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ABSTRACT: The size and shape characterization of platelike particles
using a dual projection imaging device is presented. Based on the
published algorithm to estimate the three lengths of the particles from the
image pairs (method 1), the average error on the shortest length is around
140% on a test set of particles with different sizes, shapes, and alignment.
Therefore, two potential improvements are tested in a simulation setting.
The first approach uses an additional projection coupled with an oriented
bounding box to estimate the three lengths (method 2). The second
approach uses a machine learning model to estimate the three lengths
from two projections (method 3). It is shown that method 2 marginally
increases the accuracy, while method 3 leads to a significant improvement
with an average error of 33% for the shortest characteristic length of
particles in the test set and even less for the other lengths. It is shown that
this remaining error is caused by the particle alignment with respect to the cameras. Since platelets cannot always be automatically
distinguished from quasi-equant particles due to alignment issues, the model was also trained to estimate the three characteristic
lengths of quasi-equant particles. The training set and the test set, used for model training and validation, respectively, comprise
particles that exhibit quasi-equant, needlelike, and platelike shapes. Several machine learning models are identified and optimized to
predict the three particle lengths based on the two projections from the imaging device. Artificial neural networks were chosen
because of their superior predictive performance.

1. INTRODUCTION
An accurate characterization of the size and shape of particles
is critical in many industrial sectors such as pharmaceuticals,
fine chemicals, and food, to name a few. In the production
chain of pharmaceuticals, crystallization is a widely employed
separation and purification technique.1 Active pharmaceutical
ingredients (APIs), that are solid at ambient temperature and
pressure, undergo one or more crystallization steps in their
production chain. The crystallization step can purify and form
powders comprising crystals exhibiting a variety of sizes and
shapes, as described by the so-called particle size and shape
distribution (PSSD), and possibly different internal structures,
i.e., different polymorphs.2 While the PSSD after crystallization
is believed to be crucial in affecting the downstream
processes,1,3 through properties such as filterability, flowability,
bulk density, and tabletability,4−6 it is recognized that also
cohesive/adhesive properties, electrostatic properties, moisture
content, and brittleness play an important role.3

The prerequisite for process modeling and control, which
are key elements for a robust operation of any crystallization
process, is the availability of reliable characterization tools for
the solid and the liquid phase (in the case of solution
crystallization). Current research indicates that the liquid
phase can be characterized with relative ease, but character-
izing the solid phase, especially both the size and the shape, is

still difficult. The size and shape of needlelike and of equant
(spheres and equant prisms) crystals have been characterized
using various techniques with moderate to high accuracy.7−18

The ability to accurately characterize these particles facilitates
developing models and control strategies for a robust operation
of the crystallization process.14,19,20

The particle characterization accuracy obtained from
commercial particle sizing tools can be satisfactory if the
particles exhibit an equant shape (either the particle is
spherical or all its three lengths are more or less equal) or in
some cases even a needlelike shape.12,17,21,22 However, a
previous article from the authors has clearly demonstrated that
for systems that exhibit evolving, nonequant particle shapes,
multiprojection imaging is the only tool that is capable of
monitoring such a process satisfactorily.23 Unlike the case of
needlelike crystals for which a mono projection imaging device
can perform reasonably well, multiprojection imaging devices
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are a prerequisite to obtain more than two characteristic
lengths of a crystal or ensembles of crystals. This can be
attributed to the fact that particles that exhibit a platelike
morphology are more rotationally variant when compared to
needlelike or equant particles. Algorithms were developed and
implemented by authors of this work to characterize quasi-
equant and platelike particles,15 but their accuracy was not
quantified.
To this aim, the overarching goal of this study is to provide a

solution to accurately estimate the three characteristic lengths
of platelike particles based on multiple projections of these
particles. Within the context of pharmaceutical industries,
nonequant particles (specifically platelike particles) are not
uncommon and they are known to be troublesome in the
downstream processing steps.24,25 Despite its importance, the
literature on size and shape characterization of such particles is
very scarce.26−29 Note that the techniques developed in this
work are not limited to crystallization processes in
pharmaceutical industries, but they can be transferred to
other fields that face similar problems with regard to size and
shape characterization.

2. MOTIVATION
2.1. Current State. To address the goal of this study, as a

first step, the applicability of a published size and shape
characterization technique to tackle this problem is analyzed.
The Dual Imaging System for Crystallization Observation
(DISCO), a dual projection optomechanical setup proposed
previously,15,30 is used as a starting point since two projections
are capable of providing depth perception in principle (see
Section 2.2). This dual projection imaging tool samples
particles from a crystallizer by pumping the suspension
through an external flow cell. In this flow cell, the crystals
are imaged by two orthogonal cameras (see Section S1 in the
Supporting Information (SI)). The raw images thus obtained
are processed using a multistep image analysis pipeline.15 First,
an estimate of the background is obtained, which is then
subtracted from the current image. Second, the background
subtracted image is segmented using a global pixel intensity
threshold to separate the imaged crystals. From this binary
image, the contours are extracted and the contours obtained
from the individual cameras are matched. Subsequently, these
contours are processed to obtain the characteristic lengths
(one or more) for each of the matched particle, which are then
binned to produce a particle size (and shape) distribution
(PS(S)D).
The approach described above suffers, as always, from

