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a b s t r a c t

The flow around four infinite cylinders in a square arrangement was numerically modeled using
dynamic Smagorinsky Large Eddy Simulation (LES). For the simulations five different pitch (P) to diameter
(D) spacing ratios (P/D) were investigated at a Reynolds number of 3000. The simulated P/D ratios
investigated were P/D = 1.25, 1.4, 1.5, 1.75 and 2.0. In addition to the phenomena detected for the
case of two cylinders (‘‘tandem’’ and ‘‘side by side’’ in Afgan et al. (2011)), the detailed results showed the
presence of a variety of complex phenomena such as jet impinging on curved surfaces with coupling
layers around the cylinders. The topology of the flow changed with the change in the spacing ratios
between the cylinders showing a clear biased flow behavior for spacing ratios (P/D) 1.25, 1.4 and 1.5. This
bistability phenomenon was detected based on the analysis of the lift signals and the flow streamlines.
Good agreement was found between the current numerical results and existing experimental data for
both the local (velocity and pressure fields) and global quantities for all the simulated configurations.

© 2018 ElsevierMasson SAS. All rights reserved.

1. Introduction

Flow and heat transfer investigations have been a topic of inter-
est perhaps for the last 200 odd years; a timewhen the first Stirling
enginewas developed. Since then single ormultiple cylinders with
various configurations have become increasingly popular in awide
variety of industry; from automotive to power generation. Such
densely packed clusters of cylinders can be arranged in in-line,
staggered or triangular configurations depending upon the end
application. For such closely packed arrays due to confinement,
wake and proximity interference plays a direct role in the develop-
ment of the flow topology; generally such internal flows are highly
unstable and can lead to phenomena such as fatigue, wear and
fluid-elastic instabilities.

Such instabilities, especially in nuclear power generation indus-
try are amajor concern both from a safety point of view and an op-
erations perspective. As a result of recurrent shutdowns linked to
these damaging phenomena, conventional nuclear and coal power
industry loses billions of dollars every year (Bouris et al. [1]). For
a robust design and smooth operation of heat exchangers of such
power plants, sophisticated numerical modeling and simulation
tools are a pre-requisite as experiments are too costly. One has

∗ Corresponding author.
E-mail address: abdallah.berrouk@ku.ac.ae (A.S. Berrouk).

to then resort to fine numerical simulations to evaluate Fluid–
Structure Interactions (FSI) in these systems under different flow
conditions.

A number of parametric CFD studies of tube bundles have
appeared in the literature over the last two decades with the idea
of providing the power generation industry with numerical tools
that would assist them in making informed decision for efficient
operations and maintenance.

The investigation of these FSI problems is not a trivial task
by any means. Indeed, the flow pattern around and within mul-
tiple tube configurations (in-line or staggered bundles) is highly
complex mainly due to the proximity and wake interference of
the adjacent cylinders. The strong confinement effects in such
configurations lead to asymmetry in the wake formation and ir-
regular vortex shedding; leading to both biased and bistable wake
formations.

In fluid mechanics a transitional flow with an inclination of
becoming statistically stationary favoring a certain topology or
configuration is generally termed as a biased flow. In rows of
densely packed cylinders one observes such a biased flow behav-
ior, where the flow does not seem to follow a straight path but
rather wants to wriggle itself around a diagonal channel. If such
flow is not fully statistically steady, it has the potential to change
its direction resulting in a different flow topology. Such a flow

https://doi.org/10.1016/j.euromechflu.2018.11.008
0997-7546/© 2018 Elsevier Masson SAS. All rights reserved.
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is then generally termed as biased and bistable; if three quasi-
stable modes are depicted then the flow may be termed as tri-
stable and so on. Such biased and bistable flow behavior is evident
not only in flows inside large arrays of tubes but also in even
simple 2 or 3 cylinder arrangements. This biased and bistable flow
topology has been widely reported in the past; Afgan et al. [2],
Bouris et al. [1], Zdravkovich [3], Lam and Co [4], Lam and Fang [5],
Benhamadouche and Laurence [6], Abed and Afgan [7], Sumner [8].
The current research on flow behavior of 4 cylinders in a square
arrangement is a continuation of the work carried out in the past
which looked upon flow over single and multiple cylinders by LES
(Afgan et al. [2]) and by RANS (Abed and Afgan [7]).

