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Thermal transport in compensated semimetals: a mystery explained

Mohammad Zarenia, Alessandro Principi, and Giovanni Vignale
1Department of Physics and Astronomy, University of Missouri, Columbia, Missouri 65211, USA

2School of Physics, University of Manchester, Oxford Road, Manchester M13 9PL, UK.

It is well known that the electronic thermal conductivity of clean compensated semimetals can
be greatly enhanced over the electric conductivity by the availability of an ambipolar mechanism of
conduction, whereby electrons and holes flow in the same direction experiencing negligible Coulomb
scattering as well as negligible impurity scattering. This enhancement – resulting in a breakdown
of the Wiedemann-Franz law with an anomalously large Lorenz ratio – has been recently observed
in two-dimensional monolayer and bilayer graphene near the charge neutrality point. In contrast to
this, three-dimensional compensated semimetals such as WP2 and Sb are typically found to show
a reduced Lorenz ratio. We investigate the reasons for this difference. We show that the differ-
ent regimes of Fermi statistics (non-degenerate electron-hole liquid in graphene versus degenerate
electron-hole liquid in compensated semimetals) are not sufficient to explain the reduction of the
Lorenz ratio in the latter. We point out that inelastic electron-phonon scattering, while a potentially
viable mechanism, is unlikely to be dominant at the relatively low temperatures of the experiments.
We propose that the solution of the puzzle lies in the ability of compensated semimetals to sustain
sizeable regions of electron-hole accumulation near the contacts, which in turn is a consequence of
the large separation of electron and hole pockets in momentum space. These accumulations suppress
the ambipolar conduction mechanism and effectively split the system into two independent electron
and hole conductors. We present a quantitative theory of the crossover from ambipolar to unipolar
conduction as a function of the size of the electron-hole accumulation regions, and show that it
naturally leads to a sample-size-dependent thermal conductivity.

I. INTRODUCTION

The thermal and electric conductivities of com-
pensated semimetals such as single- and double-layer
graphene near the charge neutrality point have been a
topic of great interest in recent years - mostly because
these systems can be made very clean and feature strong
Coulomb interactions between non-degenerate electron
and hole carriers near the point of contact of the con-
duction and valence bands. This clears the way for the
observation of hydrodynamic transport, as opposed to
conventional single-particle diffusive transport1–19.

In this regime, the thermal resistivity (ρth = κ−1)
– defined under the standard condition of zero elec-
tric current – is primarily controlled by momentum-non-
conserving interactions (scattering from impurities and
phonons), while the electric resistivity (σ−1) is primarily
controlled by momentum-conserving electron-hole colli-
sions. The physical reason for this difference is well un-
derstood. The application of a thermal gradient causes
electrons and holes to drift in the same direction (see
Fig. 1a) This ambipolar mode of conduction is charge-
neutral and therefore automatically satisfies the condi-
tion of zero electric current, which is essential to the mea-
surement of the thermal conductivity. At the same time
the thermal current is directly proportional to the total
momentum of the electron-hole system, which cannot be
changed by electron-hole collisions. Hence, except for
momentum-non-conserving processes, such as electron-
impurity collisions and umklapps, the thermal conduc-
tivity would be infinite. On the other hand, an electric
field causes electrons and holes to drift in opposite di-
rections (see Fig. 1a). Although the total momentum

is now zero, electron-hole collisions transfer momentum
between electrons and holes, giving rise to the Coulomb
resistivity ρel. Under these conditions the Lorenz ratio
L = κ/(σT ) is much higher than the conventional Lorenz

ratio L0 = (π2/3) (kB/e)
2

(= 2.44 ×10−8 W Ω K−2) of
the Wiedemann-Franz law, and is given by16

L = L0

(
1 +

1

Γ2

)
(1)

where Γ2 = (3/π2)(ρel,dis/ρel) � 1 is the ratio of the
ordinary Drude resistivity, ρel,dis, to the Coulomb resis-
tivity ρel – the smaller this is, the deeper we are into the
hydrodynamic regime. (Notice that this formula is valid
at or near the charge neutrality point, i.e., for chemi-
cal potential µ = 0 or, at least, µ/(kBT ) � Γ.) The
resulting Lorenz ratio, L > L0, is clearly seen in the ex-
periments of Ref. 3, which we reproduce in Fig. 1b), and
is well above what would be computed in a theory that
does not take into account electron-hole scattering.

Notice that the presence of two kinds of carriers with
opposite charges is essential to the enhancement of the
Lorenz ratio. If we had only one kind of carriers, then the
requirement of zero-electric current in a thermal trans-
port experiment would force these carriers to adopt a
distribution in which their direction of drift changes sign
depending on whether their energy is above or below the
Fermi level. In this case, Coulomb interactions between
the carriers would increase the thermal resistivity, pro-
ducing a Lorenz ratio that is less than L0

22, exactly the
opposite of what happens in the ambipolar case.

In view of the above discussion, it may come as a sur-
prise that well-known compensated semimetals, such as
WP2 do not show, experimentally, any sign of ambipolar



2

0 50 100 150 200
0

5

10

15

20

25

0 100 200 300
0

0.2

0.4

0.6

0.8

1

 Sample C

 Sample A
 (Cleanest)

A. Jaoui, et al.

 Sample B

J. Gooth, et al.

k

E

(a)

(b) (c)

EF

H
e

h
C

+V
e

h
-V

k

E

Figure 1. (a) Schematic illustration of the difference between
heat and charge current in a charge neutral system. A ther-
mal current can be set up in a semimetal simply by letting
electrons and holes drift with equal speeds in the same direc-
tion (upper row). Electric field causes electrons and holes to
drift in opposite directions (lower row). (b) Experimental ob-
servation of the enhanced Lorenz ratio in monolayer graphene
(the solid lines are guides to the eye) - data were reproduced
from Ref. 3. (c) Experimental observation of the reduced
Lorenz ratio in WP2 - data were reproduced from Refs. 20
and 21. The insets in (b) and (d) depict the low energy bands
in graphene systems (dashed curves for monolayer and solid
curves for bilayer) and in a compensated semimetal, respec-
tively. In both cases, the chemical potential is taken as the
zero of the energy.

thermal transport. On the contrary, the Lorenz ratio of
this and other compensated semimetals, is found to be
lower than L0

23, which, as we have just seen, is a signa-
ture of interaction effects in unipolar transport. Earlier
measurements on Bi24,25 also found a reduction of the
Lorenz ratio rather than an enhancement. A cartoon of
the band structure of a compensated semimetal with a
negative indirect gap is shown in the inset of Fig. 1c.
For simplicity, we assume parabolic bands of opposite
curvature for electrons and holes. The electron and hole
bands are well separated in momentum space, in contrast
with those of graphene where electrons and holes coexist
in the same region of momentum space. Experimental
measurements of the thermal and electric conductivity,
reproduced in Fig. 1c, clearly show the reduction of the
Lorenz ratio in a range of temperatures kBT < εF in
which electrons and holes can be safely regarded as de-
generate Fermi liquids. Here, εF is the Fermi energy of
electrons and holes measured from the bottoms of the
respective bands, while the chemical potential is µ = 0
as required for charge neutrality.

