin, A.P. Jivkov, Evolution of triple junctions’ network during severe
plastic deformation of copper alloys — A discrete stochastic modelling, Phil.
Mag. 100 (4) (2020) 467–485, https://doi.org/10.1080/
14786435.2019.1695071. ISSN 14786443.

[23] M.A. Meyers, K.K. Chawla, Mech. Behav. Mater. (2009).
[24] O.Y. Kurapova, O.V. Glumov, M.M. Pivovarov, S.N. Golubev, V.G. Konakov,

Structure and conductivity of calcia stabilized zirconia ceramics,
manufactured from freeze-dried nanopowder, Rev. Adv. Mater. Sci. 52 (1–2)
(2017) 134–141. ISSN 16058127.

[25] A. Nieto, A. Bisht, D. Lahiri, C. Zhang, A. Agarwal, Graphene reinforced metal
and ceramic matrix composites: a review, Int. Mater. Rev. 62 (5) (2017) 241–
302, https://doi.org/10.1080/09506608.2016.1219481. ISSN 17432804.

[26] H. Porwal, S. Grasso, M.J. Reece, Review of graphene-ceramic matrix
composites, Adv. Appl. Ceram. 112 (8) (2013) 443–454, https://doi.org/
10.1179/174367613X13764308970581. ISSN 17436753.

[27] I. Dassios, G. O’Keeffe, A.P. Jivkov, A mathematical model for elasticity using
calculus on discrete manifolds, Math. Methods Appl. Sci. 41 (18) (2018) 9057–
9070, https://doi.org/10.1002/mma.4892. URL: https://onlinelibrary.
wiley.com/doi/abs/10.1002/mma.4892.

[28] D. Šeruga, O. Kosmas, A.P. Jivkov, Geometric modelling of elastic and elastic-
plastic solids by separation of deformation energy and Prandtl operators, Int. J.
Solids Struct. 198 (2020) 136–148, https://doi.org/10.1016/j.
ijsolstr.2020.04.019. ISSN 00207683.

[29] E. Tonti, The Mathematical Structure of Classical and Relativistic Physics, 2013.
[30] L.J. Grady, J.R. Polimeni, Discrete Calculus (2010).
[31] B. Bollobas, Modern Graph Theory (1998).
[32] B. Bollobás, Random Graphs, Cambridge Studies in Advanced Mathematics,

second ed., Cambridge University Press, 2001, doi: https://doi.org/10.1017/
CBO9780511814068.

[33] W. Mu, M. Rahaman, F.L. Rios, J. Odqvist, P. Hedström, Predicting strain-
induced martensite in austenitic steels by combining physical modelling and
machine learning, Mater. Des. 197 (2021) 109199, https://doi.org/10.1016/
j.matdes.2020.109199. https://www.sciencedirect.com/science/article/pii/
S0264127520307346, ISSN 0264-1275.

[34] A. Samaei, S. Chaudhuri, Mechanical performance of zirconia-silica bilayer
coating on aluminum alloys with varying porosities: Deep learning and
microstructure-based FEM, Mater. Des. 207 (2021) 109860, https://doi.org/
10.1016/j.matdes.2021.109860. URL: https://www.sciencedirect.com/science/
article/pii/S0264127521004135, ISSN 0264-1275.

[35] Z. Pei, J. Yin, Machine learning as a contributor to physics: Understanding Mg
alloys, Mater. Des. 172 (2019) 107759, https://doi.org/10.1016/
j.matdes.2019.107759. URL: https://www.sciencedirect.com/science/article/
pii/S0264127519301960, ISSN 0264-1275.

[36] C. Yang, Y. Kim, S. Ryu, G.X. Gu, Prediction of composite microstructure stress-
strain curves using convolutional neural networks, Mater. Des. 189 (2020)
10
108509, https://doi.org/10.1016/j.matdes.2020.108509. URL: https://
www.sciencedirect.com/science/article/pii/S0264127520300423, ISSN 0264-
1275.

