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Abstract
This article proposes four new principles for logical biomarker cut-point selec-
tionmethods to adhere to: subgroup sensibility, sensitivity, specificity, and target
monotonicity. At every cut-point value, our method gives confidence intervals
not only for the efficacy at that cut-point value, but also efficacies in the marker-
positive and marker-negative subgroups defined by that cut-point. These confi-
dence intervals are given simultaneously for all possible cut-point values. Using
Alzheimer’s disease (AD) and type 2 diabetes (T2DM) as examples, we show our
method achieves the four principles. Our method strongly controls familywise
type I error rate (FWER) across both levels of multiplicity: the multiplicity of
having marker-positive and marker-negative subgroups at each cut-point, and
the multiplicity of searching through infinitely many cut-points. This is in con-
trast to other available methods. The confidence level of our simultaneous con-
fidence intervals is in fact exact (not conservative). An application (app) is avail-
able, which implements the method we propose.

KEYWORDS
Alzheimer’s disease, cut-points, exact confidence bands, multiple comparisons, principles for
subgroup identification

1 PATIENT TARGETING FOR A TARGETED THERAPY

Targeted therapies, which constitute a large portion of so-called “personalized medicine” or “precision medicine” (Wood-
cock, 2015), target specific pathways. With a biomarker that may be predictive of treatment response, for every potential
cut-point value 𝑐 of the biomarker, efficacy is assessed in the marker-positive patients (𝑔+𝑐 patients, those with values≥ 𝑐),
marker-negative patients (𝑔−𝑐 patients, those with values < 𝑐), and in the entire patient population ({𝑔+𝑐 , 𝑔−𝑐 } patients, the
so-called “all-comers”). If all-comers or a patient subgroup can confidently be inferred to receive clinically meaningful
efficacy, then a decision is made to target all-comers or that subgroup. If no patient group can be identified as receiving
clinically meaningful efficacy, then development of the biomarker for that targeted therapy has failed.
For Alzheimer’s disease (AD), change in Alzheimer’s Disease Assessment Scale–Cognitive Subscale (ADAS-Cog)

from baseline ADAS-Cog is a common measure of a treatment’s effect. For type 2 diabetes (T2DM), change in
hemoglobin A1c from baseline A1c is the usual clinical measure of a treatment’s effect. For schizophrenia, change
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in Positive and Negative Syndrome Scale (PANSS) from baseline PANSS is a typical clinical measure of a treatment’s
effect.

1.1 Modeling for biomarker cut-point selection

Consider a two-arm randomized clinical trial (RCT). Denote “treatment” and “control” by 𝑅𝑥 and 𝐶, respectively, and
assume there is no differential propensity in treatment assignment. In the settings above, observed response 𝑌𝑖𝑟 for indi-
vidual 𝑟 receiving treatment 𝑖 at final visit can be modeled linearly with an intercept term, a treatment indicator, base-
line measurement, and country/region as covariate and blocking factors, which do not interact with treatments, and a
biomarker, which does interact with treatments, with normally distributed errors:

𝑌𝑖𝑟𝑖 = 𝜇 + 𝜏𝑖 + 𝜶𝒁𝑟𝑖 + 𝛽𝑋𝑖𝑟𝑖 + 𝛾𝑖𝑋𝑖𝑟𝑖 + 𝜖𝑖𝑟𝑖 , 𝑖 = 𝑅𝑥 or 𝐶, 𝑟𝑖 = 1, … , 𝑛𝑖. (1)

Here, 𝜏 is the treatment (𝑅𝑥) versus control (𝐶) main effect, 𝒁 represents covariates such as baseline measurement and
block factors such as country/region,𝑋 is a biomarker, 𝜶 represents covariate and block effects, 𝛽 is the biomarker’s main
effect, 𝛾 represents treatment × biomarker interaction, and 𝜖𝑖𝑟𝑖 are iid Normal(0, 𝜎

2) with 𝜎2 unknown.
Randomization does not ensure perfect balance. Having healthier patients in one treatment arm and sicker patients in

the other arm biases the result. Baseline is included in the model as a covariate to adjust for imbalance in the severity of
illness of patients when they are initially assigned to 𝑅𝑥 and 𝐶.
Having Region as a blocking factor allows inference on a common efficacy being made even if measurements in the

European Union are systematically higher (or lower) than measurements in the United States, for instance.
This notion of a common efficacy is well-defined provided the difference between 𝑅𝑥 and 𝐶 remains constant across

baseline values, as well as the blocking factor’s levels, at the population level (Hsu, 1996, pp. 182–183). Thus, traditional
analysis does not include any interaction term between 𝑅𝑥∕𝐶 and baseline covariate or the blocking factor. As with any
modeling, this no-interaction assumption should be checked against actual data. When such a model is appropriate, mul-
tiple comparisons as described in Chapter 7 of Hsu (1996) based on least squares means (LSMmeans) are unbiased. A
marker such that 𝑅𝑥 versus 𝐶 efficacy remains constant across its values can be called a purely prognosticmarker.
If the difference between 𝑅𝑥 and 𝐶 remains constant across all possible values of a biomarker, then that biomarker is

useless for the purpose of targeting patients, obviously. To target patients based on values of a biomarker 𝑋, efficacy had
better not be “common” across its values, and an 𝑅𝑥∕𝐶 × 𝑋 interaction term is needed in (1). In biomarker parlance, a
predictor such that 𝑅𝑥 versus 𝐶 efficacy varies across its values is a predictivemarker.
For AD studies, current practice for assessing 𝑅𝑥 versus 𝐶 efficacy uses model (1) with baseline ADAS-Cog as a

covariate and region or country as a blocking factor. It might include a biomarker such as the Mini-Mental State Exam
(MMSE) score, which is an alternative to ADAS-Cog as a disease severity measure, and/or a categorical biomarker such
as APOE4 status, which is a risk factor for AD. In the future, plasma amyloid-𝛽 biomarker may be used (Nakamura
et al., 2018). Since the AD data available to us contain ADAS-Cog but not MMSE measurements, for illustration purpose,
we consider baseline ADAS-Cog as a potential biomarker (and include an ADAS-Cog and 𝑅𝑥∕𝐶 interaction term in the
model).

1.2 Desirable properties for a cut-point selection method

This article proves the concept that one can start by listing desirable properties that a biomarker cut-point selection statis-
tical method ideally should have, then work backwards to derive a method that achieves the requirements. Broadly, the
desirable properties are as follows.

Equipoise: Provide inference on the marker-positive patients, and on the marker-negative patients, at all cut-
point values.

Subgroup logic-respecting: Ensure inference respects natural relationships among the subgroups and all-comers.
Cut-point logic-respecting: Inferring clinically meaningful efficacy at a cut-point value implies clinically meaning-
ful efficacy at all higher cut-point values are inferred

Confidence: Guarantee that medical decision made according to the statistical inference will not be incorrect more
than a prespecified proportion of the time.
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F IGURE 1 Alzheimer data with fitted responses and 𝑅𝑥 vs. 𝐶 efficacy

Equipoise, to provide inference not only on the marker-positive patients but also on the marker-negative patients, is a
reasonable requirement because it is entirely possible that there is a cut-point 𝑐 so that 𝑅𝑥 is better than 𝐶 for 𝑔+𝑐 patients
while 𝐶 is better than 𝑅𝑥 for 𝑔−𝑐 patients.
The layout of the article is as follows. Rationale for the additional requirements for the desirable properties are given in

Sections 2 and 3. How to achieve the requirements is demonstrated in Section 4. Section 5 provides analysis of amotivating
example. Section 6 contains a qualitative comparison with previous approaches. Section 7 is the final remark.

