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Abstract

Many application domains involve the consideration of multiple data sources. Typically, each of these data views provides a
different perspective of a given set of entities. Inspired by early work on multiview (supervised) learning, multiview algorithms
for data clustering offer the opportunity to consider and integrate all this information in an unsupervised setting. In practice,
some complex real-world problems may give rise to a handful or more data views, each with different reliability levels. However,
existing algorithms are often limited to the consideration of two views only, or they assume that all the views have the same level
of importance. Here, we describe the design of an evolutionary algorithm for the problem of multiview cluster analysis, exploiting
recent advances in the field of evolutionary optimization to address settings with a larger number of views. The method is capable of
considering views that are represented in the form of distinct feature sets, or distinct dissimilarity matrices, or a combination of the
two. Our experimental results on standard (including real-world) benchmark datasets confirm that the adoption of a many-objective
evolutionary algorithm addresses limitations of previous work, and can easily scale to settings with four or more data views. The
final highlight of our paper is an illustration of the potential of the approach in an application to breast lesion classification.

Keywords: Data Clustering, Multiview Clustering, Evolutionary Clustering, Evolutionary Multiobjective Clustering

1. Introduction

Data clustering is an unsupervised learning technique aimed
at discovering homogeneous groups of unlabeled data objects
according to measured intrinsic characteristics [1]. It presents a
prevalent approach to data analysis in different scientific fields,5

such as computer vision, bioinformatics, and marketing [2, 3,
4], and the array of available methods range from statistical
approaches over deep learning approaches and meta-heuristics
to various hybrid approaches [2].

Many application areas, e.g., in bioinformatics or informa-10

tion retrieval, require the grouping of data characterized by
multiple feature sets and/or multiple relational descriptions,
resulting from the application of different dissimilarity func-
tions [5, 6]. In the first case, the final clustering is obtained
from the consensus of different feature spaces (i.e., feature data)15

using a fixed dissimilarity function. For example, in breast ul-
trasound image analysis, different sets of quantitative features
can be extracted to describe the shape, orientation, margin, echo
pattern, and posterior features of masses to perform the lesion
classification [7]. On the other hand, in the second case, cluster-20

ing is obtained from different proximity functions that enhance
dissimilarity relationships (i.e., relational data) [8]. In this case,
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multiple dissimilarity matrices can be derived using concep-
tually different proximity measures such as the Euclidean dis-
tance, the maximum edge distance (MED) [9], and the Cosine 25

distance. Finally, there are scenarios in which definitions of
feature spaces are not straightforward, or only relation infor-
mation about entities is available (e.g., in protein or document
comparison), and will take the form of multiple dissimilarity
matrices. In all the above scenarios, it is beneficial to integrate 30

the available multiple information sources to generate more ac-
curate and robust clustering results.

In a strict sense, the term “multiview clustering” refers
to algorithms that can utilize multiple feature spaces, which
describe distinct points of view of a phenomenon. However, 35

the term “multiview” can be extended to account for the
collaborative role of different dissimilarity matrices that map a
single feature space to multiple views characterized by different
relational descriptions [6]. Therefore, we consider a multiview
clustering algorithm to be any algorithm that is sufficiently 40

versatile to cope with different representations of the same
data, including multiple feature sets and multiple relational
descriptions, and can integrate these pieces of information in
order to find clusters that are consistent across the different
views. Furthermore, it should make no assumptions about the 45

importance of different views. This is particularly relevant
in situations in which individual views are incommensurable,
i.e., where merging all views to form a single dataset is
inconvenient due to their unique properties, or where views
might present varying levels of reliability [10, 11]. Finally, 50

a robust multiview clustering approach needs to be able to
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reliably scale to more than two views (a property we call
“many-view”, borrowing from the term “many-objective” first
introduced in the multiobjective optimization field [12]).

This paper describes a novel multiview data clustering
approach, called MVMC, based on multiobjective evolutionary5

optimization, where the multiview property refers to the
availability of multiple feature sets and/or multiple relational
descriptions. The approach takes advantage of many-objective
optimization concepts [12] to explore a range of (Pareto
optimal) trade-offs, while scaling to settings with three or10

more data views, thus overcoming two of the most frequent
limitations of existing multiview clustering methods. The
suitability and performance of MVMC are investigated for a
range of traditional benchmark datasets, involving experiments
with multiple feature sets and multiple relational matrices,15

as well as for the problem of classifying breast lesions on
ultrasound images. The major contributions of this paper are:

• A many-objective approach to multiview data clustering
is introduced. This approach exploits the benefits of
complementary information sources, taken from multiple20

feature sets or multiple relationships, to maintain or
increase clustering performance as the number of data
views increases.

• Our algorithm uses an encoding based on cluster proto-
types, which provides good scalability to large datasets.25

Furthermore, we propose an innovative decoding strategy
that directly exploits mechanisms of the underlying opti-
mizer (scalarizing vectors) in mapping a set of cluster pro-
totypes to an actual partition. The use of the reference
vector allows us to ensure that no bias with regards to any30

particular view is introduced at the decoding stage.

• An unsupervised clustering selection method is proposed
to choose the most suitable clustering solution from the
Pareto front approximations produced by MVMC. This
method is based on an established internal validation tech-35

nique but utilizes the information contained in individual
reference vectors to weigh all data views appropriately.

• The proposed approach is successfully applied to a
breast lesions classification problem, which confirms that
MVMC provides meaningful advantages in practice.40

The remainder of this paper is organized as follows. First,
Section 2 introduces the necessary background and related
work. Section 3 describes in detail the proposed MVMC
algorithm. Section 4 describes the settings, reference methods,
and performance metrics used in our experiments. The45

experimental results on synthetic and real-world datasets are
presented in Section 5. Section 6 presents the results
obtained on multiview datasets. Section 7 presents the results
obtained on the breast lesions classification problem. Finally,
Section 8 presents the discussion, and Section 9 provides the50

conclusions and potential directions for future work.

2. Background and Related Work

This section introduces basic concepts that are essential for
understanding this work and discusses relevant related work.

2.1. Multiview Data Clustering 55

A crisp clustering is the partitioning of N data objects into K
mutually disjoint subsets [1]. Formally, let X = {x1, . . . , xN}

be a set of N objects to be partitioned into K clusters
C = {c1, . . . , cK}, such that the following three conditions are
satisfied: ci , ∅; c1 ∪ . . . ∪ cK = X; and ci ∩ c j = ∅ for 60

i, j = 1, . . . ,K and i , j. The quality of a given partition can
be assessed by defining an objective function over the objects’
features or over relational information between the objects, e.g.,
cluster analysis often aims to identify partitions that minimize
within-cluster variation. 65

The multiview clustering (MvC) solutions considered in
this paper follow the same definition. However, the quality
assessment for a given partition involves the consideration
of multiple sources of information or data views. Since the
individual views stem from various types of measurements, 70

they may have different statistical properties and support
different partitions [13]. Thus, MvC provides a principled
approach for integrating multiple views to generate high-quality
partitions that optimally trade-off the support provided from
these different data sources. 75

Recent research has reported some first steps towards ex-
ploiting the intrinsic multi-criterion nature of MvC [14, 11,
15, 16, 17, 8]. In MvC, data views are available either in the
form of multiple feature sets or as multiple dissimilarity matri-
ces [5, 6, 18]. Representative approaches in the first category 80

are described below. Wang et al. [14] proposed a multiobjec-
tive spectral clustering formulation to MvC, which requires the
computation of the kernel construction and eigenvector decom-
position. Although this method exhibited good performance
in problems with two views, it requires high computational re- 85

sources, and the extension to more than two data views was not
analyzed. Jiang et al. [11] used multiobjective evolutionary op-
timization to approximate the set of optimal trade-off solutions,
seeing each view as an independent objective and describing
the solutions in the form of cluster centroids. However, a suit- 90

able mechanism for a 1-1 mapping each of these centroids to a
candidate partition, whilst preserving the multi-criterion nature
of the problem, was not described. During the search, Jiang et
al. [11] separately perform the mapping (and subsequent eval-
uation) along each view, which is equivalent to a 1-m mapping, 95

where m is the number of views. The resulting m objective val-
ues are then aggregated in a single vector, reflecting an ideal set
of values rather than a trade-off achievable by a single partition.
This overestimation is likely to impact on the algorithm’s abil-
ity to approximate the true Pareto front. More recently, Saha et 100

al. [15] proposed a multi-criterion approach considering m + 1
optimization criteria: m criteria to evaluate clustering quality on
the m individual views, and an additional criterion to measure
the agreement among the data views.