measurement errors. The extent of errors stemming from the
estimation of the particle lengths using the instrument
described above cannot be estimated through experiments
only. This is because there exists no alternative tool to
independently measure the size and shape of a population of
platelike particles and because there is no accessible method
capable of producing multiple batches of particles with
accurately tuned sizes and shapes. Therefore, a computational
approach was chosen. To this end, a previously developed tool
that simulates multiprojection imaging was adapted for this
work.11 This simulation tool generates binary images of
projections of randomly rotated particles onto two perpendic-
ular planes. These generated binary images of projected
particles are equivalent to the images obtained experimentally
using the dual projection imaging device but in the absence of
measurement noise. Once the particles are segmented from the

raw images, any algorithm to estimate quantities like the
particle lengths or the particle volume can be applied to the
images. The published estimation algorithm11,15 comprises the
following steps.

1. The particle’s three-dimensional (3D) shape is approxi-
mated by intersecting the silhouette cones of the two
projections (see the green transparent object in Figure
2). This 3D reconstruction of the particle is referred to
as the visual hull, and it provides an upper bound
estimate of the volume of the imaged crystal.

2. The particles are then classified into five different
generic shapes (spherical, needlelike, quasi-equant,
platelike, and nonconvex particles) based on their two-
dimensional (2D) and 3D shape features.

3. Different quantities (such as characteristic lengths,
volume) are subsequently estimated from the 2D
contours and/or 3D visual hull depending on their
shape class.

Note that in this work the classification was avoided, and all
particles were analyzed with the same estimation algorithm for
two reasons. First, this makes the results comparable across a
wide range of particle sizes and shapes (see Section 3.2).
Second, preliminary studies have shown that platelike particles
are often misclassified as quasi-equant particles (arising from
unfavorable alignment).
In the previously proposed methodology, an axis-aligned

bounding box was used to obtain the three characteristic
lengths of particles that were classified as either quasi-equant
or platelike. These three are the length L1, the width L2, and
the thickness L3 (with L1 ≥ L2 ≥ L3, by definition). A
qualitative map illustrating the three shape classesquasi-
equant, platelets, and needlesused in this work is illustrated
in Figure 1. Even though the main focus of this article is the

improvement of the characterization of platelike particles, the
characterization of quasi-equant particle was targeted too. This
is because, as mentioned above, the shape classification
methodology cannot distinguish a misaligned platelet and a
quasi-equant particle.
From a few preliminary simulations, it became quickly

evident that the axis-aligned bounding box led to large
estimation errors. Hence, the axis-aligned bounding box was
replaced with an object-oriented bounding box (see Section S1
in the SI). The object-oriented bounding box, subject to the
constraint to contain the entire reconstructed visual hull, is
obtained by an algorithm that ensures the minimization of the

Figure 1. Qualitative map of the different shape classes relevant to
this work. The regions improved upon in this paper correspond to the
shape classes of particles that fall under the quasi-equant and platelike
region.
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volume of the bounding box.31 This bounding box is a cuboid
for all of the particles. A size (and shape) distribution is
constructed based on the lengths of characterized particles.
Note that all of the generic shape classes (see point two of the
estimation algorithm) represent a three-dimensional particle,
but the number of characteristic lengths that are used to
describe them is one, two, or three, depending on their shape
class. To quantitatively compare the obtained distributions,
cross-moments of both the true and the estimated distribution
are computed based on the definitions provided in Section S5
in the SI. These cross-moments are a measure of the average
lengths of the particles and their standard deviations (see eqs
S6−S8 in the SI). For the sake of simplicity, the method to
estimate the particle lengths using the dual projection setup
coupled with the object-oriented bounding box will henceforth
be referred to as method 1.
2.2. Challenges with Mono Projection and Dual

Projection. The efficacy of mono projection and dual
projection imaging techniques to characterize a platelike
particle positioned in two different alignments with respect
to the imaging plane (i.e., the camera) is illustrated in Figure 2.
Plane 1 and plane 2 are representative of the imaging planes,
which in turn maps into the perspective imaged by a camera. It
is obvious that at most two characteristic lengths can be
extracted from a single projection, and these vary greatly
depending on the alignment of the particle with respect to the
camera. For instance, in Figure 2a, a projection onto the yz-
imaging plane (yellow) leads to the particle projection
exhibiting an equant shape, while a projection onto the xz-
imaging plane (cyan) leads to the particle projection exhibiting
a nonequant shape. Note that in practice the alignment of the
particles aligned with respect to the imaging plane is not
controllable.
In theory, multiprojection imaging can provide depth

information using two or more projections to reconstruct a
three-dimensional object. In Figure 2a, the reconstructed visual
hull (green), obtained as described in Section 2.1, from the
two projections is illustrated. Thanks to the information from
the two perspectives, the reconstructed visual hull approx-
imately captures the original particle and its lengths. However,
multiprojection imaging, more specifically dual projection in
this case, is not successful in characterizing the three