Most experimental and numerical investigations for flows
around cylinders relate to one or two cylinders, comprehensive re-
views of such configurations can be found in Zdravkovich [3]. How-
ever, for multiple cylinders Zdravkovich [9] and Chen [10] report a
variety of tube bundle configurations. In particular the square four
cylinder arrangements studied in detail by Lam and Lo [4], Lam and
Fang [5], Lam et al. [11] and Lam et al. [12] are worth reporting.
Lam et al. [12] conducted experiments to study the characteristics
of forces and pressure around the cylinders for different spacing
ratios and Reynolds numbers leading to the formation of many
empirical relationships between these parameters. Lam and Lo [4]
estimated the frequency of vortex shedding, the Strouhal number,
and visualized wake patterns for P/D = 2.13 to 3.08 at a Reynolds
number of 2100. On the other hand from a numerical perspective,
Lam et al. [13] and Lam et al. [14] reported on configurations
involving four cylinders for low Reynolds number flows (Re =

200). For higher Reynolds number cases (Re = 11,000 to 20,000)
and different spacings (P/D = 1.5 to 5), using LES Lamand Zou [15]
numerically investigated the spacing and Reynolds number effects
on the distribution of the mean and fluctuating velocity fields. Zou
et al. [16] also reported results for similar spacing ratios (P/D)
of 1.5 and 3.5, but only for a Reynolds number of 15,000. For
higher Reynolds numbers between 40,000 and 80,000, Pearcey
et al. [17] and Pearcey et al. [18] carried out several tests for square
configuration with a spacing (P/D) of 5. To date there is a lot of
literature on four cylinders in a square arrangement (see Table 1
for a summary of some of the relevant studies). However, there
still remain a number of unanswered questions related to the flow
biased and bistability patterns. The current paper is an attempt
to systematically study these phenomena explaining the reason
behind the flow deflection/switching in light of new findings and
the existing literature. It is envisioned that the findings of the
current research will help better understand the physics behind
multiple cylinders andwould eventually lead to improved efficient
designs of heat exchangers.

The present paper is organized as follows: discussions related to
numerical treatment and the test case are given in sections 2 and
3, respectively. The results and discussions are detailed in Sections
4.1 through 4.5.

2. Numerical method

Électricité de France (eDF) in-house open source solver;
Code_Saturne (www.code-saturne.org) is used to perform all the
numerical simulations. The solver is based on a collocated unstruc-
tured finite volume approach and has been extensively tested and
validated for LES of single phase flows (Ahmed et al. [21], Afgan
et al. [2], Benhamadouche and Laurence [22], Benhamadouche [6])
and for RANS (Revell et al. [23]). The solver uses a SIMPLEC al-
gorithm for pressure–velocity coupling incorporating Rhie and
Chow [24] interpolation to avoid odd–even oscillations. Full details
of the discretization and numerics for the Code_Saturne are given
in Archambeau et al. [25] and Benhamadouche [6].

For all simulations herein, the flow is assumed Newtonian with
a constant density ρ. If ũ stands for the filtered velocity, the filtered
Navier–Stokes equations can be written as

∂ ũi

∂xi
= 0, (1a)

∂ ũi

∂t
+

∂ ũiũj

∂xj
= −

1
ρ

∂ p̃
∂xi

+ ν
∂2ũi

∂xj∂xj
−

∂τij

∂xj
(1b)

In Eq. (1b), the sub-grid scale tensor τij is modeled using the
dynamic Smagorinskymodel based on Germano [26] identity with
Lilly [27] minimization. The deviatoric part of the sub-grid scale
tensor is modeled as:

τij −
1
3
τkkδij = −2νt S̃ij = −2(Cs∆̃)2 ∥S∥ S̃ij, (2)

where ∥S∥ =

√
2S̃ijS̃ij, S̃ij is the filtered strain rate tensor, νt the

sub-grid scale viscosity, ∆̃ the filter width and Cs the dynamic
Smagorinsky constant. Since the mesh is fully hexahedral the filter
width can be set as ∆̃ = 2Ω1/3 with Ω the computational cell
volume. A pure 2nd order central difference scheme was used for
the spatial discretization with 1% local blending using 1st order
upwind scheme based on a slope test to avoid artificial numerical
wiggles (see Ferziger and Peric [28]). An explicit filtering was
applied for the evaluation of the dynamic constant Cs which used
only the immediate neighbors of every cell (cells sharing a common
face). For numerical stability the Smagorinsky constantwas capped
between 0 and 0.13 (where Cs is 0.065). Further details about
the numerics of the code can be found in Afgan et al. [2] and
Archambeau et al. [25].