1.3 A motivating example

Schnell et al. (2017) described an AD study, which compared three doses of a new treatment (doses 1, 2, and 3) with a
negative control (dose 0, a placebo). There was an active control (a Standard of Care or SoC) in the study as well. Response
in this study is improvement in ADAS-Cog11 (baseline ADAS-Cog11 minus final ADAS-Cog11) after 24 weeks (a relatively
short duration for an AD study).
For illustration purpose, we look at the male subset of the data (Sex = 1), further restricted to those not treated with the

SoC. Consider a patient as having been treated by the control 𝐶 if he received the placebo, and (for simplicity) consider a
patient as having been treated by the new treatment 𝑅𝑥 if he received dose 1, or 2, or 3.
Traditional analysis for suchAD studiesmodels datawithout an interaction termbetween𝑅𝑥∕𝐶 and baseline. However,

with targeted therapies, this analysis strategy needs updating. Given that 𝑅𝑥 targets a specific pathway while 𝐶 either is
not targeted or targets a different pathway, it is more appropriate to allow response to depend on initial severity of the
disease differentially between𝑅𝑥 and𝐶 (by including an interaction term in themodel). One can see this in themotivating
example data. For𝑅𝑥 and𝐶,Response in Figure 1(a) is the improvement (negative of change) inADAS-Cog11, whileMarker
is baseline ADAS-Cog11. Color red represents 𝐶, while color green represents 𝑅𝑥. Dots are observations, while solid lines
are least squares fits. Under 𝐶 the placebo, it appears patients who were initially sicker experienced more deterioration in
24 weeks. On the other hand, it appears patients who were initially sicker benefited more from 𝑅𝑥 after 24 weeks. Instead
of assessing whether 𝑅𝑥 has clinically meaningful efficacy over 𝐶 for all-comers, the analysis strategy should be changed
to identifying a patient subgroup deriving a clinically meaningful effect to target.
Response in Figure 1(b) is efficacy, the 𝑅𝑥 minus 𝐶 difference in improvement of ADAS-Cog11. The solid black line is

least squares fit of efficacy while dotted band is its confidence band. The question is, taking prevalence (how patients are
distributed across the biomarker values) and variability of the response into account, whether baseline ADAS-Cog11 has
the potential of being a biomarker so one can choose a cut-point 𝑐 (something like the red vertical line) being confident
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F IGURE 2 Linear 𝑅𝑥 and 𝐶 response profiles lead to monotone efficacy
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F IGURE 3 Monotone 𝑅𝑥 and 𝐶 response profiles but nonmonotone efficacy

that patients with marker values greater than or equal to 𝑐 will on average experience a clinically meaningful symptom
relief at 24 weeks. Making this decision confidently requires appropriate multiplicity adjustment.

1.4 Two layers of multiplicity to account for

Suppose a biomarker has possible values in a range [𝑎, 𝑏], and each potential cut-point value 𝑐 ∈ (𝑎, 𝑏) dichotomizes the
patients into a 𝑔−𝑐 subgroup consisting of patients with biomarker values 𝑥 ∈ [𝑎, 𝑐), and a 𝑔+𝑐 subgroup of patients with
biomarker values 𝑥 ∈ [𝑐, 𝑏]. Then we must guard against overoptimism from searching through all possible cut-point
values 𝑐 ∈ [𝑎, 𝑏], using the same data to assess efficacy in 𝑔−𝑐 , 𝑔+𝑐 , and {𝑔−, 𝑔+} simultaneously.
For each specific biomarker value 𝑥 ∈ [𝑎, 𝑏], denote by 𝑒(𝑥) the true 𝑅𝑥 versus 𝐶 efficacy at biomarker value 𝑥, which

is considered clinically meaningful efficacy if 𝑒(𝑥) ≥ 𝛿. Efficacy 𝑒(𝑥) at each 𝑥 certainly is useful information. One might
think the problem is to find the cut-point 𝑐 such that point-wise efficacy 𝑒(𝑥) is greater than 𝛿 for 𝑥 ≥ 𝑐. However, preva-
lence density 𝑝(𝑥) of the biomarker value 𝑋 may not be uniform, so patient targeting is to find a cut-point 𝑐0 so that
efficacy weighted by the prevalence density is greater than or equal to 𝛿 for all 𝑐 ≥ 𝑐0.
Response profile may be linear under 𝑅𝑥 and under 𝐶, as illustrated in Figure 2(a). Response profile can certainly be

nonlinear as well under 𝑅𝑥 and under 𝐶, as illustrated in Figure 3(a). Note that in the case of linear response profiles,
efficacy measured as a difference between 𝑅𝑥 and 𝐶 would be monotone, as illustrated in Figure 2(b). But, in general,
efficacy measured as a difference between 𝑅𝑥 and 𝐶 may be nonmonotonic, even if each response profile is monotone, as
illustrated in Figure 3(b).
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2 EFFICACYMEASURE SHOULD RESPECT LOGICAL RELATIONSHIPS

Let 𝜇𝑅𝑥(𝑥) and 𝜇𝐶(𝑥) denote the true effect of 𝑅𝑥 and 𝐶 at each biomarker value 𝑥. Recall 𝑝(𝑥) is the density of patient
biomarker values in the population, which, in our RCT setting, is the same for 𝑅𝑥 and 𝐶. Each biomarker cut-point value
𝑐 divides the entire population into two subgroups, 𝑔+𝑐 = {𝑥 ≥ 𝑐} and 𝑔−𝑐 = {𝑥 < 𝑐}.
Denote the true (unknown) efficacy in 𝑔+𝑐 , 𝑔−𝑐 , and all-comers {𝑎𝑙𝑙} by 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , 𝜂{𝑎𝑙𝑙}, respectively. Since all-comers is a

mixture of 𝑔+𝑐 and 𝑔−𝑐 , it seems obvious that every efficacy measure should meet the criterion that efficacy for all-comers
is between the efficacies of the complementary subgroups:

Definition 1. An efficacy measure is logic-respecting if 𝜂{𝑎𝑙𝑙} ∈ [𝜂𝑔−𝑐 , 𝜂𝑔+𝑐 ] ∀𝑐 ∈ (𝑎, 𝑏).

2.1 Logic-respecting efficacy measures exist

An efficacy measure 𝜂 of 𝑅𝑥 versus 𝐶 is a function of 𝜇𝑅𝑥 and 𝜇𝐶 . For any [𝛿1, 𝛿2] ⊆ [𝑎, 𝑏], let 𝜋[𝛿1,𝛿2] = ∫ 𝛿1

𝛿2
𝑝(𝑥)𝑑𝑥,

with 𝜋[𝑎,𝑏] = 1. Within each of the 𝑅𝑥 and 𝐶 arms, the expected treatment effect in an interval [𝛿1, 𝛿2] for patients with
biomarker values 𝑥 ∈ [𝛿1, 𝛿2] can be calculated as the integral of 𝜇𝑅𝑥(𝑥) and 𝜇𝐶(𝑥)with respect to the (normalized) preva-
lence density 𝑝(𝑥) over that interval

𝜇𝑅𝑥
[𝛿1,𝛿2]

= ∫
𝛿2

𝛿1

𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥∕𝜋[𝛿1,𝛿2], (2)

𝜇𝐶
[𝛿1,𝛿2]

= ∫
𝛿2

𝛿1

𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥∕𝜋[𝛿1,𝛿2], (3)

so true efficacy over the entire interval [𝑎, 𝑏]

𝜂[𝑎,𝑏] = 𝜂
(∫ 𝑏

𝑎
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥, ∫ 𝑏

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

)
. (4)

Here 𝜂 is an efficacy measure, which can be a difference or a ratio for example, and 𝜂[𝑎,𝑏] is the efficacy value over interval
[𝑎, 𝑏] under the measure 𝜂.
One might be tempted to first calculate efficacy within the intervals [𝑎, 𝑐) and [𝑐, 𝑏] as

𝜂[𝑎,𝑐) = 𝜂
(∫ 𝑐

𝑎
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥∕𝜋[𝑎,𝑐), ∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥∕𝜋[𝑎,𝑐)

)
, (5)

𝜂[𝑐,𝑏] = 𝜂
(∫ 𝑏

𝑐
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥∕𝜋[𝑐,𝑏], ∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥∕𝜋[𝑐,𝑏]