characteristic lengths accurately under all circumstances. Figure
2b illustrates one such example in which the same particle as in
Figure 2a is aligned differently with respect to the two imaging
planes. Here, both monoprojections are equant and neither
provides any indication of the particle thickness L3. As a
consequence, the reconstructed visual hull volume of the
particle is significantly overestimated, which leads to large
errors of its estimated volume. Additionally, fitting a bounding
box to the reconstructed visual hull to estimate the
characteristic lengths leads to an overestimation of the particle
thickness.
In conclusion, mono projection imaging is fundamentally

incapable of estimating three characteristic lengths for platelike
particles. The misalignment with respect to the imaging plane
will often lead to errors for any nonequant particle, and this
effect is especially pronounced for a platelike particle due to
the high degree of rotational variance. Even though dual
projection imaging is capable of capturing three lengths in
principle, it also fails under unfavorable alignments as
discussed above. This simple analysis serves as a motivation
for studies presented in Sections 3 and 4, which will elucidate
the shortcomings of the dual projection imaging coupled with
an object-oriented bounding box technique in a systematic
manner and will help propose new methodologies to
satisfactorily overcome them.

3. PERFORMANCE OF DUAL PROJECTION IMAGING
COUPLED WITH AN OBJECT-ORIENTED
BOUNDING BOX ESTIMATION (METHOD 1)

The objective of the studies presented in this section is to
quantitatively analyze the error of the previously described
method 1. The dependence of the error of the three
characteristic lengths on the particle alignment with respect
to the two cameras (see Section 3.1) and on the average aspect
ratio of the population (see Section 3.2) is investigated. Two
average aspect ratios are defined for particles characterized by
three characteristic lengths: L̅1/ L̅2 and L̅2/ L̅3.

3.1. Sensitivity to Particle Alignment. To investigate
the influence of particle alignment on the characterization of
an ensemble of platelets, the angle at which the particles are
aligned with respect to one of the two cameras, θ [deg], is

Figure 2. Schematic representation of a platelet (red volume) and its projection (cyan-/yellow-shaded polygon) onto two imaging planes (gray)
representing the perspective observed by two cameras, and the reconstructed visual hull obtained using both projections (green volume). Estimates
of particle lengths from the individual projections (cyan/yellow) and the 3D reconstruction (green) are also illustrated. The particles shown in
panels (a) and (b) are identical in terms of their true lengths, and they differ only in their orientation with respect to the two imaging planes.
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varied. To this aim, three different cases are considered: all
particles are aligned such that (1) their thin side always faces
one of the two cameras, (2) the angle of individual particles
with which they face one of the two cameras is normally
distributed with a standard deviation of 15°, and (3) the angle
of individual particles with which they face one of the two
cameras is uniformly distributed, thereby ensuring the equal
likelihood of all alignments with respect to the camera. The
angle distributions for these three cases are visualized in Figure
3a. The three cases were simulated with a population of
platelets of average lengths L̅i,n of 150, 75, and 15 μm along L1,
L2, and L3, respectively. The corresponding standard deviations
were 15, 7.5, and 1.5 μm (see Section S5 in the SI for the
definition of these quantities).
The distribution of the relative error of the thickness L3 for

all of the particles observed in each of the three cases is shown

in Figure 3b. The same analysis was also performed on the
other two characteristic lengths and the reconstructed visual
hull volume of the particles, the results of which are reported in
Section S2.1 in the SI. The relative error erel(y) [−] of the
quantity y with respect to the estimated quantity ŷ for a particle
i is calculated as

=
̂ −

e y
y y

y
( )i

i i

i
rel,

(1)

From Figure 3b, a number of key observations are made.
First, for case (1), i.e., when the thin side of the platelets is
facing one of the two cameras, L3 is estimated with a high
accuracy, as evident from the narrow distribution of errors with
a mean slightly below 0% relative error. Second, for case (3),
the random alignment of the particles clearly leads to a very
broad distribution of relative errors, indicating a low

Figure 3. (a) Three distributions of the angle θ of the particles with respect to one of the imaging planes. The three angle distributions are as
follows: uniformly distributed (red), normally distributed around 0° with a standard deviation of 15° (yellow) and of 0° (green) with no deviation
with respect to one of the cameras. (b) Resulting distribution of the relative error erel (L3) (obtained using eq 1) for the respective angle
distributions from panel (a). The distributions in panel (b) share the same color code as in panel (a). Note that the error was calculated on a per-
particle basis and the lengths were estimated using method 1.

Figure 4. Contour plots of the average relative error erel of the average lengths (a) L1, (b) L2, and (c) L3 and of the volume (d) V obtained using
method 1 (dual projection imaging coupled with an object-oriented bounding box estimation) as a function of the average aspect ratios of the true
population L̅1/ L̅2 and L̅2/ L̅3. The angle at which the particles are aligned with respect to the cameras is uniformly distributed. Note that the
relative error is computed using the number-weighted average (see eq S6 in the SI) of the true and estimated populations, not using individual
particles.
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characterization accuracy. Note that the alignment angle
strongly affects the estimate of the thickness L3 and the
volume V with a minor impact on the other two lengths (see
Section S2.1 in the SI). The maximum observed relative error
of L3 for some particles in the simulated population is around
600% with an average of 216% for the entire population.
Finally, for case (2), the average relative error for the entire
population falls between cases (1) and (3). The observations
reported here can be explained by the particle alignment effect
already described in Figure 2.
To conclude, it is clear that the alignment of the particles