While the methods mentioned above are limited to applica- 105

tions where feature sets are readily available, MvC approaches
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based on the use of multiple relational descriptions or dissim-
ilarity matrices (usually derived by applying different distance
functions) have also been proposed [5, 16, 19, 18]. The use of
dissimilarity matrices as data views is of particular importance
in scenarios where definitions of feature spaces are not avail-5

able/straightforward, or a range of complementary measures
can be derived. Even when well-defined feature spaces are
available, the choice of a dissimilarity measure can be crucial
to identifying particular types of cluster structures, impacting
the clustering performance [20]. For instance, it is known that10

the Euclidean distance is more suitable for spherically-shaped
clusters. Similarly, the maximum edge distance (MED) [9] ex-
cels at identifying irregular-shaped components [21, 8], and the
Cosine distance is more suitable when orientation between pat-
terns is more relevant than their magnitude [22].15

Clustering algorithms usually require selecting a single
dissimilarity measure such as the Euclidean, MED, or Cosine
distance. The task of selecting the best dissimilarity measure
for a given dataset or combining multiple available measures,
is typically addressed early on in the data analysis pipeline20

and can represent a significant challenge. One approach
is to assign different weights to different measures [19, 5],
but the appropriate weights are difficult to determine without
prior knowledge of the types of structures present in the
data and the reliability of the information provided by these25

measures. For this reason, Liu et al. [16] presented a
multiobjective evolutionary algorithm (based on NSGA-II) that
simultaneously considered two different distance functions.
Each individual is represented using a label-based encoding
of size N (number of data points), and it is evaluated using30

the intra-cluster variance concerning both distance measures.
Recently, Liu et al. [17] extended this work by proposing a
fuzzy clustering approach based on a multiobjective differential
evolution algorithm. In this approach, a centroid-based
codification is used to represent the clustering solutions.35

However, the evaluation of these approaches has been limited
to two-view data, and scalability to more than three views
(and therefore objectives) will be limited for those approaches
relying on Pareto dominance [23].

2.2. Multi- and Many-objective Optimization40

Without loss of generality, a multiobjective optimization
problem can be stated as follows [12]:

minimize F(z) = ( f1 (z) , . . . , fm (z))T

subject to z ∈ Ω , (1)

where Ω is the feasible decision space, z = (z1, . . . , zl)T is a
candidate solution, and F : Ω → Rm consists of m objective
functions. For two solutions z1, z2 ∈ Ω, z1 is said to dominate
z2 (denoted as z1 ≺ z2), if and only if fi(z1) ≤ fi(z2) for
every i ∈ {1, . . . ,m} and f j(z1) < f j(z2) for at least one index45

j ∈ {1, . . . ,m}. A solution z∗ is Pareto optimal to (1) if there
is no other solution z ∈ Ω such that z ≺ z∗. F(z∗) is called a
Pareto optimal objective vector. The set of all Pareto-optimal
solutions is called the Pareto optimal set (PS) and the set of all
Pareto-optimal objective vectors is called the Pareto front (PF).50

Multiobjective evolutionary algorithms (MOEAs) usually
perform well on two- and three-objective problems. How-
ever, the performance of many existing algorithms severely de-
grades when the number of objectives is more than three [12,
23]. Optimization problems with more than three objectives 55

are often referred to as many-objective problems (MaOPs).
In recent years, developments in the evolutionary computa-
tion community have focused on the design of specialized
MOEAs for such many-objective settings [12, 23], includ-
ing indicator-based, decomposition-based, and dominance- and 60

decomposition-based approaches.
In the following, we build on these developments in

many-objective optimization to propose a multiview cluster-
ing method capable of scaling to an arbitrary number of views,
overcoming the limitation of previous approaches. 65

3. The Proposed Approach

In the following we describe our many-view clustering
method MVMC. As discussed above, MVMC aims to provide
a robust solution approach to a broad range of multiview clus-
tering scenarios, specifically, multiple feature sets and/or multi- 70

ple sources of relational information. However, we believe that
its most important methodological contribution is the decoding
step, which exploits a specific synergy between the demands
of clustering and the many-objective optimization field. Our
algorithm embraces the use of medoids to ensure applicability 75

to the full range of multiview clustering scenarios. We demon-
strate that the direct integration of information about prototypes
(used to represent clustering solutions), with information about
the weight vectors (used within the underlying optimizer), can
achieve the design of a decoding strategy that is unbiased to- 80

wards any of the views considered. This strategy is different
from all previous related work, which has consistently relied
on decoding mechanisms that inadvertently introduce a view-
specific bias into the optimization. This important contribution,
and its positioning within the overall scope of our work, is fur- 85

ther illustrated in Figure 1. Specifically, the second stage chart
(“Proposed algorithm”) highlights how the same pair of proto-
types can lead to different clustering solutions, due to differ-
ences in the underlying weight vectors alone.

The general framework of MVMC is outlined in Algo- 90

rithm 1, which is based on the decomposition-based algorithm
(MOEA/D) [24]. It decomposes a multiobjective optimization
problem (MOP) into many single-objective subproblems (cor-
responding to different scalarizations), which are simultane-
ously optimized, and the optimal solutions of all subproblems 95

constitute the Pareto optimal set. MOEA/D is a well-know
many-objective evolutionary algorithm that has demonstrated
to be more efficient than other multiobjective methods regard-
ing the quality of solutions and the convergence rate [24, 25].
For these reasons, MOEA/D is considered as the underlying 100

optimizer in our proposed multiview data clustering approach.
MVMC requires as its input: the number of subproblems (NP),
a uniform spread of NP weight vectors (W)1, the m dissim-

1The weight vectors are generated by using Das and Dennis’s method [26].
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Figure 1: Main stages and components of the proposed MVMC approach. The multiple dissimilarity matrices can be obtained from considering:
(i) a single feature set and distinct dissimilarity functions; and (ii) multiple feature sets and a single dissimilarity function.

ilarity matrices D = {D1, . . . ,Dm}, and the termination crite-
rion, which in this case is the maximum number of genera-
tions (Gmax). The implementation details of each component
of MVMC is described below.

3.1. Decomposition-based Many-objective Optimization5

We use a decomposition-based many-objective optimizer
as the underlying search engine for our clustering approach.
Following common practice, we adopt the Tchebycheff ap-
proach [27] to decompose the multiobjective clustering prob-
lem into a scalar optimization subproblems set. Let z be a10

solution concerning a weight vector wi. In the Tchebycheff

approach, the objective function of the i-th subproblem is ex-
pressed as follows:

gte
(
z | wi, zref

)
= max

1≤i≤m

wi
j

∣∣∣∣∣∣∣ f j(z) − zref
j

znad
j − zref

j

∣∣∣∣∣∣∣
 , (2)

where f j : Ω→ R is the j-th clustering criterion j ∈ {1, . . . ,m},
which is to be minimized (without loss of generality), wi =15 (
wi

1, . . . ,w
i
m

)T
is the i-th weight vector, zref =

(
zref

1 , . . . , zref
m

)
is

the reference point, and znad =
(
znad

1 , . . . , znad
m

)
is the nadir point.

3.2. MVMC’s Representation and Initialization

We will use the terms encoding and representation syn-
onymously to refer to the way a candidate solution is rep-20

resented within an evolutionary algorithm. MVMC employs

a medoid-based representation of candidate partitions, widely
and successfully used in evolutionary approaches to data clus-
tering [28, 29]. This representation can cope with large prob-
lem instances (with respect to the number of data points or the 25

number of features) and impact computation efficiency during
the clustering process. More importantly, this representation is
more general than centroids, as it can be used both for problems
defined in terms of feature spaces or dissimilarity matrices. In a
medoid-based representation, each vector z comprises K genes 30

z1, . . . , zK , where K is the number of clusters, and each gene zi

can take values in the range {1, . . . ,N}, where N is the number
of items in the data views. This set of medoids can then be in-
terpreted as an actual partition by assigning all data points to
their closest (least dissimilar) medoid, and we refer to this as 35

the decoding step. As the concept of dissimilarity varies with
respect to each view, a unique challenge in a multiview setting
is the design of this step in a manner that facilitates the identifi-
cation of clusters supported by different data views. In previous
works [14, 11, 16, 17], the decoding of a set of candidate pro- 40

totypes (medoids or centroids) has typically relied on using a
single view (or a fixed weighting between views) to determine
cluster assignments, potentially introducing a bias into the al-
gorithm. Here, we demonstrate how the underlying principles
of the decomposition approach can be exploited to define a de- 45

coding mechanism that introduces no additional assumptions
on the relative importance of different views (see description in
Section 3.3).

The initialization procedure of MVMC (line 1 of Algo-

4



Algorithm 1: General framework of MVMC algorithm.

Input: NP, W, D, Gmax
Output: Population P, Pareto front approximation S

1
[
P,B, znad

]
← Initialization(W)

2 for g← 1 to Gmax do
3 for i← 1 to NP do
4 ui ← Reproduction(P,B(i))
5 Ci ← Decodification(ui, wi, D)
6 fi ← Evaluation(Ci, D)
7 Update zref /* reference point */

/* Update the neighboring solutions */

8 foreach j ∈ B(i) do
9 if gte

(
ui | w j, zref

)
≤ gte

(
z j | w j, zref

)
then

10 P( j) = ui

11 Fit( j) = fi

12 S( j) = (Ci,wi)
13 end
14 end
15 end
16 end

rithm 1) consists of three main steps:

• Initialization of the parent population P: Generate an
initial population P = {z1, . . . , zNP} randomly from Ω,
where the i-th individual is a vector of size K denoted
by zi =

[
zi,1, . . . , zi,K

]
representing K cluster medoids,5

z1, . . . , zK .