[37] H. Fu, W. Wang, X. Chen, G. Pia, J. Li, Grain boundary design based on fractal
theory to improve intergranular corrosion resistance of TWIP steels, Mater.
Des. 185 (2020) 108253, https://doi.org/10.1016/j.matdes.2019.108253. URL:
https://www.sciencedirect.com/science/article/pii/S0264127519306914, ISSN
0264-1275.

[38] S.N. Hankins, R.S. Fertig, Methodology for optimizing composite design via
biological pattern generation mechanisms, Mater. Des. 197 (2021) 109208,
https://doi.org/10.1016/j.matdes.2020.109208. URL: https://
www.sciencedirect.com/science/article/pii/S0264127520307437, ISSN 0264-
1275.

[39] D. Kozlov, Combinatorial Algebraic Topology, 2008.
[40] R. Fritsch, R. Piccinini, Cellular Structures in Topology, 1990.
[41] A.J. Zomorodian, Topology for Computing, 2005.
[42] R. Durrett, Random Graph Dynamics, 2010.
[43] P. van Mieghem, Graph Spectra for Complex Networks, 2011.
[44] R. Forman, Morse theory for cell complexes, Adv. Math. 134 (1998) 90–145.
[45] R. Forman, Combinatorial Novikov-Morse theory, Int. J. Math. 13 (4) (2002)

333–368.
[46] F. Aurenhammer, R. Klein, D. Lee, Voronoi Diagrams and Delaunay

Triangulations, Wolrd Scientific Publishing Company, 2013.
[47] E. Bormashenko, M. Frenkel, A. Vilk, I. Legchenkova, A.A. Fedorets, N.E. Aktaev,

L.A. Dombrovsky, M. Nosonovsky, Characterization of self-assembled 2D
patterns with voronoi entropy, Entropy 20(12), doi: 10.3390/e20120956,
ISSN 10994300.

[48] M. Senechal, A. Okabe, B. Boots, S.K., Spatial Tessellations: Concepts and
Applications of Voronoi Diagrams, 1995.

[49] S.C. Hu, J.W. Huang, Z.Y. Zhong, Y.Y. Zhang, Y. Cai, S.N. Luo, Texture evolution in
nanocrystalline Cu under shock compression, J. Appl. Phys. 127 (21) (2020)
215106, https://doi.org/10.1063/5.0006713.

[50] Voro++ free software, 2013, http://math.lbl.gov/voro++.
[51] Neper free software, 2021, https://neper.info/.
[52] Dream. 3D free software, 2021, http://dream3d.bluequartz.net/.
[53] R. Forman, Bochner’s method for cell complexes and combinatorial Ricci

curvature, Discrete, Comput. Geometry 29 (2003) 323–374.
[54] M. Weber, E. Saucan, J. Jost, Characterizing complex networks with Forman-

Ricci curvature and associated geometric flows, J. Complex Netw. 5 (2017)
527–550.

[55] VoroC++Analyzer (VCA), 2021, https://mapos.manchester.ac.uk.
[56] Stanford Network Analysis Project, 2020, https://snap.stanford.edu.
[57] A. Morozova, E.N. Borodin, V. Bratov, S. Zherebtsov, A. Belyakov, R. Kaibyshev,

Grain refinement kinetics in a low alloyed Cu-Cr-Zr alloy subjected to large
strain deformation, Mater. Characteris. 10 (12) (2017) 1394, https://doi.org/
10.3390/ma10121394.

[58] E.N. Borodin, A. Morozova, V. Bratov, A. Belyakov, A.P. Jivkov, Experimental and
numerical analyses of microstructure evolution of Cu-Cr-Zr alloys during
severe plastic deformation, Mater. Characteris. 156 (2019) 109849, https://doi.
org/10.1016/j.matchar.

[59] C.E. Shannon, The Mathematical Theory of Communication, M.D. Computing.
[60] B. Fultz, Phase Transitions in Materials, 2014.
[61] B. Bollobas, O. Riordan, Percolation, 2006.
[62] G.R. Jerauld, L.E. Scriven, H.T. Davis, Percolation and conduction on the 3D

Voronoi and regular networks: a second case study in topological disorder, J.
Phys. C: Solid State Phys. 17 (1984) 3429.