3. Test cases and computational details

Fig. 1(a) shows the square array configuration of four cylin-
ders which is used for the current simulations. The normalized
spacing between the cylinders P/D is varied between 1.25 and
2.0 (P/D = 1.25, 1.4, 1.5, 1.75 and 2.0). Where P is the pitch
distance between the centers of the cylinders and D is the cylinder
diameter. The domain dimensionswere set to (25D by (20D+P) by
4D) in the streamwise direction (X), transverse (Y ) and spanwise
(Z), respectively. To allow the flow to fully develop the upstream
domain length is set to 10D for all simulations. Sectional views of
the computational mesh are shown in Fig. 1(c) and (d).

All current configurations are simulated at a bulk Reynolds
number (ReD,U0 ) of 3000 based on cylinder diameter and inlet
velocity U0. Periodicity was applied in the spanwise (Z) direction
with slip wall on the symmetrical top (Ymax) and bottom (Ymin)
planes. The mesh shown in Fig. 1(c) is for the case with P/D = 1.5
containing about 30 million cells with a resolution of 256 cells in
the spanwise direction (Z).

The non-dimensional time step (∆t+ = ∆t ∗ U0/D) was set
to 0.005, where ∆t is the physical value of the time step used
in the simulations. Based on ∆t+, the maximum Courant number
(CFL) was found to be 0.88. For a complete flow through pass, the
simulation needs approximately 5000 ∗ ∆t+ time steps. For the
current configuration of four cylinders in a square configuration,
the calculations were performed for a physical time of 750 s,
which corresponds to 78 periods of vortex shedding for large struc-
tures and about 162 periods for small structures. All simulations
were also averaged in the homogeneous spanwise (Z) direction
to smooth profiles. A comparison of time averaged pressure and
mean velocity along the median line between the lower and upper
cylinders (x = 0 − 1.5, y = 0.75 and z = 0 location) after 6
and 8 flow through passes is shown in Fig. 1(b). It can be observed
from this figure that the statistics have fully converged and the flow
averaging period is sufficient.

http://www.code-saturne.org
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Table 1
Notable studies with 4 cylinders in a square arrangement.
Study Mode/Re Configuration Measurements

Sayer [19,20] Exp, 30 000 1.10 ≤ P/D ≤ 5.00 CD, CL, St
Lam and Lo [4] Exp, 2100 1.28 ≤ P/D ≤ 5.96 St, flow visualization
Lam and Fang [5] Exp, 12 800 1.26 ≤ P/D ≤ 5.80 CD, CL
Lam et al. [12] Exp, 41 000 1.69 ≤ P/D ≤ 3.83 CD, CL, St
Zou et al. [16] LES, 15 000 1.5 and 3.5 CD, C’L, St, vorticity, velocity profiles
Lam and Zou [15] Exp/LES, 11 000–20000 1.50 ≤ P/D ≤ 5.00 CD, C’L, St, vorticity, velocity profiles

Fig. 1. Four cylinders in a square arrangement with pitch to diameter ratio P/D = 1.5 (a) Computational domain, (b) Flow statistics convergence along the line
x = 0 − 1.5, y = 0.75 and z = 0, (c) Partial view of the mesh in the (XY ) plane, (d) Zoomed in view of the inter-tube mesh.

The non-dimensional wall distances for the cylinder in polar
coordinates are shown in Fig. 2. It is observed from this figure that
the maximum value of the normal distance to the wall ∆R+does
not exceed 1.5 for the upstream cylinders and is below 1 for the
downstream cylinders. For the upstream cylinders the maximum
distance in the spanwise direction (∆Z+) is equal to 9.0 and the
maximum distance in the circumferential direction ∆θ+ is 10.0.
For the downstream cylinders, both ∆Z+ and ∆θ+ distances were
less than 8.0. In thewake region of the cylinders (90−270), it can be
seen that the maximum values of ∆R+, ∆Z+ and ∆θ+ are 0.2, 1.5
and 2.5, respectively for the upstream cylinders, and 0.5, 2.5 and
3.5 respectively for the downstream cylinders thus sufficing the
LES near wall resolution requirements for resolved LES as detailed
in Afgan et al. [29].

A comprehensive sensitivity study was conducted based on a
single cylinder with domain extrusion, changing resolution in all
directions and upwind blending. The results (not reported herein)
seemed to be independent of all changing parameters except the
wall normal grid refinement. It was found thatwithout properwall
normal grid resolution both recirculation length andmaximumve-
locity deficit were under or over predicted. As a consequence for all
the simulations herein, an extrusion length of 4Dwith amaximum
Y+ close to unity, were used. The use of 1% upwind blending did
not affect the results and yielded excellent agreements between
the predictions and experiments of Parnaudeau et al. [30]. All the

simulations were performed on eDF Blue Gene/P supercomputer
with at least 2048 cores. Simulations were run for 24–31 flow
through passes andwere time averaged over at least the last 8 flow
through passes.