• Assignment of neighborhood B: For each weight vector
wi, i ∈ {1, . . . ,NP}, B(i) consists of the indices of the T
closest weight vectors of wi (based on Euclidean distance).

• Initialization of the nadir point znad =
(
znad

1 , . . . , znad
m

)
. It10

is computed as znad
j = f j(C1), j ∈ {1, . . . ,m}, C1 is the

solution where all data points are clustered together (i.e.,
K = 1). Thus, znad

j defines the lower bound of the objective
function when using the j-th dissimilarity matrix.

3.3. Decoding of Solutions15

In multiview clustering settings that employ a prototype-
based representation, the decoding of a consensus partition is an
important step, as it is not straightforward to uniquely decode
a set of prototypes in the context of multiple data views. This
is because the decoding step requires the assignment of all data
points to their closest prototype, but no general agreed notion
of closeness exists in a multiview setting. Here, we set out
our decoding mechanism, which assumes knowledge of the
scalarizing vector associated with each candidate solution, to
address this challenge. Let zi and wi be the medoid and weight
vectors, respectively, corresponding to the i-th subproblem.
Also, let {D1, . . . ,Dm} denote the m dissimilarity matrices2,

2Dissimilarities are normalized using unity-based minmax normalization.

which represent the different data views. Thus, for the i-th
subproblem, the cluster assignment for data point s ∈ {1, . . . ,N}
is obtained as:

Ci (s) = argminr∈zi
{Dws (r, s)} , (3)

where
Dr,s

ws = wi
1Dr,s

1 + . . . + wi
mDr,s

m . (4)

Here, Dr,s
ws represents the weighted-sum distance matrix associ-

ated with the scalarizing vector wi. Thus, the partition Ci is de-
rived, from the set of medoids, using the definition of closeness
that is relevant to the particular sub-problem considered. Note
that this decoding strategy requires knowledge of the scalar- 20

izing vector for each candidate solution. Therefore, this strat-
egy cannot be used in Pareto-based optimization approaches for
multiview clustering, as this information is not available.

3.4. Objective Functions

The within-cluster scatter (WCS) has been selected as the
optimization criterion. Let Ci be a clustering decoded from
candidate solution zi, and let D j, j ∈ {1, . . . ,m} , be a specific
dissimilarity matrix. Then, the WCS for the j-th objective of
the i-th subproblem is computed as:

f j(Ci) =
∑
ck∈C

∑
a,b∈ck

d j(a,b) , (5)

where d j (a,b) is the dissimilarity between the data objects a
and b as defined in D j. There are no additional constraints.
After the evaluation step, the ideal point zref is updated as
follows (line 7 of Algorithm 1):

zref
j =

 fi, j , if f j(Ci) < zref
j ,

zref
j , otherwise .

(6)

3.5. Reproduction Operators 25

The reproduction procedure (line 4 of Algorithm 1) generates
offspring solutions to update the parent population. First, two
indices k and l are randomly selected from B(i). Then a new
solution u is generated from zk and zl. Since zk and zl are the
current best solutions to neighbors of the i-th subproblem, their 30

offspring y should be a good solution and very likely to have a
better fitness value to the neighbors of the i-th subproblem.

Our MVMC algorithm uses a medoid-based representation,
integer values denoting data-point positions, which are the
decision variables to be optimized (see Section 3.2). Hence, 35

we use the position-based crossover (PBC) and position-based
mutation (PBM) [30] operators, which are convenient for
integer-based representations where unique allele values need
to be created.

3.6. Selection of Clustering Solutions 40

Multiobjective clustering approaches return a set of solu-
tions, representing different trade-offs between the objectives.
In many real-world applications of multiobjective optimization,
the decision-maker conducts the selection of the best solution(s)

5



according to particular preferences. However, in some scenar-
ios, automatic methods may be desirable to select a single best
solution from the Pareto front approximations (PFAs). There-
fore, in this section, we introduce an automated method for as-
sessing the quality of individual clustering solutions.5

Algorithm 2: Clustering selection procedure

Input: D, S
Output: The best solution C′ in S

1 foreach (Ci,wi) ∈ S do
/* Step 1: Computation of the distance matrix */

2 Compute Dws considering wi and D using Eq. (4)
/* Step 2: Computation of the Silhouette index

*/

3 Compute the Silhouette value of Ci using Eq. (7)
4 end

/* Step 3: Report the best clustering solution */

5 Select the solution C′ having the best Silhouette value

The proposed method to select the clustering solution uses
the Silhouette cluster validity index to evaluate the quality of
each solution in the final approximation front: it is further
outlined in Algorithm 2 and Figure 1. The Silhouette index is
a popular and general-purpose validation technique commonly
used in cluster analysis to determine the number of clusters.
This index defines a relation between the intra-cluster cohesion
and the inter-cluster separation to estimate the quality of a
clustering solution. Here, the Silhouette Width is used as a
posteriori method to reduce the PFAs obtained by the MVMC
algorithm to a single clustering solution. To make this index
a more effective technique for our particular purposes, the
Silhouette considers a weighted-sum distance to measure the
similarity between data points belonging to the same clusters.
Let (C,w) be a clustering solution and its corresponding weight
vector in the set of trade-off solutions S (output of Algorithm 1).
Then the Silhouette Width is computed as:

Sil(C) =
1
N

∑
ck∈C

∑
xi∈ck

b (xi, ck) − a (xi, ck)
max {b (xi, ck) , a (xi, ck)}

, (7)

where

a (xi, ck) =
1

|ck | − 1

∑
x j∈ck

dws

(
xi, x j

)
, (8)

b (xi, ck) = min
cr∈C\ck

 1
|cr |

∑
x j∈cr

dws

(
xi, x j

) .
In (7), a (· ) denotes the average distance between xi and

all data points in the same cluster, whereas b (· ) denotes the
smallest average distance of xi ∈ ck to all data points in any
other cluster different from ck. The Silhouette index returns
values in the interval [−1,+1], where the higher its value, the10

better the match of the data points to the underlying cluster
structure.

Notice that the particular dissimilarity matrix Dws =[
dws(i, j)

]
used to measure the quality of C in S, provides in-

formation about the importance of the data views (distance ma- 15

trices). The use of the weighted-sum distance in (8) helps to
select the best clustering solution by considering the informa-
tion obtained in the multiobjective clustering phase.

3.7. MVMC Source Code

The source code of implementing the MVMC algorithm pro- 20

posed in this paper and the collection of datasets considered in
our experiments are available through the following repository:
https://github.com/adanjoga/mvmc.

4. Experimental Setup

This section describes the reference methods, the perfor- 25

mance assessment measures, and the settings adopted for this
study. The parameter settings adopted by our proposed ap-
proach MVMC are summarized in Table 1. Parameter settings
are kept constant across our different experiments, except for
the population size and the number of generations. Follow- 30

ing the general suggestions for MOEA/D [24], these are incre-
mented as the number of objectives (here data views) increases.

Table 1: Summary of the main parameter settings used in this study.

Parameters 2-views 3-views 4-views 5-views

Population size (NP) 100 150 175 210
Number of generations (Gmax) 100 200 300 400
Recombination probability (Pr) 0.5 0.5 0.5 0.5
Mutation probability (Pm) 0.03 0.03 0.03 0.03
Neighborhood size (T) 20 20 20 20

4.1. Reference Methods

Our experiments aim to show that the conceptual advan-
tages of multiobjective multiview clustering translate into an 35

improvement in the clustering performance compared to tradi-
tional clustering algorithms. We compare the proposed MVMC
against several well-known and conceptually different cluster-
ing algorithms: a partitional clustering approach, k-means [31];
two hierarchical clustering methods, Single-Linkage (SL) and 40

WARD; a genetic clustering algorithm (GCA), which is based
on the same representation, genetic operators, and settings as
described above for MVMC in the case of two-objective in-
stances.

Furthermore, three multiview clustering approaches are 45

considered when evaluating multiview data problems. A
multiview spectral clustering (MVSC) algorithm [32], which
derives multiple similarity matrices from the input data and
allows using an arbitrary number of views. A multiview
approach using multiobjective optimization [33], which is 50

referred to as Mitra’s approach. The third multiview clustering
approach proposed by Jiang et al. [11] encompasses a set of
multi-objective algorithms3: SPEA2, NSGA-II, NSGA-III, and

3The source code is available at https://sites.google.com/site/

bojiangzjut/.
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MOEA/D. During the evolutionary search of this approach, a
centroid-based solution is mapped to multiple partitions (one
per view). Then each partition is evaluated using the objective
function associated with the corresponding view. At the end of
the search, a single consensus partition per candidate solution is5

obtained by decoding the final centroids within the full feature
space (i.e., by concatenating all views).