)
, (6)

and combine them weighted by the prevalence 𝜋[𝑎,𝑐) and 𝜋[𝑐,𝑏] into

𝜂[𝑎,𝑏] = 𝜋[𝑎,𝑐)𝜂[𝑎,𝑐) + 𝜋[𝑐,𝑏]𝜂[𝑐,𝑏], (7)

or even integrating efficacy point-wise within each intervals

𝜂[𝑎,𝑐) = ∫ 𝑐

𝑎
𝜂
(
𝜇𝑅𝑥(𝑥), 𝜇𝐶(𝑥)

)
𝑑𝑥∕𝜋[𝑎,𝑐), (8)

𝜂[𝑐,𝑏] = ∫ 𝑏

𝑐
𝜂
(
𝜇𝑅𝑥(𝑥), 𝜇𝐶(𝑥)

)
𝑑𝑥∕𝜋[𝑐,𝑏], (9)

and combine them into (7) weighted by the prevalence 𝜋[𝑎,𝑐) and 𝜋[𝑐,𝑏]. However, in general, 𝜂[𝑎,𝑏] ≠
𝜂[𝑎,𝑏]. The one example for which 𝜂[𝑎,𝑏] = 𝜂[𝑎,𝑏] is when efficacy is defined as a difference, 𝜂 = 𝑅𝑥 − 𝐶,
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because

𝜂[𝑎,𝑏] = ∫
𝑏

𝑎

[𝜇𝑅𝑥(𝑥) − 𝜇𝐶(𝑥)]𝑝(𝑥)𝑑𝑥,

while (5) and (8) become

𝜂[𝑎,𝑐) =
∫ 𝑐

𝑎
[𝜇𝑅𝑥(𝑥) − 𝜇𝐶(𝑥)]𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

,

and (6) and (9) become

𝜂[𝑐,𝑏] =
∫ 𝑏

𝑐
[𝜇𝑅𝑥(𝑥) − 𝜇𝐶(𝑥)]𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

,

so

𝜂[𝑎,𝑏] = ∫
𝑐

𝑎

𝑝(𝑥)𝑑𝑥 × 𝜂[𝑎,𝑐) + ∫
𝑏

𝑐

𝑝(𝑥)𝑑𝑥 × 𝜂[𝑐,𝑏] ∀𝑐 ∈ [𝑎, 𝑏], (10)

that is, (7) holds. Since 𝜂[𝑎,𝑏] is a linear mixture of 𝜂[𝑎,𝑐) and 𝜂[𝑐,𝑏], Definition 1 is satisfied for all 𝑐 and the difference of
effects efficacy measure is logic-respecting.
The case of efficacy being a ratio, 𝜂 = 𝑅𝑥∕𝐶, is such that one cannot take for granted that the efficacy measure is logic-

respecting,more details can be found inAppendix A, which also shows that in general it is dangerous to choose a cut-point
based on point-wise efficacies alone. Efficacies in subgroups should be examined as well.
This article is proof-of-concept in nature. We propose that statistical inference should respect the logical relationships

among treatment efficacy in the subgroups and their combinations, to avoid paradoxical treatment efficacy assessments.

3 INFERENCE SHOULD RESPECT NATURAL RELATIONSHIPS

While logic-respecting efficacy measure is a requirement in the parameter space, logical inference is a requirement in the
decision space given a sample.
Given a cut-point 𝑐, we propose three increasingly strong requirements for inferring efficacy in 𝑔−, 𝑔+, and {𝑔+, 𝑔−}.

Then we propose a monotonicity requirement for inferring efficacy in 𝑔−𝑐 and 𝑔+𝑐 as the cut-point 𝑐 increases. While we
demonstrate, in the proof-of-concept setting of this article, that our confidence band method can meet all four require-
ments, our larger purpose is to propose that logical-inference be a reference framework for checking, in each specific
setting, to what extent each requirement is achievable, and at what cost, in order to decide whether that requirement is
needed to make rational decisions in patient targeting.

3.1 Logical inference between subgroups and all-comers

With 𝜂 denoting the efficacy of 𝑅𝑥 versus 𝐶 generically, in what follows assume amore positive 𝜂 is better, and a clinically
meaningful efficacy is achieved if 𝜂 > 𝛿.
Subgroup Sensibility: A minimum requirement for any inferential method is it should not be paradoxical.

Definition 2. A method is subgroup sensible if both 𝜂𝑔+𝑐 > 𝛿 and 𝜂𝑔−𝑐 > 𝛿 being inferred implies the inference 𝜂{𝑎𝑙𝑙} < 𝛿

will not occur.

If the efficacy measure being used is not logic-respecting, then no method can guarantee subgroup sensibility. Table 1
gives an example of a balanced population in which odds ratio (OR) for the 𝑔− and 𝑔+ subgroups are both equal to 3, yet
for the combined 50/50 mixture population the odds ratio is 21

3
. Suppose the clinically meaningful efficacy threshold is
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TABLE 1 Using odds ratio as efficacy measure precludes subgroup sensibility and subgroup sensitivity

Response rate 𝒈− Half 𝒈− +Half 𝒈+ 𝒈+

𝑅𝑥 0.25 0.5 0.75
𝐶 0.1 0.3 0.5
Odds ratio 3 2 1

3
3

2.5. Then, as sample size approaches infinity, any consistent method will declare efficacy in 𝑔− and 𝑔+ but declare a lack
of efficacy in {𝑔−, 𝑔+}, violating the subgroup sensibility principle.
Even with a logic-respecting efficacy measure, if 𝜂{𝑎𝑙𝑙} is estimated as a marginal mean ignoring the 𝑔−𝑐 versus 𝑔+𝑐 factor,

then point estimates for 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙} may not be subgroup sensible, if there is imbalance in the data. Basing point
estimates on LSmeans stratified on the biomarker status guarantees theywill be subgroup sensible.With a logic-respecting
efficacy measure, inference on 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙} based on confidence intervals calculated from LSmeans is guaranteed to
be subgroup sensible, because such confidence intervals contain subgroup sensible point estimates.
Subgroup Sensitivity: Since 𝜂𝑔+𝑐 > 𝛿 and 𝜂𝑔−𝑐 > 𝛿 imply 𝜂{𝑎𝑙𝑙} > 𝛿 for any logic-respecting efficacy measure, the fol-

lowing requirement seems desirable.

Definition 3. Amethod is subgroup sensitive if both 𝜂𝑔+𝑐 > 𝛿 and 𝜂𝑔−𝑐 > 𝛿 being inferred implies 𝜂{𝑎𝑙𝑙} > 𝛿 will be inferred.

Table 1 also serves as an example that if the efficacy measure is not logic-respecting, then no method can guarantee
subgroup sensitivity.
Given a logic-respecting efficacy measure, with the LS mean for 𝜂{𝑎𝑙𝑙} being between the LS means for 𝜂𝑔+𝑐 and 𝜂𝑔−𝑐 , if

the confidence interval 𝐼± for 𝜂{𝑎𝑙𝑙}, 𝐼+𝑐 for 𝜂𝑔+𝑐 , and 𝐼
−
𝑐 for 𝜂𝑔−𝑐 , all have the same width, then the method will be subgroup

sensitive because if 𝐼+𝑐 and 𝐼−𝑐 are entirely greater than 𝛿 then 𝐼± is entirely greater than 𝛿.
Subgroup Specificity: Since 𝜂{𝑎𝑙𝑙} > 𝛿 implies either 𝜂𝑔+𝑐 > 𝛿 or 𝜂𝑔−𝑐 > 𝛿 or both for any logic-respecting efficacy mea-

sure, the following requirement may be desirable as well.

Definition 4. A method is subgroup specific if once 𝜂{𝑎𝑙𝑙} > 𝛿 is inferred, then at least one of 𝜂𝑔+𝑐 > 𝛿 and 𝜂𝑔−𝑐 > 𝛿 is
inferred as well.