[63] L. Ford Jr., D. Fulkerson, Flows in Networks, 2010.
[64] igraph – The Network Analysis Package, 2021, https://igraph.org.
[65] D.J. Klein, M. Randi, Resistance distance, J. Math. Chem. 12 (1993) 81–95.
[66] W. Ellens, F.M. Spieksma, P. Van Mieghem, A. Jamakovic, R.E. Kooij, Effective

graph resistance, Linear Algebra Appl. 435 (10) (2011) 2491–2506, https://doi.
org/10.1016/j.laa.2011.02.024. special Issue in Honor of Dragos Cvetkovic,
URL: https://www.sciencedirect.com/science/article/pii/S0024379511001443,
ISSN 0024-3795.

[67] W. Xuchao, Z. Jun, C. Enzhao, S. Shiping, L. Hao, S. Weitian, Microstructure,
mechanical properties and toughening mechanisms of graphene reinforced
Al2O3-WC-TiC composite ceramic tool material, Ceram. Int. 45 (8) (2019)
10321–10329, https://doi.org/10.1016/j.ceramint.2019.02.087. RL: http://
www.sciencedirect.com/science/article/pii/S0272884219303876, ISSN 0272-
8842.

[68] A.P. Jivkov, J. Yates, Elastic behaviour of a regular lattice for mesoscale
modelling of solids, Int. J. Solids Struct. 49 (22) (2012) 3089–3099.

[69] D. Debnath, J.S. Gainer, C. Kilic, D. Kim, K.T. Matchev, Y.-P. Yang, Identifying
phase-space boundaries with Voronoi tessellations, Eur. Phys. J. C 76 (2016)
645, https://doi.org/10.1140/epjc/s10052-016-4431-z. ISSN 1434-6052.

[70] eigen – Eigenvalues of Matrices (C++ library), 2021, http://eigen.tuxfamily.org.
[71] M. Frary, C.A. Schuh, Percolation and statistical properties of low- and high-

angle interface networks in polycrystalline ensembles, Phys. Rev. B 69 (2004)
134115, https://doi.org/10.1103/PhysRevB.69.134115.

[72] G. Artem, G. Oleg, T. Maria, S.S. Ali, K. Olga, H. Irina, K. Vladimir, YSZ-rGO
composite ceramics by spark plasma sintering: The relation between thermal
evolution of conductivity, microstructure and phase stability, Electrochim.
Acta 367 (2021) 137533, https://doi.org/10.1016/j.electacta.2020.137533.
URL: http://www.sciencedirect.com/science/article/pii/S0013468620319265,
ISSN 0013-4686.