4. Results and discussions

4.1. Pressure distribution around the cylinders

The mean pressure coefficients around the surface of the four
cylinders are shown in Fig. 3 for all the spacing ratios. The refer-
ence pressure used for the calculation of the mean pressure was
taken as the upstream (first cell) pressure of the simulation. It is
observed from Fig. 3(a) to (d) that for P/D = 1.25 to 1.75, the
pressure coefficient profiles show a degree of asymmetry for all the
cylinders; this is attributed to the interaction of shear layers be-
tween the cylinders. Furthermore, for the downstream cylinders,
the maximum pressure coefficient is located at around 305◦ and
55◦ for cylinder (3) and cylinder (4) respectively; this is due to the
impact of the jet produced by the upstream cylinders.

For the spacing ratio (P/D) of 2.0, one can notice a return to
symmetry in the upstream cylinders as depicted in Fig. 3(e). This
symmetry characterizes the case of two isolated cylinders as re-
ported by Zdravkovich [31] and Sumner [8] for spacing ratios (P/D)
greater than 3.5. This symmetry of pressure profiles also leads to
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Fig. 2. Non-dimensional wall distances in polar coordinates [∆R+, ∆Z+ and ∆θ+] for pitch to diameter ratio P/D = 1.5 configuration.

Table 2
Stagnation point location for individual cylinderswith various P/D ratios in a square
arrangement.
P/D Cyl 1 Cyl 2 Cyl 3 Cyl 4

1.25 19◦ 341◦ 315◦ 45◦

1.40 15◦ 345◦ 295◦ 65◦

1.50 13◦ 347◦ 306◦ 54◦

1.75 10◦ 350◦ 300◦ 60◦

2.00 8◦ 352◦ 300◦ 60◦

the conclusion that for this configuration the flow is no longer
biased as confirmedby the contour plots shownanddiscussed later
in the paper.

Table 2 presents the stagnation point location on the surface of
the four cylinders. As the spacing ratio (P/D) increases from 1.25 to
2, the stagnation point changes position due to the interaction of
the wakes. For cylinder (#1), the stagnation point position moves
from 19◦ for (P/D = 1.25 case) to 8◦ for the (P/D = 2.0), thus
leading to the logical conclusion that if spacing further increases it
should end up at 00, this occurs exactly at P/D = 3.5 as reported
by Zdravkovich [31] and Sumner [8]. A similar trend was observed
for cylinder (#2) aswellwhere the stagnation point positionmoves
from341◦ to 353◦ when the spacing ratio (P/D) increases from1.25
to 2.

For the downstream cylinders, it was noted that all cylinders
showed similar stagnation points regardless of the spacing ratio
or the bistability modes (see Fig. 4 for different bistability modes).
This is mainly due to the influence of the entailing shear layers
of the upstream cylinders; these structures almost always impact
the sides of the downstream cylinders. Three distinct biased stable
modes were observed; Mode 1 was defined as the flow topology
when the wakes of the first row of cylinders were both directed

upwards with wakes of the downstream cylinders directed down-
wards. Mode 2 was the reverse of this flow topology i.e. upstream
cylinder wakes directed downwards and downstream cylinder
wakes directed upwards. Finally Mode 3 was when the wakes
behave randomly with no preferred directional inclination. It was
also noted that for both the Modes 1 and 2, one of the downstream
cylinder wakes is always dominant in terms of its width over the
other.

4.2. Mode change (bistability)

To study the mode change behavior Fig. 5 shows the instan-
taneous lift force coefficient for the two upper cylinders (#2 and
#3) for the entire range of spacing ratios. Based on the peaks of
the upstream cylinder (#2), the downstream cylinder (#3) shows
mode changes from mode 1 (M1) to mode 2 (M2) for the spacing
ratios (P/D) of 1.25 and 1.4, depicting flow bistability (see Fig. 4).