The proposed approach MVMC generates a set of non-
dominated clustering solutions, but a single solution is usually
required. Thus, three different strategies for selecting the10

most suitable solution from the Pareto front approximations
(PFAs) are explored: MVMCSIL, MVMCAUC, and MVMCACC.
MVMCSIL implements the proposed unsupervised selection
method described in Section 3.6. MVMCAUC and MVMCACC
select the best solution based on the maximum accuracy value15

and the maximum AUC values, respectively, so they are
supervised approaches.

4.2. Performance Assessment

The Adjusted Rand Index (ARI) measure is used to evaluate
clustering performance [34]. ARI works by counting the20

number of pairwise co-assignments of data points between two
given partitions L and T . ARI is defined in the range [v0, 1].
Values of ARI closer to unity are preferred as they indicate a
better correspondence between L and T . The ARI measure
serves as an indicator of the clustering method’s performance25

at solving a particular problem as it compares the partition
generated by a clustering method (L) and the correct partition
of the data (T ). The clustering performance of the multiview
clustering algorithms is also evaluated by using the Normalized
Mutual Information (NMI) metric [35]. NMI is defined in the30

range [0, 1], where values closer to unity indicate a perfect
correlation between the partitions.

The results obtained for the breast tumor classification
problem are also evaluated in terms of accuracy (ACC), the area
under the ROC curve (AUC), sensitivity (SEN), and specificity35

(ESP). These metrics are widely used in medicine as statistical
measures of a binary classification test. All these indices lie
in the range [0, 1], and values tending towards unity indicate a
better classification.

For all the stochastic clustering methods analyzed and com-40

pared in this study, a total of 31 independent executions for each
dataset were performed. In all the cases, statistical significance
is evaluated using the Kruskal–Wallis test, considering a signif-
icance level of α = 0.05 and Bonferroni correction.

5. Results on Multiview Clustering using Multiple Rela-45

tional Data

5.1. Synthetic Datasets

This section investigates the ability of MVMC to generate
high-quality clustering solutions on synthetic datasets with
varying sizes, dimensionalities, degrees of overlapping, and50

cluster shapes. These synthetic datasets have been organized
into four categories regarding their type of underlying data
distribution: well-separated clusters (G1), overlapping clusters

(G2), nonlinearly separable clusters (G3), and mixtures of
different data distributions (G4). Figure A.11 in Appendix 55

A illustrates the diversity of properties covered by our test
datasets.

In this study, different data views are derived from a single
feature set by using two conceptually different dissimilarity
measures: the Euclidean distance (denoted by N) and the 60

MED distance based on Euclidean (MEDeuc, denoted by H).
The single-view clustering algorithms k-means, SL, WARD,
and GCA perform the clustering task using one dissimilarity
measure, whereas MVSC and MVMC simultaneously optimize
two data views, each accounting for a different dissimilarity 65

measure. The results of this analysis are summarized in
Figure 2. For more detailed results and the corresponding
statistical significance analysis, refer to Table A.5 (Appendix).
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Figure 2: Clustering performance (in terms of ARI) on synthetic
datasets obtained by the MVMC configurations MVMCARI and
MVMCSIL, and the other clustering algorithm k-means, SL, WARD,
GCA, and MVSC. The data views are derived using two different
dissimilarity measures: Euclidean (N) and MEDeuc (H). The square
symbol, 2, indicates no statistically significant difference between
groups compared to the best one, �.

Given the single-view clustering algorithms being evaluated,
the chosen dissimilarity measures, and the particular properties 70

of our test datasets, we can anticipate certain behaviors as
a result of our experiments. First, a good performance can
be expected when using the Euclidean distance on datasets in
categories G1 and G2, as these contain spherical, Gaussian
clusters that are favored by this measure. In contrast, we can 75

expect a poor performance of this distance on datasets with
nonlinearly separable clusters, particularly for categories G3
and G4. Second, a good performance is expected when using
the MED distance onG1 andG3, as these datasets contain well-
separated clusters regardless of their linear separability, which 80

is the assumption made by the MED distance (i.e., clusters
of arbitrary shape can be detected) [9]. However, we can
anticipate a poor performance of the MED distance for datasets
having overlapping clusters, including the synthetic datasets in
G2 and G4. 85

From the experimental results summarized in Figure 2, we
confirm the above expectations. On the one hand, we observe
that the individual single-view algorithms obtain good results
on datasets that comply with the assumptions made by the
particular dissimilarity measure employed. Accordingly, these 90

methods do not show consistent performance across the range
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of different cluster properties. On the other hand, the multiview
algorithm results confirm that superior performance can be
achieved through the simultaneous consideration of multiple
dissimilarity measures. Specifically, the proposed MVMC
strategies MVMCARI and MVMCSIL consistently exhibited a5

highly competitive performance in all test scenarios. According
to Figure 2, the MVMC strategy MVMCARI scored the best
overall performance (0.97 ± 0.04). Although this strategy
reports a consistently good performance across the entire
range of data properties considered, no statistically significant10

differences have been found concerning MVMCSIL (0.94 ±
0.11).

Consideration of the associated Pareto front approximations
(PFAs) highlights a further advantage of our approach in
exploratory data analysis. As apparent from Figure 3, the shape15

and span of the PFA provide additional insight regarding the
strength of the signal and the type of data structures in a given
dataset. There is no conflict between the two data views for
datasets containing spherical, spatially separated clusters, and
the PFA collapses to a single point. In contrast, for datasets such20

as Inside and Sizes5, the Pareto front highlights the conflict
between views and helps confirm the presence (or absence)
of structurally pronounced trade-off solutions associated with
distinct knees in the Pareto front [36].

5.2. Real-world Datasets25

This section investigates the scalability of MVMC when
increasing the number of data views (dissimilarity measures).
Six real-world datasets from the UCI repository [37] are
considered: Iris, Wine, Breast, Thyroid, Glass, and
Ecoli. Multiple data views are derived from a single feature30

set (dataset) by using four different dissimilarity measures:
Euclidean distance (N), MED based on Euclidean (MEDeuc,
denoted by H), Cosine distance (4) and MED based on
Cosine (MEDcos, denoted by O). A total of ten combinations
of data views are studied: six bi-objective configurations,35

three three-objective configurations, and one four-objective
configuration. The single-view algorithms k-means, WARD,
and GCA perform the clustering task using one of the four
individual dissimilarity measures. In contrast, MVSC and
MVMC simultaneously optimize one of the ten combinations40

which involve two or more data views. The results are
summarized in Figures 4 and 5. For more detailed results
and the corresponding statistical significance analysis, refer to
Table A.6 (Appendix).

Figure 4 compares the performance of the six basic bi-45

objective configurations of MVMC against the three single-
view clustering algorithms. We can see that configuration
MVMCNO shows the best performance, with an average ARI
of 0.81 ± 0.12. Additionally, no statistically significant dif-
ferences are observed between this strategy and configurations50

MVMCNM (0.75 ± 0.20) and MVMCMH (0.77 ± 0.15). These
results suggest that the consideration of two dissimilarity mea-
sures allows MVMC to produce better clustering solutions than
the algorithms based on a single dissimilarity measure.

We also compare the MVMC strategies MVMCARI and55

MVMCSIL with the MVSC algorithm when increasing the num-
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Figure 3: PFAs obtained by the proposed approach MVMC on some
synthetic datasets when minimizing the within-cluster scatter (WCS)
using the Euclidean distance (x-axis) and MED distance (y-axis). For
each subfigure, the best, average, and the worst PFAs derived from
31 runs are plotted using black, blue, and gray lines, respectively.
Additionally, each subfigure includes a square to illustrate the best
solution (maximum ARI value).

ber of views. Figure 5 illustrates the clustering performance
obtained by these algorithms for all the ten different combi-
nations of data views. It can be seen that the use of more
than two dissimilarity measures allows MVMC to produce even 60

better clustering solutions than the bi-objective configurations.
We observe that strategy MVMCARI obtained the best perfor-
mance when using all four data views, with an average ARI of
0.846 ± 0.08. Additionally, no statistically significant differ-
ences have been found between this strategy and all the three- 65

objective configurations of MVMCARI. The best overall per-
formance for strategy MVMCSIL was for instances {NO} and
{NH M O}, whereas for MVSC, the best performance was at-
tained for the bi-objective instance {N M}.

In general, we observe an improvement in the clustering 70

performance for the MVMC configurations when considering
three and four objectives, concerning the bi-objective config-
urations of MVMC. For strategy MVMCARI, it is evident that
the increase in the number of views systematically translates
into an increased clustering performance. Real-world datasets 75

typically exhibit overlapping clusters or noisy data, resulting in
low performance of the contestant multiview approach MVSC
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Figure 4: Clustering performance (in terms of ARI) on real-world
datasets obtained by MVMCARI, six bi-objective configurations, and
the other single-view algorithms k-means, WARD, and GCA. The
square symbol, 2, indicates no statistically significant difference
between groups compared to the best one, �.
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Figure 5: Clustering performance (in terms of ARI) obtained by the
MVMC strategies MVMCARI and MVMCSIL for all ten configurations
of data views. Results for approach MVSC have also been included as
a reference. The square symbol, 2, indicates no statistically significant
difference between groups compared to the best one, �.

and our MVMCSIL method, which is the proposed unsupervised
model selection strategy. The selection of the best solution,
even from a high-quality PFA, is a challenging problem. Al-
though the strategy employed by our method represents one
step in this direction, further research is required to develop5

effective, fully unsupervised clustering selection techniques.