Given a biomarker that dichotomizes the patient population into the 𝑔+𝑐 subgroup (those with values ≥ 𝑐) and its com-
plementary 𝑔−𝑐 subgroup (those with values < 𝑐), a common practice is to compute confidence intervals for 𝜂𝑔−𝑐 and 𝜂𝑔+𝑐 ,
and for 𝜂{𝑎𝑙𝑙} aswell. Default practice is tomake thewidths of these confidence intervals proportional to the standard errors
of the point estimates. Since sample sizes for the 𝑔+𝑐 and 𝑔−𝑐 subgroups are smaller than the total sample size, inference
may lack subgroup specificity. For example, for 𝑔−𝑐 subgroup, the sample size 𝑛 = 11, and confidence interval for 𝜂𝑔−𝑐 is
(−8.268, 12.768); for 𝑔+𝑐 subgroup, 𝑛 = 93, and the confidence interval for 𝜂𝑔+𝑐 is (−0.017, 5.999); for all comers, 𝑛 = 104,
and the confidence interval for 𝜂{𝑎𝑙𝑙} is (0.013, 5.821).
However, for a logic-respecting efficacy measure, with point estimate for 𝜂{𝑎𝑙𝑙} lying between the point estimates for 𝜂𝑔+𝑐

and 𝜂𝑔−𝑐 , if the confidence interval 𝐼
± for 𝜂{𝑎𝑙𝑙}, 𝐼+𝑐 for 𝜂𝑔+𝑐 , and 𝐼

−
𝑐 for 𝜂𝑔−𝑐 , all have the same width, then the method will be

subgroup specific. This is because the confidence interval 𝐼± being entirely greater than 𝛿means 𝜂{𝑎𝑙𝑙} > 𝛿 being inferred.
Since the widths of confidence intervals 𝐼+𝑐 and 𝐼−𝑐 are the same as the width of 𝐼±, then at least one of 𝐼+𝑐 and 𝐼−𝑐 is entirely
greater than 𝛿, and so at least one of 𝜂𝑔+𝑐 > 𝛿 and 𝜂𝑔−𝑐 > 𝛿 will be inferred. From Definition 4, a logic-respecting efficacy
measure is subgroup specific.
We thus look for a method with equal width confidence intervals for 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙}, to achieve subgroup sensitivity

and subgroup specificity. Note that making widths of confidence intervals not proportional to standard errors of the point
estimates isnot equivalent to allocating error rate𝛼 to the three associated tests unequally. It turns out that basing inference
on a constant width confidence band leads to equal width confidence intervals, as will be proven in Section 4.1.1.

3.2 Logical-inference across cut-points

In general, a method inferring efficacy at a certain cut-point does not guarantee it will infer efficacy at all higher cut-
point values.
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F IGURE 4 An example of not target monotone lower confidence bounds

Consider the common practice, which we call “sliding 2-by-2 analyses.” Each cut-point 𝑐 puts the data from the four
combination {𝑅𝑥, 𝑔−𝑐 }, {𝑅𝑥, 𝑔+𝑐 }, {𝐶, 𝑔−𝑐 }, {𝐶, 𝑔+𝑐 } subgroups into a 2 × 2 table, and a two-way stratified analysis assessing 𝑅𝑥
versus 𝐶 efficacy in 𝑔−𝑐 , 𝑔+𝑐 , and {𝑔−, 𝑔+} is done. If width of the confidence interval for efficacy in 𝑔+𝑐 is proportional to the
standard error of its point estimate, then there is no guarantee that lower confidence limits for efficacy in 𝑔+𝑐 is increasing
as 𝑐 increases, since that depends on both the estimated efficacy (which by-and-large increases) and the sample size in
𝑔+𝑐 (which decreases). For our Alzheimer data, if the prespecified clinically meaningful efficacy is 0.5, then sliding 2-by-2
analyses in fact is not target monotone. For the Alzheimer data, if the prespecified clinically meaningful efficacy is 0.5,
then sliding 2-by-2 analyses is not target monotone, as shown in Figure 4.
We say a method is target monotone if its inferring efficacy at a cut-point value implies it will infer efficacy at all higher

cut-point values. Ourmethod is targetmonotone, becausewidth of our confidence interval for efficacy in 𝑔+𝑐 stays constant
across the cut-point value 𝑐.
Define the (unknown) minimum 𝑅𝑥 cut-point (MinRx) as the minimum cut-point value 𝑐+𝑀 so that 𝜂𝑔+𝑐 ≥ 𝛿 for all

𝑐 ≥ 𝑐+𝑀 , if such a 𝑐
+
𝑀 exists. Patients with biomarker value ≥ 𝑐+𝑀 should be given 𝑅𝑥. In the case of clinically meaningful

difference being defined by the solid horizontal line in Figure 3(b), 𝑐+𝑀 is well defined. But with clinically meaningful
difference defined by the dashed horizontal line in Figure 3(b), 𝑐+𝑀 is not well defined, and we set 𝑐+𝑀 = 𝑏 in this situation.
Define the (unknown)maximum𝐶 cut-point (MaxC) as themaximum cut-point value 𝑐−𝑀 so that 𝜂𝑔−𝑐 < 𝛿 for all 𝑐 < 𝑐−𝑀 ,

if such a 𝑐−𝑀 exists. Patients with biomarker value ≤ 𝑐−𝑀 should be given 𝐶. When 𝑐−𝑀 is not well defined, we set 𝑐−𝑀 = 𝑎 in
that situation.
To indicate 𝑅𝑥 for patients with biomarker values greater than or equal to 𝑐+ implies not only 𝜂𝑔+

𝑐+
≥ 𝛿 but (implicitly)

𝜂𝑔+
𝑑
≥ 𝛿 for all 𝑑 > 𝑐+ also. Likewise, to indicate 𝐶 for patients with biomarker values less than or equal to 𝑐− implies not

only 𝜂𝑔−𝑐− < 𝛿 but (implicitly) 𝜂𝑔−
𝑑
< 𝛿 for all 𝑑 < 𝑐− also. We therefore refine the definition of target monotone to be

targeting up: 𝜂𝑔+
𝑐+
> 𝛿 being inferred implies 𝜂𝑔+

𝑑
> 𝛿 is inferred for all 𝑑 > 𝑐+ as well

targeting down: 𝜂𝑔−𝑐− < 𝛿 being inferred implies 𝜂𝑔−
𝑑
< 𝛿 is inferred for all 𝑑 < 𝑐− as well.

A method is a targeting up method if it can provide an upper confidence bound 𝑐+𝑀 on the true MinRx. One would then
set 𝑐+ = 𝑐+𝑀 and call such a method a confidentMinRx method.1

1 If the signal in the data is too weak to infer a 𝑐+𝑀 < 𝑏, a confident MinRx method sets 𝑐+𝑀 = 𝑏. When 𝑐+𝑀 is not well defined, the chance that a confident
MinRx method sets 𝑐+𝑀 < 𝑏 is no more than 𝛼.
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Amethod is a targeting downmethod if it can provide a lower confidence bound 𝑐−𝑀 on the trueMaxC. One would then
set 𝑐− = 𝑐−𝑀 and call such a method a confidentMaxC method.2

An efficient way to adjust for the multiplicity of searching through all cut-point values 𝑐 ∈ (𝑎, 𝑏) is to derive inference
based on a confidence band for efficacy 𝜂.