As the spacing ratio (P/D) increases to 1.5, the flow starts to
depict all three modes (M1,M2 and M3). In Afgan et al. [2] a
complete wake vortex analysis was presented to identify different
modes of sheddings leading to the reasons behind flow flip-over
or bistability. However, in the current case of 4 cylinders at this
spacing ratio, the fluctuations become very erraticmaking it nearly
impossible to decompose the individual cylinder wakes, thus pre-
venting further study of the wake switching in detail. For spacing
ratio (P/D) of 1.75, the biased flow behavior is no longer evident
where one can only see M3. However, one also observes that the
variation of lift signal fluctuations of the downstream cylinder (#3)
are still very erratic leading to the conclusion that strictly from a
bias/stability point of view the flowhas not yet fully settled. For the
last configuration with spacing ratio (P/D) of 2.0, one can clearly
see that the flow behavior is almost the same as that of a single
cylinder with no high amplitude erratic fluctuations in the lift
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Fig. 3. Mean pressure coefficient for all the four cylinders in a square configuration (a) P/D = 1.25, (b) P/D = 1.4, (c) P/D = 1.5, (d) P/D = 1.75 and (e) P/D = 2.0.

Fig. 4. Different bistability modes (Mode 1, Mode 2 and Mode 3).

signal. In particular the upstream cylinder’s wake signal is almost
the same as the one reported by Zdravkovich [31] and Sumner [8]
for a P/D ≥ 3.5. It is worth mentioning here that the mean global
averages presented in the subsequent sections of the current paper
were performed over the three modes and not separately (M1 up,
M2 down in the presence ofM3).

4.3. Global quantities

The mean drag (CD = 2 ∗ Drag/ρU2
0Aref ), mean lift (CL =

2 ∗ Lift/ρU2
0Aref ), rms drag (C ′

D = (C2
D − CD

2
)1/2), rms lift C ′

L =

(C2
L − CL

2
)1/2 and the Strouhal number (St = fD/U0) for the

4 cylinders for all the spacing ratios are given in comparison to
the available published data in Tables 3–7 respectively. Here Aref
is the projected surface area of the cylinder and f the vortex
shedding frequency. The overbar here signifies quantities which

have been time averaged. Overall, the current numerical results
are in good agreement with the published data. For example, the
mean and rms drag coefficients are within 1%–3% of the published
experimental datawith the only noticeable difference between the
present results and Zou et al. [16]. However, it should be noted here
that the LES performed in Zou et al. [16] (same simulations/results
reported again in Lam and Zou [15]) seems to be under-resolved.
Compared to the present simulations their LESmeshes are about 10
times coarser (current LES approx. 30 million cells, Zou et al. [16]
LES less than 3 million cells). Other slight differences if any in the
Tables 3 to 7 are mainly due to the difference in the spacing ratios
(P/D) or the Reynolds number.

The energy spectra shown in Fig. 6 gives further information on
the behavior of the flow and the frequencies of the vortex shedding
for each of the configuration. The spectra were obtained using
standard Discrete Fourier Transforms (DFT) without segmentation
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Fig. 5. History of the lift coefficient (CL = 2 ∗ Lift/ρU2
0Aref ) for cylinders (#2) and (#3) in square configuration (− : Cylinder #2, −..− : Cylinder #3), for different

P/D = 1.25, 1.4, 1.5, 1.75 and 2.0.

Table 3
Comparison of the mean drag coefficient (CD = 2 ∗ Drag/ρU2

0Aref ) with published experimental and numerical data.

Cases P/D Cyl 1 Cyl 2 Cyl 3 Cyl 4

CD

Present results (LES), Re 3000

1.25 1.189 1.18 −0.006 −0.013
1.4 1.14 1.145 −0.021 −0.037
1.5 1.164 1.177 −0.059 −0.05
1.75 1.15 1.147 −0.166 −0.145
2 1.077 1.076 −0.338 −0.336

Zou et al. [16] (LES), Re 15,000 1.5 1.36 1.35 −0.23 −0.19
3.5 1.28 1.27 0.7 0.69

Lam et al. [13] (EXP), Re 41,000 1.69 1.4 – – −0.2
3.4 1.19 – – 0.25

Lam and Fang [5] (EXP), Re 12,800 1.56 1.19 1.24 −0.29 −0.37
3.58 1.35 1.36 0.59 0.59

Sayer [20] (EXP), Re 30,000 1.5 1.21 – – −0.13
4 1.27 – – 0.38

Table 4
Mean lift coefficient (CL = 2 ∗ Lift/ρU2

0Aref ).