with respect to the cameras greatly influences the character-
ization of the size and shape of the platelet, especially the
thickness and the reconstructed visual hull volume. Even
though a thorough analysis of the distribution of angles
observed experimentally has not been performed, case (1)
seems highly unlikely. Hence, for the sake of generality, only
the random alignment case (3) will be considered henceforth.
3.2. Sensitivity to Aspect Ratio. To investigate the

influence of the aspect ratio on the characterization of a

particle ensemble, the average aspect ratios L̅1/ L̅2 and L̅2/ L̅3
are varied between one and five at increments of one. This
results in 25 possible combinations of populations exhibiting
an equant, needlelike, or platelike morphology depending on
the combination of the average aspect ratios. Note that the
different populations are generated with a constant average
length L̅1,n. Then, the different populations were simulated
with the particles aligned randomly with respect to the two
cameras. The reference population (L̅1/ L̅2 = 1 and L̅2/ L̅3 = 1)
has an average length L̅1,n of 150 μm. The average lengths of all
of the other populations are then a function of this reference
length depending on their aspect ratios. Unlike Section 3.1, the
goal of the analysis in this subsection is to obtain an average
error over the entire population as a function of the aspect
ratios.
The average relative error on the platelet lengths and the

reconstructed visual hull volume as a function of the aspect
ratio is shown in Figure 4. Note that the number-weighted
average lengths L̅i,n, given by eq S6 in the SI, are used here. It
can be readily observed that the thickness L3 and the

Figure 5. Distribution of the relative errors erel on lengths (a) L1, (b) L2, and (c) L3 and volume (d) V, obtained using eq 1, for the three size and
shape characterization methodologies discussed in this work. Method 1 is shown in red, method 2 (see Section 4.1) is shown in yellow, and method
3 (Section 4.2) is shown in green. The particles are obtained from the test set described in Section 4.2, which spans a variety of sizes and shapes.
The bin sizes for the distributions are 1, 1, 5, and 10% for panels (a−d), respectively. Note that the error was calculated on a per-particle basis.
Zoomed-in versions of the plots for the region of interest (blue dotted box) are provided on the right-hand side. An equivalent plot for noncuboidal
particles can be found in Section S4.6.
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reconstructed visual hull volume V are highly sensitive to
changes in the aspect ratio. For L3, the error increases mostly
with an increasing L̅2/L̅3 and a little with an increasing L̅1/L̅2.
This can be explained by the particle misalignment with
respect to the two cameras illustrated in Figure 2b. In the case
of misaligned particles, the estimated thickness does not
depend on the true thickness, as this information is not
captured in either of the two projections. For such cases, the
reconstructed visual hull of the particle is dictated by the other
two characteristic lengths. This effect is more evident for
platelike particles (top-right and bottom-right corner of the
plot) at unfavorable alignments, thereby leading to a larger
error in the computation of the third length. Note that unlike
the analysis illustrated in Figure 3, the quantities shown in
Figure 4 are averaged out over the entire population. The
trends in the error on the other two lengths L1 and L2 and the
volume V are explained in Section S2.2 in the SI.
Sections 3.1 and 3.2 clearly show that the average relative

error of the average lengths and the volume can reach up to
200% under certain alignment and aspect ratios. Because in
reality, the actual particle alignment and aspect ratio are
unknown, it is impossible to rectify it them by scaling the
estimated values using a constant factor. In summary, the
magnitude and variability of these errors motivate further
development of the size and shape characterization method-
ologies for platelike particles to improve their accuracy.

4. TOWARD A MORE ACCURATE
CHARACTERIZATION OF PLATELETS

From the analysis in Section 3, it should be evident that
method 1 fails to accurately characterize the three character-
istic lengths of an ensemble of platelike particles. To tackle this
issue, two new methods are developed as discussed in this
section. Method 2 (see Section 4.1) introduces a third
projection by adding a third camera to the two existing
cameras. The motivation for the addition is that it will increase
the available visual information, which in turn should mitigate
the orientation effects. Method 3 (see Section 4.2) relies on
building a machine learning model to predict the particle
lengths based on the visual information provided by two
projections. Note that the former method requires an
expensive hardware modification, while the latter requires
only a software upgrade. Both approaches are tested and
compared to method 1 (dual projection imaging coupled with
an object-oriented bounding box estimation). To facilitate a
comparison, the same test set is used to analyze the errors. The
methodology applied to generate this test set is described in
Section 4.2.
4.1. Triple Projection Imaging Coupled with an

Object-Oriented Bounding Box Estimation (Method
2). 4.1.1. Methodology. To account for the information
from the additional camera, a third projection from a different
perspective has been modeled. Two different positions were
considered for this additional camera: first, at an angle of 45°
between the two existing cameras and, second, perpendicular
to both existing imaging directions. The latter can be easily
tested in a simulation setting but will be impossible to realize
in practice due to several issues caused by the geometrical
constraints posed by the existing experimental setup (see
Section S1 in the SI).15 First, the tube through which the
crystals flow would obscure the view of the camera. Second,
the particles would obscure each other more frequently due to
the current elongated geometry of the cell. This would lead to

more failed matches, thereby increasing the number of images
that need to be taken (assuming that the matched particles are
representative of the population). Third, the current elongated
geometry of the cell would lead to particles having a broad
range of distances to the third camera, thereby leading to focus
issues. Since positioning the third camera between the other
two does not suffer from such limitations, it was chosen for this
study. In the image analysis pipeline, the contour matching and
the visual hull reconstruction step will now consider all three
projections. The characteristic lengths of the particles are then
extracted using the object-oriented bounding box approach
discussed (see Section S1 in the SI).