4 DERIVING CONFIDENCE INTERVALS FOR 𝜼{𝒂𝒍𝒍}, 𝜼𝒈+𝒄 , 𝜼𝒈−𝒄

Let 𝑒(𝑥) denote the point-wise efficacy of 𝑅𝑥 versus 𝐶. We provide point estimates 𝑒(𝑥) and an exact confidence band for
point-wise efficacy 𝑒(𝑥) for 𝑥 ∈ [𝑎, 𝑏],

𝑃{𝑒𝐿(𝑥) < 𝑒(𝑥) < 𝑒𝑈(𝑥) ∀𝑥 ∈ [𝑎, 𝑏]} = 1 − 𝛼. (11)

For general reference about confidence band, please see Liu (2010). One can further deduce point estimates 𝜂{𝑎𝑙𝑙}, 𝜂𝑔+𝑐 ,
𝜂𝑔−𝑐 and confidence intervals 𝐼±, 𝐼+𝑐 , 𝐼−𝑐 for 𝜂{𝑎𝑙𝑙}, 𝜂𝑔+𝑐 , and 𝜂𝑔−𝑐 for all 𝑐 ∈ [𝑎, 𝑏] by integrating point estimates 𝑒(𝑥) and
confidence band limits 𝑒𝐿(𝑥) and 𝑒𝑈(𝑥) with respect to the prevalence density 𝑝(𝑥) and normalizing

𝜂𝑔−𝑐 =
∫ 𝑐

𝑎
𝑒(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

, 𝐼−𝑐 =

(∫ 𝑐

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

,
∫ 𝑐

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

)

𝜂𝑔+𝑐 =
∫ 𝑏

𝑐
𝑒(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

, 𝐼+𝑐 =
⎛⎜⎜⎝
∫ 𝑏

𝑐
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

,
∫ 𝑏

𝑐
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

⎞⎟⎟⎠ (12)

𝜂{𝑎𝑙𝑙} =
∫ 𝑏

𝑎
𝑒(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

, 𝐼± =
⎛⎜⎜⎝
∫ 𝑏

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

,
∫ 𝑏

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

⎞⎟⎟⎠
Theorem1. Simultaneous confidence intervals (11) and (12) together have exact (not conservative) coverage probability 1 − 𝛼.

Proof.

𝐸Band =
{
𝑒𝐿(𝑥) < 𝑒(𝑥) < 𝑒𝑈(𝑥) ∀𝑥 ∈ [𝑎, 𝑏]

}
⊆

{∫ 𝑐

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)dx

∫ 𝑐

𝑎
𝑝(𝑥)dx

<
∫ 𝑐

𝑎
𝑒(𝑥)𝑝(𝑥)dx

∫ 𝑐

𝑎
𝑝(𝑥)dx

<
∫ 𝑐

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)dx

∫ 𝑐

𝑎
𝑝(𝑥)dx

and

∫ 𝑏

𝑐
𝑒𝐿(𝑥)𝑝(𝑥)dx

∫ 𝑏

𝑐
𝑝(𝑥)dx

<
∫ 𝑏

𝑐
𝑒(𝑥)𝑝(𝑥)dx

∫ 𝑏

𝑐
𝑝(𝑥)dx

<
∫ 𝑏

𝑐
𝑒𝑈(𝑥)𝑝(𝑥)dx

∫ 𝑏

𝑐
𝑝(𝑥)dx

∀𝑐 ∈ [𝑎, 𝑏] and

∫ 𝑏

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)dx

∫ 𝑏

𝑎
𝑝(𝑥)dx

<
∫ 𝑏

𝑎
𝑒(𝑥)𝑝(𝑥)dx

∫ 𝑏

𝑎
𝑝(𝑥)dx

<
∫ 𝑏

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)dx

∫ 𝑏

𝑎
𝑝(𝑥)dx

⎫⎪⎬⎪⎭ = 𝐸CI. (13)

2 If the signal in the data is too weak to infer a 𝑐−𝑀 > 𝑎, a confident MaxC method sets 𝑐−𝑀 = 𝑎. When 𝑐−𝑀 is not well defined, the chance that a confident
MaxC method would set 𝑐−𝑀 > 𝑎 is no more than 𝛼.
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Hence, 𝐸Band = 𝐸Band ∩ 𝐸CI, so we in fact have

1 − 𝛼 = 𝑃

⎧⎪⎨⎪⎩𝑒𝐿(𝑥) < 𝑒(𝑥) < 𝑒𝑈(𝑥) ∀𝑥 ∈ [𝑎, 𝑏] and

∫ 𝑐

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

<
∫ 𝑐

𝑎
𝑒(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

<
∫ 𝑐

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

and

∫ 𝑏

𝑐
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

<
∫ 𝑏

𝑐
𝑒(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

<
∫ 𝑏

𝑐
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

∀𝑐 ∈ [𝑎, 𝑏] and (14)

∫ 𝑏

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

<
∫ 𝑏

𝑎
𝑒(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

<
∫ 𝑏

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

⎫⎪⎬⎪⎭.
□

For the linear model (1),

𝜇𝑅𝑥(𝑥) = 𝜇 + 𝜶𝒁 + 𝜏𝑅𝑥 + (𝛽 + 𝛾𝑅𝑥)𝑥,

𝜇𝐶(𝑥) = 𝜇 + 𝜶𝒁 + 𝜏𝐶 + (𝛽 + 𝛾𝐶)𝑥,

𝑒(𝑥) = 𝜇𝑅𝑥(𝑥) − 𝜇𝐶(𝑥) = (𝜏𝑅𝑥 − 𝜏𝐶) + (𝛾𝑅𝑥 − 𝛾𝐶)𝑥

= 𝜏 + 𝛾𝑥, (15)

so given a confidence region 𝑩 for (𝜏, 𝛾), one can deduce a confidence band for 𝑒(𝑥), 𝑥 ∈ [𝑎, 𝑏], by plugging all values of
(𝜏, 𝛾) in 𝑩 into (15) and computing the lower and upper limits at each 𝑐. On the other hand, given the relationships

𝜂[𝑎,𝑏] = 𝜏 + 𝛾 ∫
𝑏

𝑎

𝑥𝑝(𝑥)𝑑𝑥, (16)

𝜂[𝑎,𝑐) = 𝜏 + 𝛾
∫ 𝑐

𝑎
𝑥𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

, (17)

𝜂[𝑐,𝑏] = 𝜏 + 𝛾
∫ 𝑏

𝑐
𝑥𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

, (18)

for all 𝑐, 𝑐 ∈ [𝑎, 𝑏), one may be tempted to compute simultaneous confidence intervals for 𝜂[𝑎,𝑏] and 𝜂[𝑎,𝑐), 𝜂[𝑐,𝑏] directly
by plugging all values of 𝜏 and 𝛾 in 𝑩 into (16), (17), (18) and computing the lower and upper limits of 𝜂[𝑎,𝑏] and of 𝜂[𝑎,𝑐),
𝜂[𝑐,𝑏] at each 𝑐, bypassing any confidence band for 𝑒(𝑥) consideration. However, it is the shape of the confidence band
that determines whether the logical inference requirements are met. It turns out that, among the variety of confidence
bands available, only constant width band meets the between subgroups and across cut-points inferential requirements.
Once the shape of the confidence band is set, we can then go backward to set the shape of the confidence region 𝑩
appropriately.
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4.1 Constant width band ensures all requirements are met

We show that, among methods based on confidence bands, the one based on constant width confidence band achieves all
the inferential requirements because then widths of the confidence intervals for 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙} remain equal, for all 𝑐.

4.1.1 Logical inference between subgroups and all-comers

Theorem 2. Suppose the confidence band has constant width𝑊

𝑒𝑈(𝑥) − 𝑒𝐿(𝑥) = 𝑊 for all 𝑥 ∈ [𝑎, 𝑏], (19)

then𝑊{𝑔+,𝑔−} = 𝑊𝑔+𝑐
= 𝑊𝑔−𝑐

= 𝑊 for all 𝑐 ∈ [𝑎, 𝑏].

Proof. Width of the confidence interval for 𝜂{𝑎𝑙𝑙} is

𝑊{𝑔+,𝑔−} =
∫ 𝑏

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

−
∫ 𝑏

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝑝(𝑥)𝑑𝑥

, (20)

which is a constant, while widths of the confidence intervals for 𝜂𝑔+𝑐 and 𝜂𝑔−𝑐 for a cut-point 𝑐 ∈ [𝑎, 𝑏] are

𝑊𝑔+𝑐
=

∫ 𝑏

𝑐
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

−
∫ 𝑏

𝑐
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝑝(𝑥)𝑑𝑥

, (21)

𝑊𝑔−𝑐
=

∫ 𝑐

𝑎
𝑒𝑈(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

−
∫ 𝑐

𝑎
𝑒𝐿(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝑝(𝑥)𝑑𝑥

, (22)

respectively. Given (19), all are equal to𝑊. □

Thus, basing inference on a constant width confidence band ensures logical subgroup efficacy inferences, as we showed
in Section 3.1.