What is the reason for this difference?
The first explanation that comes to mind invokes the

different regimes of Fermi statistics of electrons and holes
in the two types of semimetals, which will hereafter re-
fer to as “type I” (graphene-like) and “type II” (WP2-

like). Electrons and holes are degenerate Fermi liquids in
type II semimetals, where the inverse quasiparticle life-
time scales as (kBT )2/εF ; but, in type-I semimetals, they
are non-degenerate, strongly interacting (Planckian) par-
ticles whose inverse lifetime scales as kBT . The difference
manifests in the behavior of the intrinsic electric resistiv-
ity (caused by electron-hole scattering): ρel is essentially
independent of temperature in single- and double-layer
graphene, but becomes proportional to (kBT/εF )2 � 1
in WP2. The small value of ρel suggests that the “hy-
drodynamicity” parameter 1/Γ2 of Eq. (1) in type-II
semimetals is much smaller than 1, consistent with the
fact that electrons and holes are degenerate Fermi liquids.
These considerations lead one to expect that L should be
close to L0, but not smaller than L0. We note in pass-
ing that recent theoretical calculations of the thermal
conductivity of compensated semimetals26 have yielded
L < L0 only because the ambipolar conduction channel
was not allowed to be part of the solution. Those results
for the thermal conductivity are qualitatively similar to
what would be obtained by enforcing the zero electric cur-
rent conditions separately for electrons and holes, with-
out allowing for the possibility that the electric currents
of electrons and holes cancel against each other.

Another possible mechanism for the reduction of L
in type-II semimetals is inelastic electron-phonon scat-
tering. Indeed, below the Bloch-Grüneisen tempera-
ture inelastic electron-phonon scattering becomes nearly
momentum-conserving and its contributions to the elec-
trical and the thermal resistivity (in reduced units, as
explained after Eq. (7)) scale as as T 5 and T 3 respec-
tively (Ref. [20] - also add reference to Landau-Lifshitz,
Physical Kinetics, Vol. 10, § 82): this shifts the balance
in favor of the electric conductivity and thus tends to re-
duce the Lorenz ratio. In the same regime, however, the
electron-electron contribution to the electric resistivity
scales as T 2 and dominates the electron-phonon contri-
bution, shifting again the balance in favor of the thermal
conductivity and L > 1.

Thus, we are left with the following problem: Why is
the ambipolar channel of thermal conduction apparently
disabled in WP2 – and many other type-II semimetals –
while it is clearly operative in graphene? In this paper
we propose a resolution of this puzzle.

II. AMBIPOLAR TRANSPORT IN THE
PRESENCE OF CONTACTS - QUALITATIVE

DESCRIPTION

In a typical thermal conductivity measurement (see
Fig. 2a) no electric current is extracted from the system.
This gives us the condition

je + jh = 0 (2)

where je and jh are the electric currents associated with
electrons and holes respectively. At the contacts, how-
ever, both the electron and the hole currents are expected
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Figure 2. (a) Schematics of the thermal conductivity mea-
surement. (b) Spatial distribution of the electron and hole
components of the electric current. `D is the diffusion length.
The ambipolar transport region is shaded. The red dashed
lines represent the enhanced density of electrons and holes
near the contacts.

to vanish and therefore we have the boundary condition
je = jh = 0 at the contacts. In principle, this boundary
condition could be homogeneously enforced all along the
sample (we assume the sample is a channel of length `
extending from −`/2 to +`/2 along the x axis). Then
the electrons and the holes would be effectively decou-
pled: there would be no reason for momentum or energy
to flow preferentially from one group of carriers to the
other. The thermal conductivity would be κ = κe+κh, κe
and κh being the thermal conductivities of electrons and
holes in isolation. The pattern of motion would repro-
duce that of a system with only one kind of carrier: the
drift direction would change sign depending on whether
their energy is above or below the Fermi level. Then
electron-electron and hole-hole interactions would ensure
that the Lorenz ratios κe/Tσe and κh/Tσh, with σe and
σh being the electric conductivities of electrons and holes
in isolation, are lower than the non-interacting ratio L0.
The total electric conductivity σ is lower than σe + σh,
due to the effect of electron-hole collisions. However, this
effect can be neglected in the clean limit, because σe and
σh are very large. Therefore, under this boundary condi-
tion we would expect the Lorenz ratio to be lower than
L0, as it is indeed observed to be in experiments.

But why should the boundary condition je = jh = 0
be enforced homogeneously throughout the sample? No-
tice that je and jh are not separately conserved, due to
the possibility of electron-hole recombination. Therefore
je = 0 at the contacts does not demand je = 0 every-
where. On the contrary, the principle of least entropy
production27 demands that the system take maximal ad-
vantage of the ambipolar channel of thermal conduction
by keeping je = −jh 6= 0 in the bulk. The way this is
achieved is by creating regions of increased electron and
hole density in the vicinity of the contacts. This is shown
schematically by the red dashed lines in Fig. 2b. The

excess densities of electrons and holes are identical, so
that charge neutrality is preserved, but the local chem-
ical potentials for electrons and holes shift in opposite
direction. The gradients of electron and hole densities
act as opposing forces, which gradually bring the elec-
tron and hole currents to zero. In the next section we
will show that the size of the electron-hole accumulation
regions is given by the diffusion length

`D =
√
Dτr (3)

where D is the diffusion constant of electrons or holes,
related to the electric conductivity by the usual Ein-
stein relation (D ∼ v2F τ in a degenerate Fermi liquid,
D ∼ (kBT/m)τ in a non degenerate electron gas, where τ
is the momentum relaxation time) and τr is the electron-
hole recombination time. Notice that `D can be very
large in a clean semimetal with a long electron-hole re-
combination time. For example, with a diffusion constant
on the order of 104 cm2/s and an electron-hole recombi-
nation time on the order of 10−6 s (e.g. see chapter 4
in28) we obtain ` ' 10−1 cm which is comparable to the
size of experimental samples20,21. It is also worth noting
that this mechanism of gradual suppression of the cur-
rent is unique to ambipolar systems. In a unipolar sys-
tem, carrier accumulation is inevitably associated with
charge accumulation and the diffusion length is replaced
by the much smaller screening length: the electric current
is suppressed all over the sample by the uniform electric
field generated by a surface charge layer.