4.1.2. Performance. The distributions of the relative errors
erel on the three characteristic lengths and the reconstructed
visual hull volume, obtained using eq 1, are illustrated in Figure
5 (yellow). As expected, the addition of the third projection
reduces the overestimation of both the particle lengths and the
reconstructed volume when compared to the dual projection
(red). However, the improvement is not significant on the
average relative error of thickness L3 as this only decreases
from 140% (dual projection) to 110% (triple projection).
Nevertheless, the increase in accuracy of the reconstructed
volume V is slightly more significant as the error goes from
220% (dual projection) to 170% (triple projection). This
difference between the improvement in accuracy of the
reconstructed volume and of the thickness might seem
counterintuitive at first, but it becomes clear when looking at
individual reconstructed visual hulls and their oriented
bounding boxes that yield the particle lengths. In most cases,
the reduction in the reconstructed volume caused by the third
projection does not reduce the error in the thickness of the
imaged particle, i.e., the additional third projection is not
sufficient to resolve the true shape of the particle in its entirety.
Instead, in the visual hull reconstruction process, the third
projection shaves off corners from the visual hull obtained with
two projections, thus creating a hexagonal prism. This
hexagonal prism has a significantly lower volume than the
one obtained from dual projection, but the thickness is
improved only a little. A simple schematic illustrating these
differences is provided in Section S3 in the SI. In short, the
authors’ original assumption about the minor boost in the
accuracy of the characterization enabled by an additional third
camera15 is confirmed here by means of a systematic study.
This improvement does not warrant the additional effort
required to implement the proposed configuration using a
third camera.

4.2. Dual-Projection Imaging Coupled with a
Machine Learning Model Estimation (Method 3).
4.2.1. Methodology. The second approach proposed to
improve the accuracy of the characterization involves building
a machine learning model to predict the characteristic lengths
of any given particle based on its two projections. It has been
observed that the chemical engineering community suffers
from a lack of data that serves as a prerequisite for machine
learning models.32 However, in this case, the lack of data can
be resolved by generating projections of particles with known
lengths in simulation, therefore generating millions of labeled
data points. The generated data is then regressed to obtain a
model that can map features from the two projections to the
three characteristic lengths of the particles. This approach is
used in this work for two reasons. First and foremost,
experimentally collecting labeled data on particle size and
shape is simply not possible as it would require either a
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characterization tool to accurately describe the size and shape
of platelike particles (see Section 1) or a method capable of
accurately producing multiple batches of particles of a given
size and shape. Unfortunately, neither of them are accessible at
this scale; hence, the ground truth can only be known in an
artificially generated data set. Since simulating projections of
particles on two planes is trivial to obtain without any
modeling errors, it is safe to assume that the calculated
projection replicates the reality. Second, even if an
experimental approach were possible, the simulation approach
would still require considerably less time and resources, thus
allowing one to explore a larger data set within the given
domain. There are three key elements in building a reliable and
robust machine learning model. They are (1) sampling data for
model development, (2) preprocessing of the sampled data,
and (3) choosing and building a machine learning model that
does not suffer from overfitting. These three aspects are
discussed in detail below.
4.2.1.1. Data Sampling. Machine learning models are

known to have poor extrapolation capabilities.33 To overcome
this issue, the input data set was designed to cover the entire
range of size and shape of particles that can be detected in the
corresponding experimental setup. The particle sizes are bound
by the maximum observable sizes (above) and by the
resolution of the cameras (below). Furthermore, L1 ≥ L2
and L2 ≥ L3 are additional constraints. Latin hypercube
sampling34 is used to populate the domain of possible
characteristic lengths, obtained after imposing the aforemen-
tioned constraints, with 900 different PSSDs (see Section S4 in
the SI). This is implemented using the lhsdesign function
from MATLAB’s Statistics and Machine Learning Toolbox.35