Cases P/D Cyl 1 Cyl 2 Cyl 3 Cyl 4

CL Present results (LES), Re 3000

1.25 1.189 1.18 −0.006 −0.013
1.4 1.14 1.145 −0.021 −0.037
1.5 1.164 1.177 −0.059 −0.05
1.75 1.15 1.147 −0.166 −0.145
2 1.077 1.076 −0.338 −0.336

using rectangular windowing. The Sampling rate was set by the
time step of the simulations and the total number of samples varied
from case to case based on the simulation run time. For P/D =

1.25, all the spectra show a similar behavior; for this spacing,
the configuration behaves almost like a single bluff body. Here, a
frequency of 0.11 is detected on both downstream cylinders (#3
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Fig. 6. Energy spectrum of the lift signal for all 4 cylinders with different spacing ratios, P/D = 1.25, 1.4, 1.5, 1.75 and 2.0. (L.H.S. log–log scale to show the complete
spectrum, R.H.S linear scale to isolate the energetic peaks).

Table 5
Comparison of the rms drag (C ′

D = (C2
D − CD

2
)1/2) with published data.

Cases P/D Cyl 1 Cyl 2 Cyl 3 Cyl 4

C ′D

Present results (LES), Re 3000

1.25 0.099 0.093 0.091 0.091
1.4 0.095 0.101 0.113 0.115
1.5 0.101 0.096 0.174 0.175
1.75 0.055 0.052 0.176 0.2
2 0.006 0.007 0.056 0.059

Zou et al. [16] (LES), Re 15,000 1.5 0.1 0.06 0.28 0.34
3.5 0.66 0.62 1.22 1.25

Lam et al. [13] (EXP), Re 41,000 1.69 0.11 – – 0.19
3.4 0.06 – – 0.38

and #4), which represents the Strouhal number of vortex shedding
in the downstream wake of the configuration.

By increasing the spacing ratio (P/D) to 1.4, the spectrum peak
is shifted slightly to St = 0.14 for the two downstream cylinders
(#3 and #4). This spectrum is not found to be highly energetic
mainly due to the vortex shedding behind the configuration (the
energy peaks are clear on both downstream cylinders). For the case

of spacing ratio (P/D) of 1.5, the flow behavior changes due to the
presence of a secondary shedding frequency of 0.218. This peak is
twice as energetic as the primary one (St = 0.106). For spacing
ratio (P/D) of 1.75, the first energy peak disappears and only one
single peak is observed at around St of 0.189 (#4) and 0.207 (#3).
However, this peak is present on all the four cylinder spectrawhich
leads to the conclusion that the released vortices are generated by
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Fig. 7. History of the probe response for streamwise velocity and vortex shedding frequencies for P/D = 1.5.

Table 6
rms. Lift coefficient (C ′

L = (C2
L − CL

2
)1/2).

Cases P/D Cyl 1 Cyl 2 Cyl 3 Cyl 4

C ′L Present results (LES), Re 3000

1.25 0.076 0.069 0.171 0.167
1.4 0.078 0.083 0.221 0.214
1.5 0.108 0.106 0.303 0.298
1.75 0.076 0.079 0.392 0.393
2 0.011 0.01 0.067 0.066

Table 7
Comparison of the Strouhal number (St = fD/U0) with published data.

Cases P/D Cyl 1 Cyl 2 Cyl 3 Cyl 4

St

Present results (LES), Re 3000

1.25 – – 0.11 0.11
1.4 – 0.12 0.14 0.15
1.5 0.10/0.21 0.10/0.21 0.10/0.21 0.10/0.21
1.75 0.2 0.19 0.2 0.2
2 0.63 0.63 0.19/0.63 0.19/0.63

Zou et al. [16] (LES), Re 15,000 1.5 – – 0.125 0.169
3.5 0.196 0.192 0.192 0.196

Lam et al. [13] (EXP), Re 41,000 1.69 – – – 0.22
3.4 – – 0.2 0.16

Lam and Fang [5] (EXP), Re 12,800 1.56 – – – –
3.58 – – – –

Sayer [20] (EXP), Re 30,000 1.5 0.124 – – 0.103
4 0.186 – – 0.177

both the upstream (#1,#2) and downstream cylinders (#3,#4).
Note also that the energy peaks for downstream cylinders aremore
energetic. For the last configurationwith spacing ratio (P/D) of 2.0,
two distinct energy peaks are observed. The first one at St = 0.195
is apparent only in the spectrum of the downstream cylinders (#3
and #4) whereas the second peak at St = 0.632 is apparent for
all the four cylinders. This phenomenon is also depicted in Fig. 9
where four recirculation zones are present behind the upstream
cylinders (#1 and #2) with only two zones in the wake of the
downstream cylinders (#3 and #4).

The physics responsible of mode change (bistability) in such a
4 cylinder square arrangement is very complex compared to two
cylinders and thus cannot be as easily interpreted. In addition to
the presence of widewakes (WW) and narrowwakes (NW) behind
the upstream cylinders, the presence of the jet phenomenon is
noted on the front side of the two downstream cylinders. This jet
causes the deflection of the flow in the opposite direction of each
stable mode even when it changes rapidly.