The following qualitative picture emerges from our
discussion. In a typical thermal conductivity measure-
ment the system splits into three sections: (i) A cen-
tral section of length ` − 2`D (assuming ` > 2`D) in
which thermal transport occurs via the ambipolar chan-
nel with je = −jh 6= 0 and the thermal resistivity is
given by ρth,ambi (ii) Two accumulation regions of length
`D adjacent to the contacts, in which je and jh are es-
sentially zero and the thermal conductivity is given by
ρth,uni = (κe + κh)−1. The thermal resistivities of the
three sections add in series, leading us to the final result

ρth = α(`)ρth,uni + [1− α(`)]ρth,ambi (4)

where α(`) ' 2`D/` for ` > 2`D, and α(`) = 1 for ` <
2`D. This qualitative result will be substantiated in the
next section by detailed calculations. In particular, we
will derive a more accurate form of the weight function

α(`) =
2`D
`

tanh

(
`

2`D

)
. (5)

If, as we expect in very clean samples, ρth,ambi � ρth,uni
Eq. (4) can be further simplified to

ρth = α(`)ρth,uni . (6)

Here the dependence of the thermal resistivity on the
sample size along the direction of flow is evident – as
well as a distinct possibility to get ρth ' ρth,uni when
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` and 2`D are comparable. No such complications arise
in measurements of the electric conductivity, because the
system remains homogeneous in those measurements.

According to this description, the difference between
compensated semimetals like WP2 and graphene arises
from the difference between their electron-hole equilibra-
tion times. In WP2 electrons and holes are well separated
in momentum space, making the recombination process
very slow. As a result, the diffusion length becomes com-
parable to the size of the sample and the thermal conduc-
tivity reduces to the sum of the thermal conductivities
of electrons and holes in isolation, implying a Lorenz ra-
tio lower than L0, as discussed above. In single- and
double-layer graphene, electrons and holes coexist in the
same (small) region of momentum space. Transfer of non-
equilibrium carriers between the conduction and valence
bands is fast, preventing the establishment of different lo-
cal chemical potential for electrons and holes. Therefore
the diffusion length is negligible and the thermal resis-
tivity plummets, leading to a Lorenz ratio higher than
L0.

Throughout this paper we have assumed that the cur-
rent density remains uniform in the direction perpendic-
ular to the flow. Thus, we have deliberately disregarded
contributions to the resistances arising from the trans-
verse electronic viscosity and boundary conditions which
mandate the vanishing of the electronic current along the
lateral boundaries of the channel. This corresponds to
considering a wide conduction channel. A detailed anal-
ysis of narrow-channel effects is beyond the scope of this
paper.

III. AMBIPOLAR TRANSPORT IN THE
PRESENCE OF CONTACTS - QUANTITATIVE

THEORY

In this section we derive the 2 × 2 matrix of thermo-
electric resistivities for a 1D channel (−`/2 ≤ x ≤ `/2).
The latter relates electric and thermal currents to elec-
tric fields and thermal gradients. To simplify the fol-
lowing derivation, we now define |jns〉 = t(jn, js) and
|Fns〉 = t(−eE,−kB∂xT ) the vectors of thermoelectric
currents and fields, respectively. Here jn = je+jh and js
are the electric and thermal currents, respectively, while
E is the electric field and ∂xT the temperature gradient.
Then, the resistivity matrix ρ̂, such that |Fns〉 = ρ̂|jns〉,
has the form

ρ̂ =

(
ρel +Q2ρth −Qρth
−Qρth ρth

)
, (7)

where ρel and ρth are the electric and thermal resistivities
in reduced units. That is to say, they are the usual elec-
tric and thermal resistivities multiplied by e2 and k2BT ,
respectively, while Q is the Seebeck coefficient in units of
kB/e. Throughout this paper we work with these reduced
units.

This well-establish two-mode description is however in-
sufficient in describing thermoelectric transport in sys-
tems where conduction can occur via both electrons and
holes, if one wishes to separately impose boundary condi-
tions on the particle and hole currents je and jh. It is in
fact clear that, by its own construction, such description
allows imposing boundary conditions only on the total
electric current, jn, which is the sum of electron and hole
currents. To treat these currents separately, it is neces-
sary to extend this theory by adding a third mode, the
“imbalance” current jδ = je − jh, as well as the cor-
responding imbalance field Fδ = −∂x(µe − µh). Here,
µe and µh are the electron and hole chemical potentials,
respectively. Indeed, by taking linear combinations of
the imbalance and electric currents, it becomes possible
to separately describe the propagation of electrons and
holes.

We stress that the imbalance mode plays a rather spe-
cial role in the present theory. From an experimental
perspective, only two fields and currents, the electric
and thermal ones, can be externally applied and mea-
sured. On the contrary, jδ and Fδ are not directly ac-
cessible. They represent the internal rearrangement that
the particle flow undergoes as a result of the application
of external probes, while being subject to the bound-
ary conditions. Their presence in the theory is vital to
the correct implementation of boundary conditions and
particle-hole recombination. However, in order to de-
scribe experiments, it is sufficient to down-fold such un-
familiar three-mode theory, resulting from the introduc-
tion of imbalance currents and fields, to the more conven-
tional two-mode one of Eq. (7). Here we show that, by
applying the boundary conditions on jδ in the presence of
particle-hole recombination, we are able to integrate out
the imbalance current and reduce the three-mode ther-
moelectric resistivity to the more familiar 2×2 matrix of
Eq. (7). From that we will then be able to read out the
values of electric and thermal resistivities, as well as of
the Lorenz ratio and the Seebeck coefficient.