We investigate the characteristics of the Pareto front approxi-
mations (PFAs) generated by our proposed approach (MVMC).
For the UCI datasets, all PFAs have several data points, con-
firming the challenging nature of these datasets and the sensi-10

tivity of the algorithm performance to the type of distance func-
tion used. An analysis of clustering performance along the PFA
suggests that, for the UCI real-world datasets, the best solutions
tend to correspond to regions in the middle of the front, i.e.,
are best identified by considering the trade-off between multi-15

ple views. Some of these solutions (e.g., Ecoli) are structurally
pronounced, and therefore reflected by a knee in the associated
PFA. For other datasets such as Glass, the PFA provides little
evidence of a pronounced cluster structure. Figure 6 exempli-
fies the contrasting characteristics found in the PFAs generated20

by MVMC.
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Figure 6: Examples of PFAs obtained by MVMC on real-world
datasets when minimizing the within-cluster scatter (WCS) using for
different dissimilarity measures: Euclidean, MEDeuc, Cosine, and
MEDcos. For each subfigure, the best, median, and the worst PFAs
derived from 31 runs are plotted using black, blue, and gray lines,
respectively. Each subfigure includes a blue square to illustrate
the best clustering solution (maximum ARI value). Note that the
best ARI solution is not always located on the approximation front,
indicating the limited power of both views in recovering the ground
truth structure.

6. Results on Multiview Clustering Using Multiple Feature
Data

This section investigates the performance of MVMC on a 25

collection of multiview datasets proposed in the specialized
literature. Table 2 presents details of the studied multiview
datasets: The Euclidean distance was used to compute the
dissimilarity matrix for each view in MVMC algorithm. These
datasets with multiple data views are available from the 30

following sources:

• Image segmentation (Image) [11]: This dataset contains
2310 objects from a seven outdoor image database. This
dataset is divided into two views: shape view and RGB
view. 35

• Water Treatment Plant (WTP) [11]: This dataset contains
daily measures of sensors in an urban WTP. The dataset
is divided into four data views: input view, output view,
performance input view, and global performance view.

• Amsterdam Library of Object Image (ALOI)4: It is a 40

collection of images of different objects recorded under
various conditions. These images are represented by
four feature sets: RGB color histograms, HSB color
histograms, color similarity, and Haralick features. In
our experiments, we randomly selected three-class subsets 45

(i.e., 300 images) from the original dataset.

4ALOI dataset: http://elki.dbs.ifi.lmu.de/wiki/DataSets/

MultiView
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• Corel image dataset (Corel)5: It is a collection of im-
ages having different properties such as different colors,
lighting, and angle. In our experiments, we randomly se-
lected five classes (i.e., 500 images) with six views from
the original dataset. The views are color histogram, mo-5

ment, coarseness, Tamura texture, wavelet, and MARSAR
texture.

• US Postal Service (USPS)6: The dataset is obtained from
a collection of Dutch utility maps. The following two data
views are considered: Fourier coefficients of the character10

shapes and profile correlations.

• Columbia Consumer Video (CCV)7: This dataset involves
the two data views as follows: Scale-invariant feature
transform and space-time interest points. For simplicity,
the multi-labeled and unlabeled samples are removed from15

the original database.

In addition to the algorithms considered in the previous
sections, we include a comparison with Mitra’s approach8 [33],
and Jiang et al.’s [11] approaches to multiview clustering:
SPEA2, NSGA-II, NSGA-III and MOED/D. Table 3 indicates20

the best clustering solution in terms of the ARI and NMI
metrics. In comparison to the contestant techniques, MVMC
and Mitra’s algorithm clearly benefit from the flexibility of
a multiobjective approach. MVMC’s scalability to many
objectives should give it an advantage over Mitra’s approach25

in a many-view setting (i.e., with three or more views), but the
unavailability of the code prevents us from investigating Mitra’s
approach in this particular scenario.

Also, from the results in Table 3, it is notable that MVMC
outperformed Jiang et al.’s approaches to multiview cluster-30

ing [11]. This superior performance of MVMC is mainly due
to its solution decoding scheme. In Jiang et al.’s work, a dif-
ferent partition is derived for each view during the decoding
stage. This decoding strategy maps a single candidate solution
to several possible partitions, one per view, and evaluates each35

of these partitions using the objective function associated with
that view. Such approach presents the following limitation: as
a given candidate solution is mapped to multiple, view-specific
partitions, the objective vector eventually assigned to the can-
didate solution is an aggregation of the objective values associ-40

ated with these partitions. Therefore, this decoding strategy in-
troduces a bias into the algorithm which, as observed in Table 3,
significantly impacts on clustering performance. Figure 10 il-
lustrates the impact of the decoding steps used in Jiang’s ap-
proach and the one proposed in MVMC.45

5Corel dataset: https://archive.ics.uci.edu/ml/datasets/

corel+image+features
6USPS dataset: https://archive.ics.uci.edu/ml/datasets/

Multiple+Features
7CCV dataset: http://www.ee.columbia.edu/ln/dvmm/CCV/
8Mitra’s results are taken directly from the paper as no implementation of

the algorithm is available.

7. Application of MVMC to Breast Tumor Classification

Finally, we investigate the capabilities of MVMC on a
challenging multiview dataset. The problem under study is
associated with computer-aided diagnosis (CAD) systems for
breast ultrasound (BUS), where the objective is to generate a 50

tumor classification providing a second opinion and avoiding
inter-observer variation. Generally, the CAD system pipeline
involves four stages: image preprocessing, lesion segmentation,
feature extraction, and lesion classification. Specifically, in the
lesion classification step, machine learning techniques are used 55

to distinguish between benign and malignant tumors.
Towards this end, a quality assurance tool has recently

been designed which standardizes mammographic reports and
is known as the breast imaging-reporting and data system
(BI-RADS). The last edition of the BI-RADS lexicon for 60

ultrasound considers five qualitative terms to describe the
shape, orientation, margin, echo pattern, and posterior features
of the masses. Therefore, a common approach when designing
CAD systems based on BI-RADS is to nominally depict each
qualitative term of the BI-RADS lexicon for masses using 65

quantitative features. Then, the collection of quantitative
characteristics forms a single feature vector that constitutes the
input of a classifier.

Here, we address the classification of breast lesions as
an unsupervised machine learning problem (i.e., as a data 70

clustering problem). In this regard, instead of collecting all
the quantitative features to form a single feature set, each
feature set derived from the BI-RAD lexicons is considered
as a distinct view by our MVMC algorithm. The advantage
of this exploratory approach is a distinct insight into the level 75

of natural cluster structure in each of the separate views, and
the extent to which different views provide complementary
information.

7.1. Description of the Breast Ultrasound Dataset

The dataset consists of 2054 BUS images acquired at the Na- 80

tional Cancer Institute of Rio de Janeiro, Brazil. All the images
were obtained from patients with posterior indication of biopsy,
from which 1351 images presented benign lesions, and 703 had
malignant tumors. A senior radiologist manually outlined each
breast lesion with the help of specialized software. Then, to 85

cover the five terms of the BI-RADS lexicon, morphological
and texture features were extracted for each BUS image from
the contour outlined by the radiologist. The properties of the
data views used in this study are summarized in Table 4 and
illustrated in Figure 7. In total, 139 quantitative features were 90

computed to generate five feature spaces, one for each term of
the BI-RADS lexicon [7].

For the experiments of this study, a total of 26 data-view
configurations were obtained from the five feature sets: ten
two-objective, ten three-objective, five four-objective, and one 95

five-objective configuration corresponding to combinations of
two, three, four, and five data views, respectively. A specific
problem configuration will be referred to as Vm-seq throughout
this study, where m = {2, 3, 4, 5} is the number of data views,
and seq denotes a sequence of m different letters referring 100
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Table 2: Characteristics of the multiview datasets considered in this study. ”Multiview dataset” refers to the dataset acronym, ”N” denotes the
number of data points, ”V” is the number of data views, ”D” is the feature space dimensionality for each view, and ”K” is the actual number of
clusters.

Multiview dataset N V D K

Image 2100 2 [9, 10] 7
WTP 230 4 [22, 7, 5, 4] 5
Aloi 333 4 [8, 27, 77, 13] 3
Corel 500 6 [64, 9, 10, 8, 104, 15] 5
USPS 2000 2 [76, 216] 10
CCV 6773 2 [5000, 5000] 20

Table 3: Detailed results in terms of ARI and NMI metrics on all multiview datasets (mean values from 31 runs). The performance of MVMC
is compared with respect to six multiview clustering approaches and the k-means algorithm. The results for Mitra’s approach were taken from
the original paper [33]. The best ARI and NMI values scored for each dataset has been shaded and highlighted in bold and, additionally, the
statistically best (α = 0.05) results are highlighted in boldface.