An analysis of the formation of vortices is conducted for the
spacing ratio (P/D) of 1.5 as shown in Fig. 7. By analyzing the
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Fig. 8. Modes 1, 2 and 3 evolution for P/D = 1.5 showing the flow flipping (mode change-bistability). (a) Contour plots of the instantaneous velocitymagnitude (b) Vorticity

field (wz = ∂u/∂y − ∂v/∂x).

spectrum of velocity signals captured by the probes which are
positioned at different locations, one can obtain frequency peaks
that represent the frequencies of vortex shedding on the upstream
or downstream cylinders. The comparison of the Strouhal numbers
obtained from the energy spectra of velocity and lift reveals the
presence of two main values (0.1 and 0.2). This method enables
us to crudely correlate the vortex shedding using the position of
the probes; admittedly one would need a proper Dynamic Mode
Decomposition (DMD) to accurately associate each frequency to
the shed vortices.

Fig. 8 shows a side-by-side comparison of the instantaneous
velocity and vorticity fields for the three modes for the spacing

ratio (P/D) of 1.5. In Fig. 8(a), time evolution of themagnitude of in-
stantaneous velocity depicting the three stability modes is shown.
On the other hand Fig. 8(b) shows the counter-part vorticity field
(wz = ∂u/∂y − ∂v/∂x) for the three modes. The biased phenomenon
of flow with a mode change (bistability) is visible from the wake
patterns of the cylinders in this figure. The transition from one
mode to another (from top to bottom and vice versa) takes place at
about (2.5–4.0 s). However, this change is not periodic and occurs
randomly. This was discussed also in Afgan et al. [2] for the case of
two side-by-side cylinders, where the change was again random
and irregular. However, for the 4 cylinders the change is much
faster and hence the wake structures more muddled. From this
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Fig. 9. Streamlines of the mean velocity (averaged in time and spanwise direction) for different spacing ratios: P/D = 1.25, 1.5, 1.75 and 2.0.

Fig. 10. Comparisons of mean velocity profiles for spacing ratio P/D = 1.5. (a) Streamwise velocity U/U0 . (b) Wall normal velocity V/U0 . Experimental results shown with
2% measurement uncertainties.

Fig. 8 one can also see the 3 modes which were first sketched in
Fig. 4 clearly depicting the mode change characterized by a biased
flow for the upstream cylinders and the impact of the jet on the
downstream cylinders.

4.4. Wakes topology

Fig. 9 depicts mean streamlines (averaged in both time and
spanwise direction) around the four cylinders for different spacing

ratios (P/D) 1.25 to 2.0. For the spacing ratio P/D = 1.25, it
is clear that the configuration behaves almost as a single bluff
body. This is evident by the two symmetrical distinct recirculation
zones in the downstream wake of the configuration. However,
we note the presence of two other recirculation zones due to
the vortex shedding in the inner shear layers of the two down-
stream cylinders. By increasing the spacing ratio to P/D = 1.5,
the flow topology changes significantly and new structures are
formed.
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Fig. 11. Reynolds stress profiles and turbulent kinetic energy for spacing P/D = 1.5. (a) k. (b) u′u′/U2
0 (c) u′v′/U2

0 (d) v′v′/U2
0 .

For this configuration the released vortices from the upstream
cylinders travel to the outside of the downstream cylinders. Fur-
thermore, a new recirculation zone appears between the tandem
(Y -direction of) cylinders. For the spacing ratio P/D = 1.75, we
move to a new flow category with little resemblance to the pre-
vious case. This configuration is characterized by the appearance
of different recirculation zones on the outside of the two down-
stream cylinders. This flow topology persists and becomes more
pronounced as the spacing ratio is further relaxed (P/D = 2.0)
with only a change in the flow behavior behind the downstream
cylinders.

4.5. Distribution of velocity and Reynolds stresses

Fig. 10(a) shows the distribution of the non-dimensionalized
longitudinal velocity (U/U0) in the wake of the four cylinders at
P/D = 1.5. A comparison between the experimental and pub-
lished numerical data is shown at different downstream distances
(X/D) from the center of the downstream cylinder (#3). A good
agreement with the published experimental and numerical results
is obtained with the only noticeable difference between the wake
profiles at X/D = 2.25; this is speculated to be due to the dif-
ference in the Reynolds number between the current simulations
(Re = 3000) and the experiments of Lam and Zou [15] (Re =

15,000). This particular position X/D = 2.25 is located in the
recirculation zone behind the downstream cylinders and is thus
characterized by the maximum negative velocity (U/U0 = −0.25)
which also shows the flow recirculation length. However, it should
be noted that the numerical predictions are still within the 2%
experimental uncertainty as shown by the error bars in Fig. 10. On
the other hand Fig. 10(b) shows thedistributions of themean cross-
streamvelocity (V/U0) for the same spacing ratio of P/D = 1.5. The
current numerical results again show a good agreement with the
published data.