4.1.2 Target monotonicity

A confidence bandmethodwould infer, at a cut-point value 𝑐, there is clinicallymeaningful efficacy for themarker-positive
subpopulation 𝑔+𝑐 if the lower bound of the confidence interval 𝐼+𝑐 is larger than 𝛿, and there lacks clinically meaningful
efficacy for the marker-negative subpopulation 𝑔−𝑐 if the upper bound of the confidence interval 𝐼−𝑐 is smaller than 𝛿.
The following lemma is Theorem 2 inWijsman (1985), stronger than needed for this article. We record it here as it might

be convenient for future developments.

Lemma 1. If the four functions 𝑓1, 𝑓2, 𝑔1, 𝑔2 are such that 𝑓2 ≥ 0, 𝑔2 ≥ 0, and 𝑓1∕𝑓2 and 𝑔1∕𝑔2 are monotonic in the same
direction, then

∫ 𝑓1(𝑥)𝑔1(𝑥)𝑝(𝑥)𝑑(𝑥)
∫ 𝑓1(𝑥)𝑔2(𝑥)𝑝(𝑥)𝑑(𝑥) ≥

∫ 𝑓2(𝑥)𝑔1(𝑥)𝑝(𝑥)𝑑(𝑥)
∫ 𝑓2(𝑥)𝑔2(𝑥)𝑝(𝑥)𝑑(𝑥) .

If 𝑓1∕𝑓2 and 𝑔1∕𝑔2 are monotonic in opposite directions, then the inequality is reversed.
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Theorem 3. If both 𝑒𝐿(𝑥) and 𝑒𝑈(𝑥) are nondecreasing, then the confidence band method is target monotone.

Proof. Let 𝑔1(𝑥) = 𝐼{(𝑑,𝑏)}(𝑥), 𝑔2 = 𝐼{(𝑐,𝑏)}(𝑥), then 𝑔1(𝑥)∕𝑔2(𝑥) is nondecreasing in 𝑥 for 𝑑 > 𝑐. Let 𝑓1(𝑥) = 𝑒𝐿(𝑥), 𝑓2 = 1,
then 𝑓1(𝑥)∕𝑓2(𝑥) is nondecreasing in 𝑥. Thus,

∫ 𝑏

𝑑
𝑒𝐿(𝑥)𝑝(𝑥)𝑑(𝑥)

∫ 𝑏

𝑐
𝑒𝐿(𝑥)𝑝(𝑥)𝑑(𝑥)

≥ ∫ 𝑏

𝑑
𝑝(𝑥)𝑑(𝑥)

∫ 𝑏

𝑐
𝑝(𝑥)𝑑(𝑥)

or

∫ 𝑏

𝑑
𝑒𝐿(𝑥)𝑝(𝑥)𝑑(𝑥)

∫ 𝑏

𝑑
𝑝(𝑥)𝑑(𝑥)

≥ ∫ 𝑏

𝑐
𝑒𝐿(𝑥)𝑝(𝑥)𝑑(𝑥)

∫ 𝑏

𝑐
𝑝(𝑥)𝑑(𝑥)

so the method is targeting up. Letting 𝑑 < 𝑐 and 𝑓1(𝑥) = 𝑒𝑈(𝑥) show the method is targeting down. □

Our method is target monotone because it is based on a constant width confidence band. Figure 4 shows sliding 2-by-2
analyses are not target monotone. The method in Liu et al. (2016), which fits an analogous two-way ANOVA model but
does not make the confidence intervals have equal width across all cut-points, is not target monotone either, as one can
deduce from table 2 in Liu et al. (2016).

4.1.3 Confidence

To make decisions, one would infer there is clinically meaningful efficacy in a subpopulation or all-comers if the corre-
sponding confidence interval is entirely larger than 𝛿, and one would infer there is a lack of clinically meaningful efficacy
in a subpopulation or all-comers if the corresponding confidence interval is entirely smaller than 𝛿.
Thus, an incorrect decision is made if at least one of the following occurs

infer 𝜂{𝑎𝑙𝑙} < 𝛿 when 𝜂{𝑎𝑙𝑙} ≥ 𝛿, or infer 𝜂{𝑎𝑙𝑙} > 𝛿 when 𝜂{𝑎𝑙𝑙} ≤ 𝛿, or

infer 𝜂𝑔+𝑐 < 𝛿 when 𝜂𝑔+𝑐 ≥ 𝛿, or infer 𝜂𝑔+𝑐 > 𝛿 when 𝜂𝑔+𝑐 ≤ 𝛿, or

infer 𝜂𝑔−𝑐 < 𝛿 when 𝜂𝑔−𝑐 ≥ 𝛿, or infer 𝜂𝑔−𝑐 > 𝛿 when 𝜂𝑔−𝑐 ≤ 𝛿.

Since our method guarantees

inf
𝑐∈[𝑎,𝑏]

𝑃{𝜂𝑔−𝑐 ∈ 𝐼−𝑐 and 𝜂𝑔+𝑐 ∈ 𝐼+𝑐 and 𝜂{𝑎𝑙𝑙} ∈ 𝐼±} ≥ 1 − 𝛼, (23)

it controls such directional error rate at level 𝛼, because a directional error occurs only if at least one of the confidence
intervals fails to cover its true value.
Our method is thus a confidencemethod and, essentially, it controls the familywise type I error rate (FWER) of testing

the infinitely many one-sided null hypotheses below, six null hypotheses for each 𝑐 ∈ (𝑎, 𝑏):

𝐻+≤ ∶ 𝜂𝑔+𝑐 ≤ 𝛿, 𝐻+≥ ∶ 𝜂𝑔+𝑐 ≥ 𝛿,

𝐻−≤ ∶ 𝜂𝑔−𝑐 ≤ 𝛿, 𝐻−≥ ∶ 𝜂𝑔−𝑐 ≥ 𝛿, (24)

𝐻±≤ ∶ 𝜂{𝑎𝑙𝑙} ≤ 𝛿, 𝐻±≥ ∶ 𝜂{𝑎𝑙𝑙} ≥ 𝛿.

Some authors might formulate the assessment of efficacy at each cut-point 𝑐 as testing the two-sided null hypotheses

𝐻0 ∶ 𝜂𝑔+𝑐 = 𝛿, 𝐻0 ∶ 𝜂𝑔−𝑐 = 𝛿, 𝐻0 ∶ 𝜂{𝑎𝑙𝑙} = 𝛿. (25)
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g− {g+ , g− } g+

Upper 6.376 7.929 8.867
Estimate 1.953 3.506 4.443
Lower − 2.471 − 0.917 0.020

a  Point estimates and confidence limits
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F IGURE 5 Analysis of Alzheimer data with cut-point 22.34 and 𝛼 = 0.10

But control of FWER for testing two-sided nulls does not automatically control the directional error rate, because direc-
tional error such as inferring 𝜂{𝑎𝑙𝑙} > 𝛿 when in truth 𝜂{𝑎𝑙𝑙} ≤ 𝛿 is not counted as a type I error in two-sided testing. We
have in fact an artificial example of a test, which controls FWER for testing (25) but does not control the directional error
rate. Thus, control of directional error rate of any proposed test, which controls FWER for testing (25), should be proven
rigorously, and not taken for granted.