Multiview
dataset

Mitra’s k-means MVSC SPEA2 NSGA-II NSGA-III MOEA/D MVMC

NMI NMI ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI ARI

Image – 0.537 0.372 0.519 0.362 0.393 0.259 0.401 0.257 0.411 0.243 0.434 0.287 0.631 0.552
WTP – 0.074 0.025 0.038 0.009 0.101 0.031 0.103 0.043 0.080 0.006 0.100 0.022 0.192 0.151
Aloi – 0.624 0.438 0.644 0.587 0.700 0.561 0.699 0.561 0.694 0.560 0.681 0.559 0.999 0.998
Corel – 0.535 0.456 0.445 0.405 0.439 0.393 0.432 0.381 0.327 0.273 0.365 0.295 0.508 0.422
USPS 0.781 0.622 0.489 0.753 0.703 0.420 0.280 0.449 0.307 0.464 0.308 0.423 0.276 0.768 0.725
CCV 0.234 0.081 0.079 0.241 0.216 0.217 0.203 0.193 0.149 0.181 0.133 0.211 0.198 0.297 0.259

Posterior

feature

Orientation Shape

Margin

Echo pattern

Figure 7: Illustration of the different data views derived from an
ultrasound image for each BI-RADS lexicon.

to the data views used in the configuration as specified in
Table 4. Finally, the Euclidean distance was used to compute
the multiple dissimilarity matrices from the five input feature
sets. For the implementation of k-means, the information from
multiple data views was merged, assuming commensurability5

(and therefore equal weighting) between the individual feature
spaces.

Table 4: Description of the different data views derived from the
ultrasound images for each BI-RADS lexicon. The size of these data
views is N = 2054 data points, and the number of clusters is K = 2.

Data views D
k-means

AUC SEN ESP

Shape (S) 29 0.81 0.73 0.90
Margin (M) 14 0.82 0.81 0.83
Orientation (O) 2 0.67 0.42 0.92
Echo pattern (E) 90 0.65 0.74 0.55
Posterior features (P) 4 0.61 0.70 0.52

7.2. Clustering Performance

The results of MVMC and its variants for model selection
are summarized in Figure 8, with more detailed results and 10

the corresponding statistical significance analysis presented
in Table A.7 (Appendix). Overall, clustering seems capable
of obtaining good results for many problem configurations,
suggesting the existence of natural cluster structures in the data
views considered. 15

Our strategies MVMCAUC and MVMCACC consistently pro-
duced better results than the reference algorithms k-means and
MVSC. Notably, the strategy MVMCAUC scored high-average
values across different indices and diverse configuration prob-
lems, having a distinct number of views. For instance, the 20

configurations V2-MP (0.846, 0.846, 0.849, 0.884), V3-MEP

(0.849, 0.849, 0.847, 0.850), V4-MOEP (0.851, 0.847, 0.833,
0.860), and V5-SMOEP (0.851, 0.847, 0.834, 0.859) obtained
high-average values for all indices, which are presented as a
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Figure 8: Summary of the clustering performance for the 26 problem
configurations. Curves show the average accuracy scored by k-means,
MVSC, MVMCSIL, MVMCAUC, and MVMCACC. Refer to Table A.7
for detailed results (Appendix).

tuple (ACC, AUC, SEN, SPE). Its performance across the dif-
ferent indices reflects the overall effectiveness of the proposed
multiview approach, demonstrating that the simultaneous op-
timization of data views leads to better clustering performance
and that this extends to the correct identification of both positive5

and negative cases.
Understanding these results in terms of the quality of the un-

derlying feature spaces, it is worth noting that problem con-
figurations involving the Shape (S) and Margin (M) views per-
formed best, especially the Margin view. For instance, the con-10

figurations V2-SM, V2-ME, V2-MP, V3-MEP, V3-SMP, V4-MOEP,
V4-SMOP, and V5-SMOP obtained high-average values for all the
indices and across the different clustering algorithms. Inter-
estingly, a poor clustering performance was observed for some
problem configurations across all the algorithms studied. For15

instance, configurations, including the Echo (E) and Posterior
(P) views, repeatedly resulted in low performance, indicating a
poor predictive performance of these particular feature spaces.
Due to the more flexible weighting approach implemented by
MVMCAUC and MVMCACC (using reference vectors), they are20

robust to the inclusion of such an individual, poor-quality fea-
ture space, outperforming k-means, and MVSC along with all
performance indicators.

Multiview clustering’s full potential derives from the pres-
ence of complementary, high-quality feature spaces whose joint25

consideration can improve performance. Our results (see Fig-
ure 8) indicate a general improvement in performance with the
increase of the number of feature spaces considered, which pro-
vides evidence for the existence of complementary information
in the data considered. Furthermore, a more detailed analysis30

(see Table A.7) shows distinct differences in the performance
of single views, regarding their overall performance (accuracy)
and their relative emphasis on sensitivity versus specificity. The
latter highlights a particular opportunity for the fruitful combi-
nation of views: An example of this is the feature spaces re-35

lated to Shape (S) and Margin (M). While the Shape feature set
supports solution with high specificity and low sensitivity, the
opposite is the case for the feature set Margin (M). As shown in
Figure 9, the simultaneous optimization of both feature spaces

results in the identification of solutions that strike a balance 40

between the two views, corresponding to a trade-off between
specificity and sensitivity, and resulting in a distinct improve-
ment in classification accuracy.
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Figure 9: PFAs obtained from all independent executions of MVMC in
terms of accuracy (ACC) for the problem configurations V2-SM (left)
and V3-SMO (right). The clustering solutions are highlighted using
different color intensities: the more tends to yellow, the better the
performance in terms of ACC. The red and blue squares represent the
best solutions selected by the strategies MAUC and MACC, respectively.

Figure 9 exemplifies this effect and further characteristics of
the two- and three-dimensional PFAs generated by MVMC. It 45

also illustrates the clustering solutions selected by strategies
MVMCAUC and MVMCACC, indicating the position of the
most accurate clustering solutions. By analyzing the shape of
the PFAs for this dataset, it is clear that there is significant
conflict between the multiple views, and that an optimal trade- 50

off solution is difficult to identify from the structure present in
the PFA alone. We observe that, for the feature sets considered
here, the Pareto front provides us with different trade-offs
regarding false positives and false negatives, akin to a ROC
curve. Furthermore, consistently with our findings on the 55

UCI datasets, we find that the regions of the objective space
associated with the best clustering solutions tend to be those
that correspond to a balanced trade-off between the data views;
and that MVMCAUC and MVMCACC consistently select these.
These findings support the hypothesis that the most promising 60

clustering solutions tend to integrate information from multiple
views and that many-objective optimization techniques have an
important role in supporting the generation of such candidate
solutions.

8. Discussion 65

In this manuscript, we have introduced a new algorithm
for many-view clustering and demonstrated its performance
empirically. To better understand the empirical performance
differences, it is useful to consider the theoretical underpinning
of our work and, key differences to prior algorithms for 70

multiview clustering. Our observations in this regard are as
follows:

• The majority of existing work on multiview clustering has
used algorithms based on Pareto optimization rather than
approaches that employ a scalarizing function. This is sim- 75

ply reflective of the wider (and earlier) prevalence of these
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algorithms in the field of evolutionary multi-objective opti-
mization [38], rather than a conscious choice. As a conse-
quence, though the known limitations of Pareto-based ap-
proaches (specifically poor scalability with regards to the
number of objectives) have been transmitted to the field of5

multiview clustering, with the majority of existing evolu-
tionary algorithms also based on Pareto dominance.

• Our decoding approach cannot be used in Pareto-based op-
timization approaches for multiview clustering. This is be-
cause the approach requires knowledge of the scalarizing10

vector for each candidate solution. In a Pareto-based op-
timization approach, this information is not available —
in other words, given a single solution, we do not specifi-
cally know which scalarization vector it is optimal for; we
only have generic information about its dominance rela-15

tionships with other solutions.

• For Pareto-based approaches to multiview clustering, we
are currently not aware of any method for decoding
a medoid/centroid representation that does not rely on
the choice of a single view or a specific weighting20

between views to support distance calculations in this
step. The approaches commonly used in the literature
are: (i) Repeated decoding of each solution along each
view. This is used during the search in [11]. Here,
the decoding step maps a single candidate solution to25

several possible partitions (one per view), and evaluates
each using the objective function associated with that
view. The limitation of doing this is as follows: as a
given candidate solution is mapped to multiple, view-
specific partitions, the objective vector eventually assigned30

to the candidate solution is actually an aggregation of
the objective values associated with these partitions. In
other words, we can only think of the resulting objective
vector as an ideal point, and it does not indicate a trade-off

between objectives that a single partition can necessarily35

achieve. (ii) Assumption of a fixed weighted sum of all
views across all candidate solutions. This decoding is used
implicitly at the end of Jiang et al.’s (2016) algorithm.
In order to get a single partition per candidate solution,
their algorithm decodes the final centroids within the full40

feature space (i.e., by concatenating all views). In doing
so, it effectively weights each view by dimensionality and
scale of the features within.