In the three-mode theory, the fields are related to the
currents via a 3× 3 resistivity matrix:(

|Fns〉
Fδ

)
=

(
ρ̂ns |ρδ〉
〈ρδ| ρδδ

)(
|jns〉
jδ

)
. (8)

Here ρ̂ns is a 2×2 block, whereas |ρδ〉 is a two-component
vector. Hereafter 〈v| denotes the transposed of the vec-
tor |v〉. The vector of currents on the right-hand side
of Eq. (8) specifies the state in which the system is pre-
pared. Once such state is defined, this equation tells us
which potential drops, thermal gradients and imbalance
fields can be measured at the boundaries of the sample.
We note that the specific forms of ρ̂ns, |ρδ〉 and ρδδ are
immaterial, as we proceed to show. The only property
of the 3 × 3 matrix of Eq. (8) that we will use in what
follows is that its determinant vanishes. We stress that
such property is not generic to all thermoelectric matri-
ces, but is a consequence of the existence of a conserved
mode (the total momentum) in the present theory.
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In fact, when electron-electron interactions are the
dominant scattering mechanism, and barring Umklapp
processes, the total momentum is a conserved quantity
which must always be included in the theory, regardless
of boundary conditions. This can be accomplished in two
ways. One possibility is that the total momentum is al-
ready present explicitly in the 3× 3 resistivity matrix of
Eq. (8). This happens in very specific cases in which one
of the three currents (jn, js or jδ) coincides with the mo-
mentum density. For example, in a parabolic band elec-
tron gas the electric current density coincides with the
momentum density, whereas for massless Dirac fermions
(e.g., in undoped graphene) the momentum density is di-
rectly proportional to the heat current density. Finally,
in a gapless parabolic-band semimetal such as undoped
bilayer graphene, the momentum density coincides with
the imbalance current density jδ.

In all these cases, the current that is proportional to
the momentum cannot decay over time, since particle-
particle collisions do not affect it. Once launched, it can
only be relaxed by momentum-non-conserving scattering
processes (e.g., electron-phonon collisions). By the very
definition of hydrodynamic regime of transport, however,
such processes seldom occur and are in fact neglected al-
together in a first approximation. This fact has a striking
consequence. If the system is prepared in a state in which
only such conserved current exists, since it experiences
neither resistance nor dissipation during its propagation,
it cannot give rise to a drop in electric field or thermal
gradient. Mathematically, if such nontrivial state is in-
troduced on the right-hand side of Eq. (8), and is thus
multiplied by the 3 × 3 resistivity matrix, it produces a
null vector of fields. It is, therefore, a “zero mode” of the
resistivity matrix. Since it is nontrivial, i.e. it is not the
vector with all currents equal to zero, this in turn im-
plies that the determinant of the 3× 3 resistivity matrix
of Eq. (8) must vanish.

In general, however, none of the three currents coin-
cides with, or is directly proportional to the total mo-
mentum. Therefore, to include such mode one should in
principle start from four-mode theory, the fourth com-
ponent being the momentum. Then, via a down-folding
procedure similar to the one we will describe momentar-
ily, one can obtain the 3× 3 resistivity matrix of Eq. (8).
This procedure is shown in App. A: the end result is that
the momentum mode is implicitly included in the 3 × 3
resistivity matrix and its determinant still vanishes (it is
indeed possible to construct a current which is a com-
bination of particle, thermal and imbalance ones that
cannot decay over time). As we proceed to show, the
vanishing of the determinant of the three-mode matrix,
consequence of the presence of a conserved mode in the
theory, plays a fundamental role in describing the transi-
tion between unipolar and ambipolar regimes, as well as
the size-dependence of the thermal resistivity.

To take into account particle-hole recombination and
boundary conditions in the thermoelectric transport, we
now assume that the imbalance density, nδ, satisfies the

following continuity equation:

∂tnδ + ∂xjδ = −ν0
τr

(µe − µh) , (9)

where τr is a phenomenological electron-hole recombina-
tion time, while ν0 is the density of states of electrons and
holes (assumed to be equal) at the Fermi level. Eq. (9)
encodes the fact that non-equilibrium electron and hole
densities are not separately conserved and therefore the
imbalance density decays over time with a typical time
scale τr. Note that conservation of the imbalance den-
sity is obtained in the limit τr → ∞, hence Eq. (9) is
completely general.

Before continuing, it is necessary to discuss which
boundary conditions apply in different situations. In a
typical measurement of the thermal resistivity, the chan-
nel is connected to two thermal reservoirs. There is no
charge transfer to the reservoirs and only heat can be ex-
changed between them and the channel. Hence, the cur-
rents of electrons and holes have to vanish at the bound-
aries. This in particular implies that jδ(±`/2) = 0. This
leads to the accumulation of electrons and holes at the
boundaries. Such accumulation, which locally preserves
charge neutrality, is required to stop the two currents
from propagating in the channel. Hence, the imbalance
field Fδ can be finite. On the contrary, when the elec-
tric resistivity is measured, a charge current is passed
through the system and a voltage drop is detected. In
this case, the imbalance current needs not to vanish at the
boundaries and is in fact uniform throughout the chan-
nel. However, since there is no applied imbalance field,
Fδ must vanish.

We will start by considering the measurement of the
thermal resistivity. Taking the derivative of Eq. (9), in
the steady state we get

∂2xjδ(x) =
ν0
τr
Fδ . (10)

From the last line of Eq. (8), we get that Fδ = 〈ρδ|jns〉+
ρδδjδ. Using this into Eq. (10), and then solving by im-
posing the boundary conditions jδ(±`/2) = 0, we get

jδ(x) = −〈ρδ|jns〉
ρδδ

[
1− α(`, x)

]
. (11)

In this equation,

α(`, x) =
cosh(x/`D)

cosh
[
`/(2`D)

] , (12)

where `D ≡
√
τr/(ν0ρδδ) is the recombination length.