4.2 Graphical representation of analysis results

An application (app)with a slider specifying the biomarker value 𝑐 displays the fitted regression line for point-wise efficacy
and its confidence band in one graph, overlaid on a scatter-plot of the data, with a vertical (red) line representing the cut-
point 𝑐, as in Figure 1(b) for example.
Confidence intervals 𝐼+𝑐 , 𝐼−𝑐 , 𝐼± are displayed numerically, as in Figure 5(a). A separate M&M (mean-and-mean) plot,

first introduced in Ding et al. (2016), displays simultaneous confidence intervals for 𝜂[𝑎,𝑐), 𝜂[𝑐,𝑏], and 𝜂[𝑎,𝑏]. In an M&M
plot such as Figure 5(b), the vertical axis represents 𝑅𝑥 value, while the horizontal axis represents 𝐶 value. The estimated
effects given 𝑅𝑥 and 𝐶 defined by (2) and (3) for 𝑔+𝑐 , 𝑔−𝑐 and all-comers {𝑔+, 𝑔−} are drawn as points (𝜇𝐶𝑔+𝑐

, 𝜇𝑅𝑥
𝑔+𝑐
), (𝜇𝐶𝑔−𝑐 , 𝜇

𝑅𝑥
𝑔−𝑐
),

and (𝜇𝐶
{𝑎𝑙𝑙}

, 𝜇𝑅𝑥
{𝑎𝑙𝑙}

) in the plot. Estimated efficacy in the 𝑔+𝑐 and 𝑔−𝑐 subgroups are perpendicular distances from those three

points to the 45-degree line (scaled by a division of
√
2) or, equivalently, intercepts of the corresponding 45-degree lines

give the estimated efficacies 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙}. The three line segments that are symmetric and perpendicular to the
45-degree line (scaled by

√
2) represent the simultaneous 100(1 − 𝛼)% CIs for 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙}. A segment that does not

cross the dotted gray diagonal line indicates a significant difference from zero.
As the cut-point 𝑐 changes with the user movement’s of a slider, the cut-point line and the confidence intervals are

updated instantaneously.

5 ANALYSIS OF THEMOTIVATING EXAMPLE

We analyze the Alzheimer data to illustrate various potentials of making decisions using simultaneous confidence inter-
vals derived from the confidence band. Signal in this data set is not strong, so analyses are done at𝛼 = 0.10, and at 𝛼 = 0.20

for illustration purpose.
If the primary purpose is to select a cut-point 𝑐 to target 𝑔+𝑐 patients with, then one wants to find 𝑐+𝑀 , the minimum

𝑐 so that, for all 𝑑 ≥ 𝑐, 𝜇𝑔+
𝑑
> 𝛿. Setting 𝛿 = 0 for illustration, at the 90% confidence level, 𝑐+𝑀 = 22.34. That is, 22.34 is a
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g− {g+ , g− } g+

Upper 5.522 7.009 8.009
Estimate 2.019 3.506 4.505
Lower − 1.485 0.002 1.002

a  Point estimates and confidence limits
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F IGURE 6 Analysis of Alzheimer data with cut-point 23.0 and 𝛼 = 0.20

90% upper confidence bound on 𝑐+𝑀 . One can further state efficacy in the marker-positive patients 𝜇𝑔+22.34 ∈ (0.020, 8.867),
efficacy in all-comers 𝜇{𝑎𝑙𝑙} ∈ (−0.917, 7.929), and efficacy in the marker-negative patients 𝜇𝑔−

22.34
∈ (−2.471, 6.376), as

tabulated and plotted in Figure 5. In searching for a 𝑐−𝑀 , we note that even as 𝑐 approaches 𝑎, the upper confidence bound
for𝜇𝑔−𝑐 remains above 5. These results suggest one can confidently target the 𝑔

+
22.34

patientswith𝑅𝑥, but there is no clearcut
evidence that below a certain cut-point value patients should be treated with 𝐶 instead of 𝑅𝑥.
At the 80% confidence level, it turns out that efficacy in all-comers 𝜇{𝑎𝑙𝑙} ∈ (0.002, 7.009). Setting 𝛿 = 1.00 for illus-

tration, at the 80% confidence level, we find 𝑐+𝑀 = 23.0. One can further state efficacy in the marker-positive patients
𝜇𝑔+

23.0
∈ (1.002, 8.009), efficacy in all-comers 𝜇{𝑎𝑙𝑙} ∈ (0.002, 7.009), and efficacy in the marker-negative patients 𝜇𝑔−

23.0
∈

(−1.485, 5.522), as tabulated and plotted in Figure 6. In searching for a 𝑐−𝑀 , we note that even as 𝑐 approaches 𝑎, the upper
confidence bound for 𝜇𝑔−𝑐 remains above 4.25. These results suggest one can confidently target 𝑔

+
23.0

patients with 𝑅𝑥, but
there is no clear evidence that below a certain cut-point value patients should be treated with 𝐶 instead of 𝑅𝑥.
The regression approach of this article makes use of all available observations in making inference on efficacy in sub-

groups defined by every cut-point value, with the limitation of assuming a model (with linear responses in the case of this
article).

6 A QUALITATIVE COMPARISONWITH PREVIOUS APPROACHES

In the minimum effective dose (MED) context, Hsu and Berger (1999) established The Decision Path Principle: If efficacy
assessment goes along a prespecified path, proceeding to the next step if efficacy is established in the previous step, stop-
ping as soon as efficacy fails to be established, then each assessment can be done at level-𝛼withoutmultiplicity assessment,
while guaranteeing all the inferred efficacies are valid with a probability of at least 1 − 𝛼.
It has been frequently applied to the MinRx problem with a finite number of prespecified doses or cut-points.

By the Decision Path Principle, testing from high biomarker value to low biomarker value, the biomarker value at
the last step that rejects is a 97.5% upper confidence bound on 𝑐+𝑀 . Advantages of testing along a prespecified path
are that no multiplicity adjustment is needed, and one does not need to assume a model with specific response
shapes. A disadvantage of this approach is the risk of early stopping, if efficacy assessment does not turn out in
the order of the prespecified path. Note importantly that, different from dose–response studies, in biomarker cut-
point selection studies a higher cut-point value 𝑐 has a smaller sample size to assess the efficacy 𝜂𝑔+𝑐 with using this
approach, so the risk of early stopping is higher in the biomarker cut-point selection setting than in the dose–response
setting.
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Several other previous approaches for cut-point selection offer error rate control under the null null hypothesis,3 that
the joint distribution of response across all cut-point values is exactly the same given 𝑅𝑥 and 𝐶. Having confidence that
targeted patients derive efficacy when the response curves given 𝑅𝑥 and 𝐶 are different would be more reassuring, as a
biomarker is useless if the two response curves are exactly the same.
TheMiller and Siegmund (1982) approach forms 2 × 2 tables of𝑅𝑥 versus𝐶 and responder versus nonresponder at every

cut-point, then selects the cut-point with themaximum chi-square statistic. Their critical value calculation for testing that
the observed efficacy at the sample maximum chi-square statistic is not just due to random sample fluctuation is under
the null null hypothesis.
Other proposals for cut-point selection include the likelihood ratio testing approach of Jiang et al. (2007) and the

machine learning approach of Lipkovich et al. (2011). The null distributions of these two papers are computed by permu-
tation, which, as explained in Xu and Hsu (2007) and Kaizar et al. (2011), requires the subtle MDJ (Marginals-Determine-
the-Joint) assumption to control type I error rate. This assumption would be satisfied under the null null hypothesis, but
is otherwise is difficult to check.
One previous approach, which does provide strong FWER control is that of Liu et al. (2016). Their setting is for a con-

tinuous outcome, which follows a two-way ANOVA model with normally distributed errors, a model broader than the
model (1). For a finite set of cut-points, they provide simultaneous confidence intervals for efficacy in the marker-positive
subgroups defined by the cut-points and all-comers, but not the marker-negative subgroups.
Even though these different approaches do not offer the same level of confidence in decisionmaking, we give some indi-

cation of how their multiplicity adjustments compare numerically. At the 95% confidence level, the Miller and Siegmund
(1982) (asymptotic) multiplicity-adjustedmax𝑐∈(𝑎,𝑏)

√
𝜒2
1
(𝑐) quantile is a bit larger than 3. For three cut-points, at the 95%

confidence level, the Liu et al. (2016) multiplicity-adjusted quantile is about 2.4 to 2.5. At the 95% confidence level, the
multiplicity-adjusted quantile of this article, adjusting for the multiplicity of simultaneous confidence intervals for effi-
cacy 𝜂𝑔+𝑐 , 𝜂𝑔−𝑐 , and 𝜂{𝑎𝑙𝑙} for each of infinitely many cut-point values 𝑐 ∈ [𝑎, 𝑏], is about 2.2 to 2.3. Needing no multiplicity
adjustment, the Decision Path approach would use a critical value of 1.96.