The standard deviation of each of these populations is set to
the average minimum distance between the mean of each
population and its nearest neighbor. A total of 1000 particles
are sampled from each of these 900 populations. For the sake
of generality, to account for particles of any morphology,
90 000 noncuboidal particles whose dominant faces are
hexagons, octagons, and parallelograms, instead of rectangles,
are also included. The true lengths of these special shapes are
obtained from the object-oriented bounding box lengths of the
generated particle. Combining the two aforementioned data
sets leads to 990 000 individual data points (particles). Note
that these particles are randomly aligned with respect to the
imaging planes. For model selection and optimization,
sevenfold cross-validation is applied to the training set to
estimate the error. To estimate the final model performance, an
external test set is used. This test set comprises an additional
100 particle populations, with 1000 cuboidal particles each,
which are generated in the same manner as the training set.
The same populations are also tested as noncuboidal particles,
the results of which can be seen in Section S4.6 in the SI.
4.2.1.2. Data Preprocessing. The pixel data of the images

are not fed directly into the machine learning model. Instead,
features extracted from the contours and the reconstructed
visual hull are used to train the model. This reduces
computational effort in model training and more importantly
improves the controllability of the information available to the
machine learning model, therefore ensuring model applicability
to experimental data with imperfect particles in the future. The
features extracted from the contours of the imaged particles are
their perimeter, area, circularity, convexity, circularity product,
convexity product,15 and the 2D object-oriented bounding box
lengths. The features extracted from the reconstructed visual

hull are their volume and 3D covariance features, namely, the
linearity, planarity, sphericity, omnivariance, anisotropy,
eigentropy, and the sum of the eigenvalues from the principal
component analysis (PCA) on the reconstructed visual hull.36

This leads to a total of 22 features, and these features and
targets (L1, L2, and L3) are preprocessed by mean centering
and scaling with the standard deviation of the distribution. The
skewness in the data is corrected additionally by applying a
Box−Cox transformation using the boxcox function from
MATLAB’s Financial Toolbox.37 To reduce the model
complexity, two methods are considered in this work that
aim to remove redundant features. The first is a correlation
elimination step.33 This method eliminates features that
contain similar information as other features. However, this
does not take into account the relevance of the features for the
targets. Therefore, to eliminate features based on their
relevance to the model output, recursive feature elimination
is used.33 Recursive feature elimination successively retrains
the model, using a sevenfold cross-validation, in this case with
all features but one, and then removes the most irrelevant
feature and repeats this process with the remaining features
until no redundant feature is left. Note that in this study the
error for the cross-validation is computed as the sum of the
root-mean-squared error of the targets. However, this method
is computationally expensive and the entire process is
stochastic in nature, thus leading to a situation where it has
to be repeated several times to be statistically significant.
Therefore, these two methods are combined sequentially. First,
a correlation elimination step is applied to remove features that
are redundant; the colinearity between all features is calculated.
Then, features are sequentially eliminated starting from the
ones that have the highest correlation until the colinearity
between any given two features is below 0.95. Second,
recursive feature elimination is applied to the reduced feature
set to eliminate the ones that are irrelevant in predicting the
targets. This step is performed until the performance of the
model with the reduced number of features does not exceed
more than a standard deviation when compared to the
performance of the initial model. Note that the first step was
applied to the entire feature set, once in posession of an
optimized machine learning model, and the second step was
applied to reduce the model complexity even further. By
performing the aforementioned steps, six features from 22 are
eliminated. More details regarding feature elimination can be
found in Section S4.2 in the SI.

4.2.1.3. Choice of Machine Learning Model. Three
supervised modeling techniques were considered before
making such a choice: artificial neural networks (ANNs),
regression trees, and support vector machines (SVMs). All of
these techniques were optimized with respect to their
hyperparameters and subjected to a sevenfold cross-validation
on the shuffled training data set. For each technique, the
hyperparameter combination with the least number of
parameters and an acceptable error (one standard deviation
away from the error of the model with the lowest error) is
chosen. Finally, based on the prediction accuracy, the ANN
was selected as the modeling technique. The hyperparameters
that were optimized for the ANN model comprised the
number of layers and the nodes per layer. Subsequently, with
the optimized number of layers and nodes per layer, ten
models were generated that exploited the stochastic behavior
of the model training process. The final output is the average of
the outputs obtained from each of these 10 models. This
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additional step constitutes the so-called model averaging, and it
guarantees a significant improvement in the final accuracy.33

The final model is a feedforward ANN with two layers and 50
nodes in each layer. The input and the hidden layers are linked
by hyperbolic tangent transfer functions. The loss function
used for the model training was the mean cubed normalized
error. This loss function was adapted from MATLAB’s existing
mse function (Deep Learning Toolbox). This modified cost
function heavily punishes the outliers but comes at the cost of
a slightly higher average error. The modification was necessary
to ensure that no specific population suffers from a large
average error because of unfavorable aspect ratios. The resilient
backpropagation algorithm was chosen for training
(trainrp function from MATLAB’s Deep Learning Tool-
box). The details of the hyperparameter optimization for the
other two techniques and the comparison of the performance
of the different techniques can be found in Section S4 in the
SI. The model training and validation were performed using
MATLAB’s Deep Learning Toolbox38 for ANN and
MATLAB’s Statistics and Machine Learning Toolbox35 for
regression trees and SVM.
For the neural network model (the final choice of the

machine learning model), the computational time to train it on
the training set, with 990 000 particles, was 336 min. The
computational time for data preprocessing, model evaluation,
and model averaging over 10 models for the test set with
100 000 particles was 3 s. This was performed using a desktop
workstation with a four-core INTEL Xeon 3.7 GHz processor
and 32 GB RAM.
4.2.2. Performance. The distributions of errors erel on the