To get Eq. (11), we have assumed that the thermal and
particle currents are constant throughout the channel,
while the (electric, thermal and imbalance) fields depend
on position. This implies that there is no loss of energy
along the channel. This is compatible with the system
being in the hydrodynamic regime: energy loss occurs
via phonon emission, which is however assumed to occur
at a much slower rate than electron-electron collisions.
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We note that the hydrodynamic hypothesis also ex-
plains why `D can assume drastically different values in
compensated semimetals and in, e.g., graphene systems.
In a compensated semimetal, electron and hole Fermi sur-
faces are centered at distant points of the Brillouin zone.
Electron-hole recombination occurs at the Fermi surface
and requires a large transfer of momentum, much larger
than the typical Fermi momenta of the involved parti-
cles. Therefore, it requires momentum-non-conserving
scattering process to be effective in equilibrating parti-
cles and holes with each other. But this is exactly what
is prevented in the hydrodynamic regime of transport, in
which momentum-non-conserving collisions with impuri-
ties or phonons seldom occur. Hence, τr becomes very
large, while electrons and holes are largely independent.
When the recombination time τr → ∞, `D diverges and
α(`, x)→ 1. Under this condition, the imbalance current
of Eq. (11) vanishes everywhere and the system behaves
as two independent unipolar systems.

On the contrary in, e.g. graphene systems, electron-
hole recombination (and therefore the equalization of
their chemical potentials) occurs at a much faster rate,
with typical time scales of few tens of femtoseconds.
Hence, the typical relaxation times for imbalances in
chemical potential are very short, i.e. τr → 0. In this
case, `D vanishes and α(`, x) → 0. Since the imbalance
current can be finite, the system displays ambipolar be-
havior. We stress that, in graphene, electron-hole re-
combination occurs in general much faster than cooling,
which has typical time scales of few picoseconds29.

Substituting the result of Eq. (11) into the first line
of Eq. (8), we obtain an equation of the form |Fns〉 =
ρ̃(x)|jns〉, where the 2 × 2 position-dependent thermo-
electric matrix is

ρ̃(x) = ρ̂ns −
|ρδ〉〈ρδ|
ρδδ

[
1− α(`, x)

]
. (13)

According to the discussion above, from Eq. (13) we can
define the unipolar and ambipolar resistivity matrices as

ρ̂uni ≡ lim
α(`,x)→1

ρ̃(x) = ρ̂ns ,

ρ̂ambi ≡ lim
α(`,x)→0

ρ̃(x) = ρ̂ns −
|ρδ〉〈ρδ|
ρδδ

. (14)

Each infinitesimally thin slice of the channel at position
x contributes a resistivity ρ̃(x), which is in series to those
of all other slices. The total resistivity of the channel is
therefore obtained by summing the resistivities of the in-
finitesimally thin slices that compose it, and dividing the
result by its total length `. This is equivalent to averag-
ing Eq. (13) over the length of the channel. We finally
obtain the sought 2× 2 thermoelectric matrix subject to
thermal-measurement boundary conditions

ρ̂ = ρ̂uniα(`) + ρ̂ambi

[
1− α(`)

]
. (15)

We now observe that ρ̂uni can be calculated, as shown in
Ref. 17, by solving Boltzmann’s kinetic equation within a

two-mode approximation. As such, the electric and ther-
mal resistivities calculated from it are always finite17, and
the resulting Lorenz ratio is lower than L0. On the con-
trary, ρ̂ambi corresponds to the resistivity matrix calcu-
lated by explicitly accounting for the conserved momen-
tum mode16,17. Therefore, in the absence of momentum-
non-conserving interactions, it exhibits a vanishing ther-
mal resistivity (ρth,ambi = 0) when the semimetal is com-
pensated16,17. Furthermore, as a consequence of momen-
tum conservation, the determinant of the 3 × 3 matrix
of Eq. (8), det(ρ̂ambi), is always zero regardless of the
doping level17. This in turn implies that the product
ρth,ambiρel,ambi = 0, i.e., either the electric or the thermal
resistivity vanish, but not both at the same time since
there is only one conservation law. Since ρth,ambi = 0
in a perfectly compensated system, we conclude that
ρel,ambi must be different from zero even in the absence of
momentum-non-conserving interactions16,17, and there-
fore the Lorenz ratio calculated from ρ̂ambi is larger than
L0. As shown in Ref. 16, momentum-non-conserving in-
teractions such as quenched disorder allow for similar vi-
olations to be observed in a window of densities around
perfect compensation. It is evident that the role of the
function α(`) in Eq. (15) is to interpolate between these
two opposite limits. In passing, we note that ρel,ambi in a
compensated system equals the electrical resistivity that
could be naively calculated from ρ̂uni.

Note that we can easily add a contribution due to
momentum-non-conserving processes ρ̂D in series to ρ̂ by
replacing ρ̂uni → ρ̂uni+ρ̂D and ρ̂ambi → ρ̂ambi+ρ̂D. Com-
paring Eq. (15) with the definition (7), we immediately
identify the thermal resistivity

ρth = α(`)ρth,uni +
[
1− α(`)

]
ρth,ambi . (16)

It follows from what said above that, in a compen-
sated semimetal and in the absence of momentum non-
conserving interactions, ρth = α(`)ρth,uni. Using Eqs. (8)
and (15) we can also derive the Seebeck coefficient as

Q =
α(`)ρth,uniQuni +

[
1− α(`)

]
ρth,ambiQambi

α(`)ρth,uni +
[
1− α(`)

]
ρth,ambi

, (17)

where Quni and Qambi are the Seebeck coefficients of the
system in the unipolar and ambipolar regimes, respec-
tively.

To derive the electric resistivity, we have to start again
from Eq. (8) and apply the boundary condition Fδ = 0.
Since we impose no condition on the imbalance current,
the latter has a uniform value which is determined by
the applied fields. In this case, the electric resistivity is
simply that of the ambipolar channel, i.e. ρel = ρel,ambi.
In fact, given that the boundary conditions do no treat
particles and holes separately, there is no such thing as
a “unipolar” electric resistivity. This can be seen also
mathematically, by setting Fδ = 0 in Eq. (8) and solving
its last line. The result is jδ = −〈ρδ|jns〉/ρδδ, which is
identical to Eq. (11) in the limit α(`, x)→ 0. Therefore,
as expected, the system behaves as purely ambipolar and
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Figure 3. Intrinsic unipolar and ambipolar thermal resistiv-
ities (as defined in the text) as well as the intrinsic electric
resistivity as functions of temperature (scaled with TF ). In
the presence of disorder the total electric and thermal resistiv-
ities, respectively, become ρel +ρel,dis and ρth,uni/ambi +ρth,dis
(not shown in the figure), where ρel,dis is constant at low T
(impurity-dominated regime) and linearly scales with T when
phonons are relevant. Making use of the Wiedemann-Franz
law for a non-interacting disordered system, we have assumed
ρel,dis/ρth,dis = π2/3 (in reduced units).