7 FINAL REMARK (GOING FORWARD)

For continuous outcome modeled linearly and efficacy defined as a difference of means, the confidence band method in
this article achieves all the logical inference requirements. For binary and time-to-event outcomes and logic-respecting
efficacy measures such as relative response and ratio of medians, corresponding development requires nontrivial appli-
cation of the Subgroup Mixable Estimation (SME) principle in Ding et al. (2016) and Lin et al. (2019), and is a topic for
future research.
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APPENDIX A
NOT LOGIC-RESPECTING EFFICACYMEASURES
For the case of efficacy being a ratio, 𝜂 = 𝑅𝑥∕𝐶, the efficacy measure is not necessarily logic-respecting because

𝜂[𝑎,𝑏] =
∫ 𝑏

𝑎
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

≠ ∫
𝑐

𝑎

𝜇𝑅𝑥(𝑥)

𝜇𝐶(𝑥)

𝑝(𝑥)

𝜋[𝑎,𝑐)
𝑑𝑥 + ∫

𝑏

𝑐

𝜇𝑅𝑥(𝑥)

𝜇𝐶(𝑥)

𝑝(𝑥)

𝜋[𝑐,𝑏]
𝑑𝑥

in general. Nevertheless,

𝜂[𝑎,𝑏] =
∫ 𝑐

𝑎
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥 + ∫ 𝑏

𝑐
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥 + ∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥
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https://orcid.org/0000-0002-4143-7765
https://www.fda.gov/news-events/fda-newsroom/fda-voices
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=
∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥 + ∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

×
∫ 𝑐

𝑎
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

+

∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥 + ∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

×
∫ 𝑏

𝑐
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

,

so with efficacies defined by (5) and (6),

𝜂[𝑎,𝑐) =
∫ 𝑐

𝑎
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑐

𝑎
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

,

𝜂[𝑐,𝑏] =
∫ 𝑏

𝑐
𝜇𝑅𝑥(𝑥)𝑝(𝑥)𝑑𝑥

∫ 𝑏

𝑐
𝜇𝐶(𝑥)𝑝(𝑥)𝑑𝑥

,

𝜂[𝑎,𝑏] is a linear mixture of 𝜂[𝑎,𝑐) and 𝜂[𝑐,𝑏], and Definition 1 is satisfied for all 𝑐. For example, in the binary outcome setting,
with 𝜇𝑅𝑥 and 𝜇𝐶 being Response probabilities under 𝑅𝑥 and 𝐶, so that efficacy 𝜂 is relative response (RR), then RR can be
logic-respecting, so long as mixing (integration with respect to 𝑝(𝑥)) does not calculate efficacy point-wise first following
(8) and (9) and weigh them by the prevalence 𝜋[𝑎,𝑐) and 𝜋[𝑐,𝑏], but instead is done within each arm 𝑅𝑥 and 𝐶 first in
accordance with the SME principle described in Lin et al. (2019). However, Odds Ratio (OR) is not logic-respecting, as we
explain below.
For binary outcome, it is common to model data using a logistic model and measure efficacy by the OR. Suppose the

responses under 𝑅𝑥 and 𝐶 each follows a logistic model. It is easier to visualize our counter-example proving that OR is
not logic-respecting in terms of the response probability instead of the logit. Using the equivalence between the logistic
model and the Emax model (see the appendix of MacDougall (2006) in Chapter 9 of Ting (2006)), suppose the response
probability of a patient with biomarker value 𝑥 follows the Emax model

𝑃𝑟𝑜𝑏{Response|𝐴, 𝑥} = 𝐸𝐴
0
+ 𝐸𝐴𝑚𝑎𝑥

𝑥

𝐸𝐷𝐴
50
+ 𝑥

, 𝐴 = 𝑅𝑥, 𝐶. (A.1)

Suppose the density of patient’s biomarker value 𝑥 is Uniform (𝑑, 1). For each of the 𝑅𝑥 and 𝐶 arms, we can compute
the population response probability (i.e., the proportion of patients who respond) by integrating over the Uniform (𝑑, 1)

density the response probability (A.1), which has indefinite integral (𝐸𝐴
0
+ 𝐸𝐴𝑚𝑎𝑥)𝑥 − 𝐸

𝐴
𝑚𝑎𝑥𝐸𝐷

𝐴
50
ln(𝐸𝐷𝐴

50
+ 𝑥), resulting in

𝑃𝑟𝑜𝑏{Response|𝐴} = 𝐸𝐴
0
+ 𝐸𝐴𝑚𝑎𝑥

⎛⎜⎜⎜⎜⎝
1 −

𝐸𝐷𝐴
50
ln

(
𝐸𝐷𝐴

50
+1

𝐸𝐷𝐴
50
+𝑐

)
1 − 𝑐

⎞⎟⎟⎟⎟⎠
, 𝐴 = 𝑅𝑥, 𝐶. (A.2)

We can then calculate the OR for the patient population with biomarker value 𝑥 > 𝑐 from 𝑃𝑟𝑜𝑏{Response|𝑅𝑥} and
𝑃𝑟𝑜𝑏{Response|𝐶}.
Suppose

𝐸𝑅𝑥
0

= 0.2, 𝐸𝑚𝑎𝑥𝑅𝑥 = 1.0, 𝐸𝐷50𝑅𝑥 = 0.6,

𝐸𝐶
0
= 0.1, 𝐸𝑚𝑎𝑥𝐶 = 1.1, 𝐸𝐷50𝐶 = 0.8.

These response profiles are plotted in Figure A1(a). Turns out the OR, plotted as the black curve in Figure A1(b), has a
minimum of 1.71 for 𝑥 ∈ (0.1, 1). But the OR for the entire patient population with 𝑥 ∈ (0.1, 1) actually is 1.69, as indicated
by the magenta horizontal line in Figure A1(b). Therefore, as pointed out by Lin et al. (2019), OR is not logic-respecting.
If an OR of 1.7 constitutes a clinically meaningful efficacy, then even though point-wise odds ratio seems to indicate 𝑅𝑥 is
efficacious for the entire patient population, in reality it is not.
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F IGURE A1 An example showing odds ratio is not logic-respecting

The RCT setting that we are in has no differential propensity in treatment assignment, so applying the LSmeans tech-
nique in a linearized model eliminates the possibility that this Simpson’s paradox behavior is caused by imbalance in the
data. This issue with the OR is not with fitting data to a logistic (or a log-linear) model. It is simply that inference should
not be based directly on parameters in the logistic model.
For time-to-event outcomes, while there is recognition in the literature that hazard ratio (HR) is not collapsible and

therefore not logic-respecting, Ding et al. (2016) showed ratio ofmedians is logic-respecting (under suitablemodel assump-
tions). The important lesson we learned was having subgroups creates a new statistical problem, that statistical practices
applicable to continuous outcomes are not automatically applicable to binary or time-to-event outcomes.

APPENDIX B
DESIGN CONSIDERATION FOR CUT-POINT SELECTION STUDIES
In designing a clinical study for cut-point selection, fundamental considerations are controlling the probabilities of correct
and useful inferences:

Correct: Inferred MinRx is not lower than the true MinRx and inferred MaxC is not higher than the true MaxC,
Useful: Inferred MinRx is not too much higher than the true MinRx and inferred MaxC is not too much lower than
the true MaxC.

Guaranteeing a minimum probability of correct inference by our confidence interval inference is similar to controlling
the type I error rate. Guaranteeing sufficient probability of useful inference is similar to guaranteeing sufficient power
under a testing formulation. As shown in Hsu (1988), for a confidence interval–based method, sufficient probability of
useful inference can be ensured by designing a study with sufficiently narrow confidence intervals.
From (19) in Theorem 2, widths of the confidence intervals equal the constant width of the confidence band, which

depends not only on the sample size but also on the biomarker values of patients in the sample. Thus, so-called enriched
studies, with the biomarker value distribution in the sample different from its distribution in the general patient popu-
lation, are worth considering because for the same sample size they might have narrower confidence band at the same
confidence level.
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