Fig. 11 depicts the kinetic energy (k) and the Reynolds stress
profiles

(
u′u′/U2

0 , v′v′/U2
0 , u′v′/U2

0

)
for the spacing ratio P/D =

1.5 at different downstream (X/D) locations. The present LES re-
sults are also in good agreement with the numerical data of Lam
and Zou [15].

For the streamwise Reynolds stress
(
u′u′/U2

0

)
, we note the

presence of four peaks; two on the sides and two between the
cylinders (also see Fig. 9). These peaks are due to the separation
of the shear layers on both sides of the downstream cylinder. The

highest values of
(
u′u′/U2

0

)
are observed at position (X/D = 2.25).

The peaks are located in the near wake areawhere there is a strong
recirculation. Starting from the position (X/D = 4.25), the values
of

(
u′u′/U2

0

)
reduce greatly and the shear layers start rolling up to

release vortices.
For the normal Reynolds stress

(
v′v′/U2

0

)
profile at X/D = 0.75,

the values are almost zero. At X/D = 2.25, they increase to a
maximum and remain at the same level until X/D = 4.25. These
profiles are positioned inside the recirculation zone where the
transformation of shear layers on vortices occurs, which explains
the high values of

(
v′v′/U2

0

)
. Aswemove far downstream thewake,

these values decrease due to the interaction of the vortices that lose
intensity. It is speculated here that the slight differences between
the present numerical results and that of Lam and Zou [15] are not
only due to the difference in the Reynolds number but also due
to two additional reasons. One under-resolution of the flow field
in the LES of Lam and Zou [15]; a mesh of only around 3 million
cells was used as opposed to a 30 million mesh in the current
simulations. Two, the Lam and Zou [15] data is not symmetric
along any X/D profile location which leads to the conclusion that
it was not fully time averaged. This is particularly true for the
profile

(
u′v′/U2

0

)
at X/D = 2.25. It is also worth mentioning here

that similar differences in drag and Strouhal number were spotted
between the current numerical results and that of Zou et al. [16]
(same simulations/results earlier reported in Lam and Zou [15]).
For the remaining X/D positions, profile differences are minimal.
For the turbulent kinetic energy (k) profiles, the highest values
are observed in the recirculation zone at positions X/D = 2.25
and 4.25. It can be seen that the energy is produced at first by the
shear layers (four peaks at the ends of each cylinder). At position
X/D = 4.25, enlargement of peaks is noted which is due to the
rolling of the shear layers.

5. Conclusions

The flowaround four cylinders in a square arrangementwas nu-
merically modeled using dynamic Smagorinsky large eddy simula-
tion (LES). The Turbulent flow was at a sub-critical Reynolds num-
ber of 3000 and different pitch-to-diameter ratios (P/D) were con-
sidered (1.25, 1.4, 1.5, 1.75 and 2.0). The computed global quan-
tities such as Strouhal number and the mean and fluctuating force
components were found to be in close agreement with the avail-
able numerical and experimental measurements. The numerical
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results revealed that flow structures change with the variation of
the spacing (P/D) and biased flow was detected for spacing ratios
(P/D) of 1.25, 1.4 and 1.5. Three distinct biased stable modes were
observed; modes 1 and 2 for P/D = 1.25 and 1.4 configurations
and modes 1, 2 and 3 for the P/D = 1.5 configuration. Mode 1 was
defined as the flow topology when wakes of the first row of cylin-
ders were both directed upwards with wakes of the downstream
cylinders directed downwards. Mode 2was the reverse of this flow
topology i.e. upstream cylinder wakes directed downwards and
downstream wakes directed upwards. Finally Mode 3 was when
thewakes behaved randomlywith nopreferred directional inclina-
tion. Furthermore, the bistability phenomenon was shown based
on the pressure and lift coefficient signals. It is also concluded that
separation of each mode for the purpose of conditional averag-
ing was not attempted as the flow was too complex unlike the
two side-by-side cylinder configurations where the flow topology
shows some level of stable behavior allowing for a thorough wake
study.
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