three characteristic lengths and the reconstructed volume,
obtained using eq 1, on the test set are shown in Figure 5
(green) along with the distributions from method 1 (red) and
method 2 (yellow). Method 3 clearly outperforms the other
two approaches. The average relative error over the entire test
set is 4%, 11%, and 33% for L1, L2, and L3, respectively. It is
also clear that method 3 has a much narrower error
distribution for all of the estimated quantities when compared
to the other approaches. The most significant improvement is
observed in the most problematic and the most important
quantity, i.e., particle thickness. Since the machine learning
model was not explicitly trained to estimate the crystal volume,
it does not directly yield an improvement. One could estimate
the volume as the product of the three estimated oriented

bounding box lengths; however, this would only be accurate in
the case of perfect cuboids. To avoid giving a misleading
estimate of performance on perfect cuboids, the volume error
was not characterized for method 3; if required, the model can
be retrained to include the particle volume as an additional
output. The narrower error distribution led to an improvement
in the estimate of the standard deviation of the distribution as
well. In Section S4 in the SI, a detailed analysis of the model
performance for varying sizes, alignment angle distributions,
and aspect ratios of the distribution is provided. An analysis of
the outcome of the machine learning model based on the
particle morphology was also undertaken (see Section S4.6 in
the SI). As expected, the particle morphology plays a role in
the predictive performance of the model and it was observed
that particles that are noncuboidal led to an inferior
performance. This could however be corrected by increasing
the fraction of such particles in the training set. In view of the
generality of this model, its performance is considered to be
satisfactory. The average error in the third length L3 has been
reduced from around 140% with method 1 to around 33% with
method 3. The cause of the remaining 33% error in the
optimized ANN model is also investigated and is described in
Section S4.5 in the SI. The model is retrained on a training set
of perfectly aligned particles, resulting in an average error of
3% on the test set. This indicates that the majority of the
remaining error on the machine learning model is caused by a
lack of information arising due to particle alignment issues.
Therefore, it is clear that the model performance cannot be
improved significantly for a dual projection setup, when the
particles are randomly aligned with respect to the cameras.

5. DISCUSSION: APPLICATION OF THE
METHODOLOGY TO CRYSTALLIZATION

The technique developed in the previous subsections is generic
and can be applied to many fields that deal with particulate
matter. One such application of the proposed technique
(method 3) is in the context of crystallization processes to
characterize the size and shape of particle ensembles. To model
or manipulate the evolution of size and shape of an ensemble
of crystals in a crystallization process, a quantitative tool to
monitor, measure, and quantify these sizes and shapes is a
prerequisite. Ultimately, the accuracy of this characterization
tool determines the model accuracy (e.g., growth or breakage
rates) and the effectiveness of the size and shape manipulation

Figure 6. Time-resolved (a) number-weighted average characteristic lengths, obtained using eq S6 in the SI, for the true population obtained by
solving the PBE model for the growth-dominated batch crystallization process, (b) error of the number-weighted average lengths ΔLi obtained
from method 1 (red lines) and method 3 (green lines) when compared to the true population, and (c) difference of the standard deviation of the
distributions Δσi obtained with method 1 (red lines) and method 3 (green lines) when compared to the true population. The first, second, and
third lengths are indicated by dotted, dashed, and solid lines, respectively.
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strategy. Based on Section 3.2 (see also Section S2.2 in the SI),
it is evident that the accuracy of the methods used in this study
depends on the aspect ratio (and size). During a crystallization
process (growth, dissolution, breakage, etc.), the size and shape
of the crystal population change, thereby leading to a range of
different errors, and therefore yielding misleading conclusions.
To show the extent of these effects, a crystal growth process for
a three-dimensional population was modeled using a
population balance equation (PBE)-based mathematical
framework described in Section S5 in the SI. A predefined
cooling profile was used for the study (see Section S5 in the
SI). The populations obtained from the PBE solver at every
time step are used to obtain the estimated PSSD by computing
the lengths based on projections of sampled particles. A
comparison between the “real” and the estimated time-resolved
evolution of the population will provide an indication of the
magnitude of the error over time. For the study considered
here, the growth rates along the three lengths were defined so
that the particles would evolve from cubes into platelets (see
Section S5 in the SI) and will therefore help illustrate the
evolution of the error as the aspect ratio changes. The initial
population used for the simulations has an average size of 100

μm and a population width of 10 μm in all three lengths. For
the simulations, a size-independent growth process was
assumed. The particle alignment angles with respect to the
camera were assumed to be uniformly distributed.
Figure 6a illustrates the time-resolved evolution of the true

number-weighted average characteristic lengths, computed
using eq S6 in the SI, for the given growth process. Figure
6b illustrates the deviation of the estimated average character-
istic lengths from the true average characteristic lengths for
method 1 (red) and method 3 (green). As expected, the error
with method 1 is systematically larger than method 3. The
effect is evident for the thickness L3 over time, where the
deviation from the true lengths increases rapidly despite the
fact that the growth rate along L3 is set to zero. As discussed in
Section 3.2, this can be attributed to the strong aspect ratio
dependence of the characterization when using method 1,
where moving from equant to less equant shapes leads to larger
errors. Method 3 clearly performs better. The machine learning
modeling approach does not completely eliminate the error.
Figure 6c shows the time-resolved difference of the true and
the estimated standard deviations, computed using eq S8 in the
SI. Since a size-independent growth process is considered here,