ρ̂ = ρ̂ambi. Therefore, the Lorenz ratio reads

L =
ρel

α(`)ρth,uni +
[
1− α(`)

]
ρth,ambi

. (18)

In the absence of interactions and in the unipolar
regime, L tends to L0, the value prescribed by the
Wiedemann-Franz law. In a compensated semimetal
and in the absence of momentum-non-conserving inter-
actions, Eq. (18) reduces to the Lorenz ratio calculated
within a two-mode approximation17, which is always
smaller than L0, divided by α(`). The latter function
becomes vanishingly small when ` � 2`D, i.e. when
the ambipolar limit is approached, and therefore the true
Lorenz ratio calculated from (18) can become larger than
L0.

IV. NUMERICAL RESULTS AND DISCUSSION

In this section we present numerical results for Eqs.
(16), (17), and (18) for the thermal resistivity, the See-
beck coefficient, and the Lorenz ratio, respectively. We
assume the semimetal to be perfectly compensated, i.e.
the number of electrons equals the number of holes. For
the sake of clarity, we start by discussing the electrical
and thermal resistivities in the ideal intrinsic limit, in
which momentum-non-conserving interactions are com-
pletely neglected. These will be re-introduced later, in
order to regularize the results pertaining to the Lorenz
ratio.

Our results are summarized in Fig. 3. We plot the di-
mensionless electrical and thermal resistivities, ρel and
ρth, as functions of temperature. The thermal resistivi-
ties ρth,uni and ρth,ambi, subject to homogeneous unipo-
lar and ambipolar boundary conditions, are plotted as
solid and dotted lines respectively. As discussed above,
the unipolar boundary condition sets electron and hole
currents, je and jh, individually to zero. This is equiv-
alent to requiring that both the electric and the imbal-
ance currents vanish. On the other hand, the ambipolar
boundary condition sets only the total current je + jh
to zero. Note that, as explained in the previous section,
the distinction between unipolar and ambipolar bound-
ary conditions does not apply to the electric resistivity.
In Fig. 3 we see that, while the ambipolar thermal resis-
tivity vanishes, the unipolar thermal resistivity remains
finite. In the latter case the system is essentially equiva-
lent to two independent electron and hole fluids with no
electron-hole interactions.

Since our model enjoys particle-hole symmetry, the
thermal conductivity of electrons and holes are equal.
Thus, ρth,uni = 1/(2κe). We use the well-established
kinetic-equation methods of Refs. 16 and 17 to calculate
the intrinsic thermal conductivity κe of a single parabolic
band at a fixed carrier density, defined by the Fermi en-
ergy εF . These techniques can be viewed as a simplified
version of the calculations performed in Ref. 26. We rely
on a simpler Ansatz for the non-equilibrium distribution
function16 and find ρth,uni ' Ith/(2D

2
th), where Dth =∑

k(∂fk/∂εk)vk · vk[(εk − εF )/kBT )2 ' 9ζ(3)/(4π~2β)
is the thermal Drude weight, while Ith is the Coulomb col-
lision integral projected onto the thermal channel. For a
system with a single parabolic band, the velocity vk ∼ k
coincides with the momentum zero mode, and therefore
only the thermal moment of the collision integral, Ith, as-
sociated with the relaxation of energy (thermal) currents,
survives. This implies that, while the electric resistivity
is exactly zero, the thermal resistivity remains finite. We
make use of standard approximations for the Coulomb
collision integral (screened interaction plus Fermi golden
rule), previously used for graphene systems16,17, and find
Ith to be

Ith = − 1

4π(kBT )3
×

∑
q

∫ ∞
−∞

dω
|V (q, ω)|2

sinh2(~ω/2kBT )
[(=Π1)2 −=Π0=Π2],

(19)

where V (q, ω) = vq/|1 − vqΠ0(q, ω)| is the screened
electron-electron Coulomb interaction and vq =
2πe2/(εq). Here, ε is the dielectric constant that ac-
counts for the surrounding medium as well as screening
from remote bands. We set ε = 1 in our calculation. The
response functions Πn(q, ω) are defined as

Πn(q, ω) = 2
∑
k

(ε̃kvk − ε̃k+qvk+q)n(f0k − f0k+q)

εk − εk+q + ~ω + i0+
, (20)
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Figure 4. Lorenz ratio as a function
of (a) temperature for different val-
ues of α(`) from 0 (perfect ambipolar
regime) to 1 (perfect unipolar regime)
with a step of 0.01 and (b) as a func-
tion of α(`) (in logarithmic scale) for
different temperatures as labeled. The
strength of the charge impurity- and
phonon-limited resistivities were defined
through the hydrodynamicity parame-
ters Γ2

imp = ρel,imp/ρel(T � TF ) and

Γ2
ph = ρel,ph/ρel(T � TF ), respectively.

The inset in (b) shows α(`), Eq. (5), as a
function of `/`D. The onset temperature
for phonons is taken as Tph = 25K. In the
hydrodynamic regime, i.e. 0 . T . 25K
in this figure, the Lorenz ratio deviates
from its standard (impurity/phonon)-
limited value L0. Due to the ambipo-
lar constraint je + jh = 0, the violation
of the Lorenz ratio is a large enhance-
ment while with the unipolar situation
(je = jh = 0) the Lorenz number is dras-
tically reduced below L0.

where ε̃k = εk − εF is the band energy measured from
the Fermi energy. In the degenerate Fermi liquid regime
(T � TF ), Π0 is the well-known zero-temperature 2D
Lindhard function30 and we find that for ~ω � εF , [Π2

1−
Π0Π2] ∼ ω6 resulting in Ith ∼ T 4. As Dth(T � TF ) ∼ T
we find

ρth,uni(T � TF ) ∼ T 2 ln(T ). (21)

This behavior of the thermal resistivity is consistent with
previous results obtained for degenerate Fermi liquid
graphene22. We find that ρth,uni peaks around T ' TF
and decreases as ∼ ln(T )/T 2 for T � TF (i.e. in the
non-degenerate regime), see blue solid curve in Fig. 3.