https://doi.org/10.1016/j.ceramint.2020.04.293
https://doi.org/10.1016/j.ceramint.2020.04.293
https://doi.org/10.1016/j.ceramint.2019.05.183
https://doi.org/10.1016/j.ceramint.2017.06.007
https://doi.org/10.1016/j.pmatsci.2020.100672
https://doi.org/10.1016/j.pmatsci.2020.100672
https://doi.org/10.1016/j.matlet.2018.07.102
https://doi.org/10.1007/s10832-017-0076-z
https://doi.org/10.1007/s10832-017-0076-z
https://doi.org/10.1016/j.jeurceramsoc.2020.03.029
https://doi.org/10.1016/j.jeurceramsoc.2018.05.033
https://doi.org/10.1016/j.jeurceramsoc.2018.05.033
https://doi.org/10.1016/j.carbon.2011.11.010
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0100
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0100
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0100
https://doi.org/10.1080/14786430412331323564
https://doi.org/10.1080/14786430412331323564
https://doi.org/10.1080/14786435.2019.1695071
https://doi.org/10.1080/14786435.2019.1695071
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0115
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0120
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0120
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0120
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0120
https://doi.org/10.1080/09506608.2016.1219481
https://doi.org/10.1179/174367613X13764308970581
https://doi.org/10.1179/174367613X13764308970581
https://doi.org/10.1002/mma.4892
https://onlinelibrary.wiley.com/doi/abs/10.1002/mma.4892
https://onlinelibrary.wiley.com/doi/abs/10.1002/mma.4892
https://doi.org/10.1016/j.ijsolstr.2020.04.019
https://doi.org/10.1016/j.ijsolstr.2020.04.019
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0150
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0155
https://doi.org/10.1017/CBO9780511814068
https://doi.org/10.1017/CBO9780511814068
https://doi.org/10.1016/j.matdes.2020.109199
https://doi.org/10.1016/j.matdes.2020.109199
https://www.sciencedirect.com/science/article/pii/S0264127520307346
https://www.sciencedirect.com/science/article/pii/S0264127520307346
https://doi.org/10.1016/j.matdes.2021.109860
https://doi.org/10.1016/j.matdes.2021.109860
https://www.sciencedirect.com/science/article/pii/S0264127521004135
https://www.sciencedirect.com/science/article/pii/S0264127521004135
https://doi.org/10.1016/j.matdes.2019.107759
https://doi.org/10.1016/j.matdes.2019.107759
https://www.sciencedirect.com/science/article/pii/S0264127519301960
https://www.sciencedirect.com/science/article/pii/S0264127519301960
https://doi.org/10.1016/j.matdes.2020.108509
https://www.sciencedirect.com/science/article/pii/S0264127520300423
https://www.sciencedirect.com/science/article/pii/S0264127520300423
https://doi.org/10.1016/j.matdes.2019.108253
https://www.sciencedirect.com/science/article/pii/S0264127519306914
https://doi.org/10.1016/j.matdes.2020.109208
https://www.sciencedirect.com/science/article/pii/S0264127520307437
https://www.sciencedirect.com/science/article/pii/S0264127520307437
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0220
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0225
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0225
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0230
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0230
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0230
https://doi.org/10.1063/5.0006713
http://math.lbl.gov/voro++
https://neper.info/
http://dream3d.bluequartz.net/
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0265
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0265
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0270
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0270
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0270
https://mapos.manchester.ac.uk
https://snap.stanford.edu
https://doi.org/10.3390/ma10121394
https://doi.org/10.3390/ma10121394
https://doi.org/10.1016/j.matchar
https://doi.org/10.1016/j.matchar
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0310
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0310
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0310
https://igraph.org
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0325
https://doi.org/10.1016/j.laa.2011.02.024
https://doi.org/10.1016/j.laa.2011.02.024
https://www.sciencedirect.com/science/article/pii/S0024379511001443
https://doi.org/10.1016/j.ceramint.2019.02.087
https://http://www.sciencedirect.com/science/article/pii/S0272884219303876
https://http://www.sciencedirect.com/science/article/pii/S0272884219303876
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0340
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0340
https://doi.org/10.1140/epjc/s10052-016-4431-z
http://eigen.tuxfamily.org
https://doi.org/10.1103/PhysRevB.69.134115
https://doi.org/10.1016/j.electacta.2020.137533
http://www.sciencedirect.com/science/article/pii/S0013468620319265


E. Borodin, A.P. Jivkov, A.G. Sheinerman et al. Materials & Design 212 (2021) 110191
[73] D.-M. Liu, B.-W. Un, C.-T. Fu, Porosity dependence of mechanical strength and
fracture toughness in SiC-Al2O3-Y2O3 ceramics, J. Ceram. Soc. Jpn. 103 (9)
(1995) 878–881.
11

http://refhub.elsevier.com/S0264-1275(21)00746-2/h0365
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0365
http://refhub.elsevier.com/S0264-1275(21)00746-2/h0365

	Optimisation of rGO-enriched nanoceramics by combinatorial analysis
	1 Introduction
	2 Methodology
	2.1 Polyhedral complexes
	2.2 Structural parameters
	2.3 Composite conductivity
	2.4 Estimation of rGO fraction from experimental data

	3 Analysis of composites
	3.1 Structural parameters at low- and high-entropy configurations
	3.2 Effective conductivity of the composite
	3.3 Damage effects on conductivity

	4 Discussion and conclusions
	Declaration of Competing Interest
	Acknowledgments
	References