In Figure 10, we include illustrative examples of the ap-
proximation fronts achieved by these different approaches45

to highlight the significant impact of this decoding stage
and explain the specific “biases” introduced.

• For Pareto-based approaches to multiview clustering, the
only known representations that do not require the choice
of a single view or a specific weighting between views are50

those that directly encode the partition and therefore avoid
the decoding step altogether. There are examples of such
representations in the evolutionary clustering literature,
but they are generally thought of as ineffective due to the
size of the resulting representation (one decision variable55

is typically required per data point), the redundancy of
the representation, and the difficulty of deriving effective
variation operators that addresses this redundancy.

• There is no previous work on many-view clustering that
exploits the scalarizing vector during the decoding and 60

evaluation stage, and empirically validates the perfor-
mance of this approach. Just like our paper, [11] uses
MOEA/D, but derives a different partition for each view
(see Figure 1 in the paper). For their work, this has the ad-
vantage that the same decoding scheme can consistently be 65

used for the Pareto-based and scalarizing approaches com-
pared in the paper. However, from a theoretical point of
view, it suffers from the disadvantage highlighted above —
the objective vectors observed during the search process
are no longer reflective of the trade-off genuinely achiev- 70

able by a single partition,which can impact the effective-
ness of the search.

9. Conclusions

Multiview clustering is an important problem in many
applications, due to the increasing availability of multiple data 75

sources and representations describing the same entities. In
our work, the term multiview clustering is used to refer to
the consideration of different data aspects such as feature
sets (i.e., quantitative measures) and relational information
(i.e., dissimilarity relationships). Most existing approaches to 80

multiview clustering are limited to the processing of two data
views, or their clustering performance decreases as the number
of views increases. In this paper, we have demonstrated how
recent advances in many-objective optimization support the
design of an evolutionary algorithm for data clustering capable 85

of scaling the number of data views.
The proposed approach, called MVMC, has been evaluated

across a range of data, including previous benchmarks for
multiview clustering from the literature, and an application to
breast tumor classification. We used synthetic and real-world 90

data to evaluate the behavior of MVMC in situations where
multiple relational data (i.e., different dissimilarity matrices)
and multiple feature sets are available. Across our experiments,
MVMC achieved highly competitive results when compared
with respect to several traditional single-objective clustering 95

techniques and two state-of-the-art approaches to multiview
clustering.

Importantly, our findings generalize to more than two data
views: the versions for three- and four-objectives scored
significantly better results than the bi-objective versions in 100

terms of clustering performance. In general, for a given
dataset having different cluster properties, two possible cases
can occur in MVMC when considering distinct data views:
(i) a predominant data view can lead to useful solutions,
or (ii) a trade-off between two or more views can lead to 105

effective solutions. In the first case, both the MVMC and
the single-objective clustering algorithms using the appropriate
data view are successful. However, in the second case, only
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Figure 10: Illustration of the importance of the decoding step in moving from a medoid-based representation to an actual partition. Shown are the
approximation fronts and ARI values obtained when running the same setup of MOEA/D, but varying just the decoding mechanism to (blue) rely
on the scalarizing-vector (MVMC), (green) rely on a single fixed (equal) weighting of all views. In (red) and (black), we consider Jiang et al.’s
(2016) decoding approach. In red, we can see the ARI values observed for each of the two possible partitions associated with a given candidate
solution (set of medoids). In the approximation front, we can observe the resulting estimation of the trade-offs achievable during the search, which
is likely to be overestimated as the vectors aggregate objective values across two different partitions. In (black), we illustrate the effect of decoding
the same candidate solutions (sets of medoids) using a single fixed weight vector (i.e., adopting the approach deployed in [11] at the end of the
search). In the ARI plot (bottom row), we can observe that this decoding results in a smaller number of solutions (only one partition per set of
medoids) and a realistic assessment of the objective values of these solutions in the approximation fronts (top row). From these plots, the impact
of the decoding step on the outcome of the search process, and the improved coverage afforded by the scalarizing approach, are evident. As one
might expect, a fixed weight vector performs poorly in covering the extremes of the Pareto front. For Jiang et al.’s (2016) approach, there is some
evidence that the use of potentially unachievable objective vectors during the search hinders appropriate convergence to the Pareto front.

MVMC is successful. Our results demonstrate that the latter
scenario is more frequent, emphasizing the value of a multiview
approach. MVMC achieved highly competitive results across
our experiments compared with respect to several traditional
single-objective clustering techniques and two state-of-the-art5

approaches to multiview clustering.

The key limitations of our work lie in the model selection
from the Pareto front. As shown in our results, the use of an
unsupervised selection approach results in a significant perfor-
mance drop compared to the best solution available and reduces10

the performance advantage relative to the reference methods.
Therefore, the immediate priority for our work are improve-
ments to the model selection step, to allow unsupervised selec-
tion of the best solution from the Pareto front approximations.
Furthermore, it would be interesting to extend the algorithm to15

determine the optimal number of clusters automatically. Ad-
ditionally, to confirm that MVMC can provide meaningful ad-

vantages in practice, we are hoping to explore its application in
large-scale multiview data applications, such as document clus-
tering and medical data. 20
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Appendix A. Additional material

This appendix includes figures and tables complementing the 25

results of the experiments presented in Sections 5, 6 and 7.
Regarding the results on synthetic datasets, Figure A.11
illustrates the diversity of cluster structures covered by our test
datasets, whereas Table A.5 presents the clustering results for
the different algorithms studied for this experiment. Table A.6 30
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shows the results obtained for real-world data in terms of
average ARI values. Table A.7 details the results in terms of
ACC, AUC, SEN, and SPE indices for the different methods
considered in this study.
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de Albuquerque Pereira. A Computer-Aided Diagnosis System for Breast
Ultrasound based on Weighted BI-RADS Classes. Computer Methods
and Programs in Biomedicine, 153:33–40, 2018.
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Figure A.11: This figure illustrates the diversity of properties covered by our collection of test datasets. The figures in the first row contain well-
separated clusters. The figures in the second row correspond to overlapping clusters. The figures in the third row consist of nonlinearly separable
clusters. Finally, the figures in the last row are datasets having mixtures of different data distributions.
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Table A.5: ARI values on synthetic datasets obtained by the MVMC strategies MVMCSIL and MVMCARI, and the clustering algorithm k-means,
SL, WARD, GCA, and MVSC (mean values from 31 runs). The data views are derived using two different dissimilarity measures: Euclidean (N)
and MEDeuc (H). The best ARI value scored for each dataset has been shaded and highlighted in bold and, additionally, the statistically best (α =

0.05) results are highlighted in boldface.

k-means SL WARD GCA MVSC MVMCSIL MVMCARI

Cat. Dataset N D K N H N H N H N H NH NH NH

Orange 400 2 2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Data 4 3 400 3 4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

G1 Data 6 2 300 2 6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
R15 600 2 15 0.966 0.975 0.548 0.751 0.978 0.939 0.988 0.975 0.978 0.993 0.993

Twenty 1000 2 20 0.966 1.000 1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000

TwoDiamonds 800 2 2 1.000 0.895 0.000 0.000 0.748 0.684 1.000 0.888 0.976 1.000 1.000
Square1 1000 2 4 0.973 0.906 0.000 0.000 0.973 0.777 0.971 0.902 0.649 0.973 0.979

G2 Size5 1000 2 4 0.920 0.739 0.025 0.015 0.436 0.597 0.391 0.730 0.451 0.944 0.962
Data 5 2 250 2 5 0.870 0.750 0.189 0.394 0.895 0.714 0.841 0.742 0.915 0.834 0.930
Data 9 2 900 2 9 0.831 0.506 0.000 0.000 0.748 0.403 0.823 0.488 0.686 0.825 0.838

Part2 417 2 2 0.265 1.000 1.000 1.000 0.433 1.000 0.237 1.000 1.000 1.000 1.000
Inside 600 2 2 0.008 1.000 1.000 1.000 1.000 1.000 0.134 1.000 1.000 1.000 1.000

G3 Spirals 1000 2 2 0.074 1.000 1.000 1.000 0.153 1.000 0.086 1.000 1.000 1.000 1.000
Ringauss 2000 2 3 0.252 0.963 0.001 0.001 0.267 0.972 0.260 0.943 0.001 0.971 0.972
Multidist 3012 2 11 0.532 0.991 0.805 0.805 0.584 0.994 0.604 0.993 0.878 0.979 0.984

Flame 240 2 2 0.462 0.910 0.013 0.013 0.253 0.013 0.489 0.854 0.013 0.561 0.967
Flamesize5 240 2 6 0.926 0.824 0.489 0.657 0.932 0.650 0.514 0.533 0.676 0.948 0.976

G4 Spiralsizes5 2000 2 6 0.659 0.833 0.555 0.782 0.432 0.861 0.644 0.799 0.680 0.974 0.980
Spiralsdata52 562 2 8 0.342 0.934 0.772 0.808 0.308 0.809 0.347 0.932 0.978 0.948 0.960
Spiralsdata92 1212 2 12 0.610 0.623 0.128 0.130 0.610 0.538 0.662 0.647 0.560 0.750 0.878

Mean ARI 0.688 0.892 0.526 0.568 0.688 0.798 0.650 0.871 0.772 0.935 0.971
STD ARI 0.332 0.139 0.436 0.437 0.305 0.262 0.317 0.160 0.307 0.114 0.044

Table A.6: ARI values on real-world datasets obtained by MVMCARI, and the clustering algorithm k-means, SL, WARD, and GCA (mean values
from 31 runs). The data views are derived using four different dissimilarity measures: Euclidean (N), MEDeuc (H), Cosine (4), and MEDcos (O).
The best ARI value scored for each dataset has been shaded and highlighted in bold and, additionally, the statistically best (α = 0.05) results are
highlighted in boldface.