Next, we study the the temperature dependence of
the intrinsic electric resistivity ρel of the compensated
semimetal. We distinguish the Planckian regime, in
which there is only one energy scale kBT (T � TF ),
from the Fermi-liquid one, in which there are two energy
scales, kBT and εF . The temperature dependence of ρel
(in reduced units) is given by,

ρel ∼
1

Del(T )τeh(T )
, (22)

where τeh(T ) is the electron-hole scattering rate and
Del(T ) the Drude weight in the electric channel, which
is defined as Del =

∑
k v

2
k(∂fk/∂εk). In the Planck-

ian regime the maximum scattering rate allowed by the
energy-time uncertainty principle31 is 1/τeh(T ) ∼ kBT/~
while in the Fermi liquid regime 1/τeh(T ) ∼ (kBT )2/~εF .
Similarly, in the Planckian regime the Drude weight
Del ∝ kBT , whereas in the Fermi liquid regime it is
independent of temperature. Hence, the intrinsic resis-
tivity ρel is independent of temperature in the Planckian
regime, while it scales as ∼ T 2 in the Fermi liquid regime.

The red dashed curve in Fig. 3 shows precisely these lim-
iting behaviors.

We now introduce momentum-non-conserving interac-
tions and discuss the calculation of the Lorenz ratio of
Eq. (18). Momentum-non-conserving scattering is neces-
sary to regularize results in the ambipolar limit: as it is
clear from Fig. 3 and the definition 18, the ratio between
the electrical and thermal resistivity (ρth,ambi) would di-
verge if the contribution of disorder were neglected. To
include disorder we consider the following simple but re-
alistic model. At low temperatures impurities are the
dominant disorder mechanism while, as temperature in-
creases, electron-phonon scatterings become more impor-
tant.

The Drude resistivity due to scattering against impu-
rities is here defined as ρel,imp = m∗/(nτimp), where m∗

and n are the electron effective mass and density, respec-
tively. The impurity scattering rate 1/τimp is assumed to
be independent of temperature for both short- and long-
range impurities. Since the particle density n and the ef-
fective masses are fixed in compensated semimetals, once
the electron and hole Fermi energies are set, the electric
resistivity due to scattering against impurities, ρel,imp, is
independent of T .

As the temperature increases, the resistivity due to
collisions with phonons ρel,ph becomes the dominant
contribution to the total electric resistivity. Above
the Bloch-Grüneisen temperature, ρph increases linearly
with T 32. We therefore posit the following model for
the momentum-non-conserving scattering: ρel,dis(T .
Tph) ' ρel,imp ∼ Const. and ρel,dis(T & Tph) ' ρel,ph ∼
T , where Tph is defined as the onset temperature at
which phonons start to become the dominant scattering
mechanism. Assuming that the Wiedemann-Franz law is
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satisfied when only momentum-non-conserving (electron-
impurity or electron-phonon) processes are taken into ac-
count, we obtain in particular that the thermal resistivity
of impurities in reduced units is ρth,imp = (3/π2)ρel,imp.

Figures 4a and 4b show the results for the Lorenz
ratio of Eq. (18) as a function of (a) temperature for
different values of α(`) (corresponding to different sam-
ple lengths) and (b) as a function of α(`) for differ-
ent temperatures. The onset temperature for phonon-
dominated scattering is taken to be Tph ' 25 K. We
determine the strength the charge impurity as well as
phonon resistivities, respectively through the hydrody-
namicity parameters Γ2

imp = ρimp/ρel(T � TF ), and

Γ2
ph = ρph/ρel(T � TF ) (i.e. the ratio of the charge

impurity/phonon resistivities to the intrinsic Coulomb
resistivity in the non-degenerate regime, T � TF ). For
the results in Figs. 4a and 4b we have taken Γimp = 0.01
and Γph = 3.

We observe that the Wiedemann-Franz law is violated
in two radically different ways, depending on whether we
are in the ambipolar (`� `D) or unipolar (`� `D) limit.
While in the former we observe a large enhancement of
the Lorenz ratio, in the latter we observe a moderate
reduction. The ambipolar limit is the situation realized
in graphene systems (see Fig. 1b), while the unipolar
one occurs in compensated semimetals as WP2 (see Fig.
1c). We stress that the large enhancement of the Lorenz
ratio cannot be explained without taking into account
strong electron-hole scattering in the electric conduction
channel.

Fig. 5 displays a 2D plot of L/L0 as functions of tem-
perature and scaled sample length (`/`D). Based on the
behavior of the Lorenz ratio we identify a phase diagram
of possible transport regimes in a charge-neutral system.
When T → 0 as well as for temperatures T & Tph,
L/L0 → 1 resulting from the disorder-limited transport
in these regimes, i.e. impurity-dominated at T → 0 and
phonon-dominated at T & Tph). In the hydrodynamic
regime (0 . T . Tph), one can tune the WF ratio from
an enhancement when ` � `D (bipolar condition) to a
reduction when `� `D (unipolar condition).

Finally, we calculate the Seebeck coefficient accord-
ing to Eq. (17). For a symmetric electron-hole system
(Qe = −Qh), the Seebeck coefficient always vanishes
at the charge neutrality point, both in the absence and
in the presence of disorder. Note that in the intrinsic
regime at perfect compensation, in which momentum-
non-conserving processes are absent, ρth,ambi = 0. This
in turn implies that ρth = α(`)ρth,uni and Q = Quni. In
this case, while the thermal resistivity depends on the
system size, the Seebeck coefficient is independent of it.