Figure 7. Discretized 3D PSSDs (obtained using eq S9 in the SI and normalized by the maximum of each PSSD) of the true population f n (blue)
and the estimated population using method 3 fn̂ (green) for (a) seeds and (c) products obtained by solving the PBE model for the growth-
dominated batch crystallization process. Corresponding marginal distributions (obtained using eq S10 in the SI and normalized by the maximum of
each PSSD) for (b) seeds and (d) products. The contour levels correspond to 0.1, 0.5, and 0.9 of each normalized PSSD. The number of bins used
for the plotted estimated distribution is 25 in all directions with bin sizes of 17, 13, and 11 μm along L1, L2, and L3, respectively.

Industrial & Engineering Chemistry Research pubs.acs.org/IECR Article

https://dx.doi.org/10.1021/acs.iecr.0c04662
Ind. Eng. Chem. Res. 2021, 60, 473−483

481

http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.iecr.0c04662?fig=fig7&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.iecr.0c04662?fig=fig7&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.iecr.0c04662?fig=fig7&ref=pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.0c04662/suppl_file/ie0c04662_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.iecr.0c04662?fig=fig7&ref=pdf
pubs.acs.org/IECR?ref=pdf
https://dx.doi.org/10.1021/acs.iecr.0c04662?ref=pdf


the standard deviation of the true distribution remains constant
throughout the whole process. However, for both methods, the
standard deviations of the distributions are overestimated for
all three lengths, but less so with method 3.
The initial and final populations of the true (blue) and the

estimated (method 3, green) cases are shown in Figure 7.
Panels (a) and (c) show the 3D PSSDs (obtained using eq S9
in the SI), and panels (b) and (d) show the marginal
distributions (obtained using eq S10 in the SI). For the
distributions shown here, it must be kept in mind that in the
estimated population, by definition L1 ≥ L2 and L2 ≥ L3.
Therefore, these distributions are always located above the
diagonal (L1 = L2, L2 = L3, and L1 = L3), while the true
population lies on both sides of the diagonal. The over-
estimation of the average size and standard deviation of the
distribution (shown in Figure 6) is apparent. The distributions
in panels (c) and (d) also clearly indicate that the population
evolves from an equant shape to a less equant shape as can be
seen from the position of the distributions with respect to the
diagonal on the L2/L3 plane.
In summary, we can conclude that method 1 cannot be

employed to provide information on the evolution of
populations exhibiting characteristics similar to the one
discussed in this section during a crystallization process. The
errors achieved with method 3 are much smaller. Hence, it
provides a good starting point to explore issues related to
platelet populations.

6. CONCLUDING REMARKS
6.1. Key Outcomes. The characterization of a population

of platelike and quasi-equant particles described by three
characteristic lengths using multiprojection imaging is
presented. It is shown that a dual projection imaging device
can be used to distinguish the three characteristic lengths,
which is impossible using mono-imaging setups. However, for
the technique in the literature, the smallest of these three
lengths and the particle volume is always significantly
overestimated in the case of platelike particles. This effect is
more pronounced for platelets that exhibit high aspect ratios.
This shortcoming was overcome, to a great extent, by
estimating the characteristic lengths with a machine learning
model using the information from the two projections of the
individual particles (method 3). This approach achieves an
average relative error of less than 33% for all three lengths,
down from 140% in the case of the dual projection imaging
coupled with an object-oriented bounding box estimation
(method 1). Using this model needs little effort from the
implementation perspective as it is merely a software upgrade.
The model is inherently limited by the information obtained
from the two projections but offers a good solution that is easy
to implement, has a relatively high characterization accuracy,
and is fast enough to provide online size and shape information
of thousands of particles. Commercially available character-
ization devices are unable to provide an estimate of the third
characteristic length. The work performed here is consistent
with the authors’ previous efforts to provide useful and reliable
size and shape descriptors for populations of nonequant
crystals. The ability of the proposed method to distinguish and
to characterize three lengths of a particle ensemble offers an
excellent platform to develop processes for manipulating the
size and shape of platelike particles to facilitate better
downstream processability of the crystallized products. The
image processing and size and shape characterization method-

ologies developed in this work can be potentially transferred to
other fields that deal with particulate matter.

6.2. Key Learnings. The study reinforced the need to
employ an imaging-based technique with multiple projections
to characterize ensembles of platelike crystals, i.e., when
working with anything other than needlelike or quasi-equant
particles. It also highlighted that moving from two to three
projections (method 2) does not offer a significant perform-
ance boost in terms of the characterization accuracy. Most
importantly, the simulation tool used to quantify the error of
different estimation methods was also exploited to generate
thousands of data points to derive a surrogate model of the
desired properties of interest (in this case, the three particle
lengths). Dual-projection imaging coupled with a machine
learning model estimation (method 3) was found to be a
powerful combination to provide an accurate characterization
of the size and shape of platelike particles.
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