Dataset k-means WARD GCA MVMCARI

N H M O N H M O N H M O NH N M NO MH MO HO

Iris 0.730 0.717 0.904 0.726 0.773 0.530 0.834 0.558 0.731 0.803 0.902 0.748 0.922 0.927 0.928 0.922 0.903 0.835
Wine 0.915 0.550 0.805 0.612 0.932 0.355 0.673 0.442 0.768 0.650 0.826 0.610 0.839 0.850 0.864 0.836 0.837 0.680

Breast 0.861 0.747 0.856 0.877 0.867 0.823 0.890 0.890 0.858 0.861 0.856 0.884 0.837 0.876 0.881 0.873 0.872 0.872
Thyroid 0.718 0.590 0.174 0.144 0.672 0.484 0.133 0.094 0.702 0.485 0.181 0.105 0.834 0.730 0.878 0.837 0.195 0.869

Glass 0.634 0.455 0.306 0.465 0.656 0.605 0.311 0.711 0.567 0.433 0.025 0.634 0.565 0.729 0.572 0.694 0.748 0.664
Ecoli 0.417 0.406 0.367 0.574 0.454 0.495 0.396 0.550 0.399 0.328 0.399 0.537 0.518 0.408 0.736 0.500 0.706 0.650

Mean ARI 0.713 0.577 0.569 0.566 0.726 0.549 0.539 0.509 0.671 0.593 0.532 0.586 0.753 0.753 0.810 0.777 0.710 0.762
STD ARI 0.163 0.152 0.294 0.235 0.171 0.157 0.305 0.334 0.150 0.205 0.349 0.246 0.155 0.199 0.123 0.145 0.241 0.101
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Table A.7: Detailed results regarding the indices ACC, AUC, SEN, and SPE on all the multiview problem configurations (mean values from 31
runs). The best value scored for each index and problem configuration has been shaded and highlighted in bold and, additionally, the statistically
best (α = 0.05) results are highlighted in boldface. MSIL, MAUC and MACC denote different MVMC strategies for selecting the best clustering
solution, whereas km denotes the results obtained by the k-means algorithm.

Conf. ACC AUC SEN SPE

km MVS MSIL MAUC MACC km MVS MSIL MAUC MACC km MVS MSIL MAUC MACC km MVS MSIL MAUC MACC

V2-SM 0.852 0.730 0.834 0.857 0.863 0.835 0.738 0.786 0.846 0.836 0.781 0.764 0.632 0.811 0.751 0.889 0.712 0.940 0.881 0.921
V2-SO 0.846 0.853 0.826 0.844 0.845 0.818 0.844 0.773 0.812 0.810 0.732 0.812 0.608 0.709 0.696 0.905 0.875 0.939 0.915 0.923
V2-SE 0.758 0.765 0.834 0.845 0.849 0.777 0.781 0.786 0.828 0.817 0.837 0.831 0.632 0.775 0.716 0.717 0.731 0.939 0.881 0.918
V2-SP 0.843 0.754 0.832 0.840 0.845 0.816 0.759 0.783 0.819 0.812 0.733 0.775 0.627 0.749 0.709 0.900 0.742 0.938 0.888 0.916
V2-MO 0.816 0.655 0.743 0.826 0.827 0.816 0.700 0.717 0.827 0.825 0.817 0.841 0.634 0.831 0.821 0.815 0.559 0.800 0.823 0.830
V2-ME 0.669 0.691 0.823 0.825 0.825 0.712 0.719 0.827 0.829 0.829 0.846 0.808 0.839 0.841 0.839 0.577 0.631 0.815 0.816 0.818
V2-MP 0.840 0.709 0.837 0.846 0.848 0.836 0.671 0.838 0.846 0.844 0.824 0.552 0.842 0.849 0.832 0.848 0.791 0.835 0.844 0.856
V2-OE 0.622 0.755 0.733 0.732 0.740 0.657 0.778 0.703 0.738 0.725 0.765 0.852 0.608 0.758 0.677 0.548 0.705 0.798 0.718 0.773
V2-OP 0.619 0.754 0.750 0.749 0.767 0.646 0.773 0.679 0.726 0.715 0.731 0.831 0.457 0.652 0.549 0.561 0.714 0.902 0.799 0.881
V2-EP 0.615 0.515 0.447 0.561 0.561 0.644 0.475 0.407 0.561 0.556 0.738 0.350 0.280 0.560 0.542 0.551 0.601 0.535 0.561 0.571

V3-SMO 0.852 0.714 0.811 0.859 0.866 0.836 0.739 0.764 0.845 0.841 0.784 0.819 0.615 0.799 0.762 0.888 0.660 0.913 0.890 0.920
V3-SME 0.778 0.723 0.834 0.857 0.862 0.792 0.745 0.786 0.848 0.839 0.836 0.813 0.631 0.817 0.764 0.748 0.676 0.940 0.878 0.914
V3-SMP 0.855 0.774 0.835 0.864 0.870 0.833 0.768 0.786 0.856 0.853 0.765 0.748 0.630 0.830 0.796 0.902 0.787 0.943 0.882 0.909
V3-SOE 0.767 0.775 0.806 0.843 0.850 0.781 0.791 0.757 0.826 0.820 0.828 0.841 0.603 0.773 0.725 0.735 0.741 0.911 0.879 0.915
V3-SOP 0.846 0.828 0.757 0.847 0.852 0.818 0.824 0.684 0.824 0.817 0.727 0.809 0.454 0.751 0.707 0.909 0.838 0.915 0.898 0.927
V3-SEP 0.758 0.776 0.835 0.851 0.857 0.777 0.781 0.785 0.839 0.830 0.838 0.798 0.628 0.800 0.747 0.716 0.765 0.942 0.877 0.914
V3-MOE 0.674 0.687 0.732 0.826 0.828 0.716 0.725 0.704 0.829 0.829 0.849 0.842 0.615 0.841 0.830 0.582 0.607 0.792 0.818 0.827
V3-MOP 0.827 0.748 0.752 0.849 0.856 0.823 0.761 0.684 0.847 0.840 0.809 0.801 0.468 0.841 0.788 0.836 0.721 0.899 0.853 0.892
V3-MEP 0.672 0.687 0.826 0.849 0.853 0.714 0.697 0.829 0.849 0.846 0.846 0.730 0.838 0.847 0.822 0.581 0.665 0.820 0.850 0.869
V3-OEP 0.621 0.747 0.750 0.772 0.784 0.653 0.765 0.680 0.768 0.755 0.755 0.822 0.458 0.756 0.662 0.550 0.708 0.903 0.781 0.848

V4-SMOE 0.782 0.721 0.833 0.860 0.865 0.794 0.747 0.783 0.849 0.844 0.835 0.832 0.624 0.818 0.775 0.754 0.662 0.942 0.881 0.912
V4-SMOP 0.853 0.777 0.755 0.866 0.871 0.835 0.782 0.682 0.855 0.849 0.778 0.797 0.450 0.819 0.778 0.893 0.767 0.914 0.891 0.919
V4-SMEP 0.781 0.744 0.833 0.866 0.869 0.795 0.750 0.784 0.856 0.851 0.838 0.768 0.627 0.822 0.793 0.751 0.732 0.941 0.889 0.909
V4-SOEP 0.775 0.796 0.753 0.846 0.854 0.787 0.801 0.684 0.832 0.828 0.825 0.818 0.466 0.789 0.743 0.750 0.785 0.902 0.876 0.912
V4-MOEP 0.671 0.722 0.753 0.851 0.857 0.713 0.745 0.683 0.847 0.839 0.847 0.818 0.464 0.833 0.785 0.580 0.673 0.903 0.860 0.894

V5-SMOEP 0.789 0.759 0.751 0.851 0.857 0.800 0.770 0.680 0.847 0.842 0.834 0.807 0.456 0.834 0.796 0.766 0.734 0.904 0.859 0.888
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