V. OUTLOOK

The breakdown of the Wiedemann-Franz law, which
results in an anomalously large Lorenz ratio near the
charge neutrality has been recognized to occur in clean

Figure 5. 2D plot of the Lorenz ratio as a function of `/`D
(sample length scaled with the diffusion length) and T . Dif-
ferent transport regimes are indicated on the figure. The on-
set temperature of phonons Tph = 25K and the hydrody-
namicity parameters Γimp = 0.01 and Γph = 3 were cho-
sen to be the same as in Fig. 4. The enhancement of the
Lorenz ratio (in the ambipolar hydrodynamic regime) is rel-
evant for graphene systems and is a consequence of electron-
hole scattering, which selectively enhances the electric resis-
tivity. The reduced Lorenz number (in the unipolar hydrody-
namic regime) is relevant for compensated semimetals, where
the electron and hole bands are well separated in momentum
space.

graphene samples and has inspired a considerable amount
of theoretical work. On the contrary, experiments in
three-dimensional semimetals such as WP2 and anti-
mony show a radically different result. Although a phe-
nomenology similar to that of graphene would naively be
expected, a puzzling reduced Lorenz ratio is observed at
low temperatures, when both electrons and holes form
degenerate Fermi liquids.

In this study, we have shown that this apparent contra-
diction is explained by the completely different transport
situations realized in the two systems: truly ambipolar
transport in graphene versus two independent channels of
unipolar transport in compensated semimetals. In con-
trast to graphene and its bilayer, electron and hole pock-
ets in compensated semimetals are well distanced in mo-
mentum space, resulting in a long recombination time.
Since both electron and hole currents must separately
vanish at the contacts, this results in a suppression of
the bulk ambipolar conduction mechanism. Effectively,
electrons and holes behave as two independent and de-
coupled Fermi liquid throughout the channel (a situation
analogous to unipolar transport).

The violation of the Wiedemann-Franz law in both the
ambipolar and unipolar transport regimes occurs in a
temperature window in which the so-called hydrodynamic
regime of transport is realized, i.e. when momentum-
conserving collisions among particles constitute the dom-
inant scattering mechanism (we note that in a Fermi
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liquid the WF law is satisfied when disorder scattering
dominates). We have presented a simple theory for a
general unipolar/ambipolar system and demonstrated a
crossover from ambipolar to unipolar conduction as a
function of a weight function (related to the electron-hole
recombination time) which naturally leads to a sample-
size-dependent thermal conductivity as observed in ex-
periments. Although our theory has been presented for a
two-dimensional system, the results would qualitatively
remain valid for three-dimensional ones.
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APPENDIX

Appendix A: Explicitly accounting for momentum:
the four-mode theory

In this appendix we consider the general case in which
the total momentum, the conserved mode of hydrody-
namic conduction, does not coincide with either the elec-
tric, thermal or imbalance currents. Given its importance
in determining the transport properties of the system, it
is necessary to include it explicitly. In the resulting four-
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mode description, the total momentum is added to the
list of currents flowing in the system. To stress the fact
that it is a zero mode of the resulting 4 × 4 resistivity
matrix, i.e. a nontrivial vector with eigenvalue zero, we
will call the total momentum j0. A force F0 that couples
explicitly to it will also be included. The goal of this
appendix is therefore to show how the 4 × 4 resistivity
matrix that connects the four currents to the four fields
can be down-folded to obtain the 3×3 matrix of Eq. (8).
We will guide the reader through this process and show
that the determinant of the resulting resistivity matrix
vanishes, as stated in Sect. III. This in turn implies that
the zero mode, although not explicit, is still included in
the three-mode theory. Therefore, no information about
the physical implications of the conservation of momen-
tum is lost in the down-folding process.

The derivation here parallels that given in Sect. III.
Fields and currents are now related by the 4×4 resistivity
matrix ρ̂. Explicitly,(

F0

|Fnsδ〉

)
=

(
ρ00 〈ρ0|
|ρ0〉 ρ̂nsδ

)(
j0
|jnsδ〉

)
. (A1)

Here |jnsδ〉 = t(jn, js, jδ) and |Fnsδ〉 =
t(−eE,−kB∂xT, Fδ), ρ̂nsδ is a 3 × 3 block, and
|ρ0〉 is a three-component vector. The determinant of
the 4× 4 matrix in Eq. (A1) is

det(ρ̂) = det(ρ̂nsδ)
[
ρ00 − 〈ρ0|ρ̂−1nsδ|ρ0〉

]
, (A2)

and it is equal to zero since there is at least one nontrivial
vector with eigenvalue zero (i.e. the total momentum).
Indeed, if the system is prepared in a state such that only
j0 6= 0, the vector on the left-hand side of Eq. (A1) is a
null vector. By assumption, the only zero mode is the
momentum, so the determinant of the 3 × 3 block ρ̂nsδ
is finite and such matrix is therefore invertible. Thus, it
must be that

ρ00 = 〈ρ0|ρ̂−1nsδ|ρ0〉 . (A3)

The property (A3) plays a pivotal role in the following
proof.

To down-fold the four-mode theory of Eq. (A1) into the
three-mode one of Eq. (8) we need to apply the boundary
conditions on the momentum. Since no external field that
couples specifically to the momentum is applied, we will
set F0 = 0, while the momentum j0 is allowed to assume
an arbitrary value. The latter is determined by the values
of the electric and thermal currents and fields, as well as
by the boundary conditions imposed on the imbalance
current. The first line of Eq. (A1) implies that

j0 = −〈ρ0|jnsδ〉
ρ00

. (A4)

When this relation is substituted into the last line of
Eq. (A1) we get

|Fnsδ〉 =

[
ρ̂nsδ −

|ρ0〉〈ρ0|
ρ00

]
|jnsδ〉 . (A5)

The matrix in square brackets on the right-hand side of
Eq. (A5) is the 3 × 3 resistivity matrix of Eq. (8). We
now prove that its determinant is zero. To do so, it is
sufficient to show that there exists a nontrivial vector
|jnsδ〉 such that, when the matrix acts on it, the result is
exactly zero. It is easy to see that such vector is ρ̂−1nsδ|ρ0〉.
Indeed, using the property (A3), we have

|Fnsδ〉 =

[
ρ̂nsδ −

|ρ0〉〈ρ0|
ρ00

]
ρ̂−1nsδ|ρ0〉

= |ρ0〉 −
|ρ0〉〈ρ0|ρ̂−1nsδ|ρ0〉
〈ρ0|ρ̂−1nsδ|ρ0〉

= 0 , (A6)

which proves the assertion. Hence, the 3 × 3 resistiv-
ity matrix of Eq. (8) can be assumed to have determi-
nant equal to zero and to implicitly retain the informa-
tion about the conservation of momentum by electron-
electron interactions.
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