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1Abstract—Real-time thermal capacity estimation is not 
only part of prognostics and health management (PHM) but 
also determines the dynamic loading capability of the 
traction transformer. The hot-spot temperature is the vital 
parameter for real-time thermal capacity estimation. In 
high-speed railway, the unbalanced loads of the two 
phases of the traction transformer cause unbalanced 
winding losses and therefore affect the top-oil temperature 
and further influence the hot-spot temperature in each 
phase. In order to explore the dynamic thermal 
performance of the transformer under unbalanced load 
(current), a thermal model for calculating the hot-spot 
temperature was proposed incorporating thermal 
interaction between two power supply phases. This model 
treats the winding loss of each phase independently, 
considering the temperature dependence of winding ohmic 
losses and eddy current losses. A thermal circuit topology 
was presented with independent phase windings sharing 
the same top-oil temperature, where an improved heat 
transfer correlation was used to account for the nonlinear 
thermal convection. The proposed model was verified by 
the factory temperature rise tests and field operation data 
for the same batch of transformers. 

 

Index Terms—High-speed railway; Oil-immersed 
transformer; Loading capability; Hot-spot temperature; 
Unbalanced load. 

NOMENCLATURE 

A Area (m2). 

Cth Thermal capacity (J/kg). 

cp Specific heat (J/K∙kg). 

Gr  Grashof number. 

g The acceleration of gravity (9.8 m/s2). 
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h Heat convection coefficient (W/m2∙K). 

I Load current (A). 

K2 Ratio rated winding loss to winding loss at any load. 

k Thermal conductivity (W/m∙K). 

L Characteristic dimension length (m). 

Nu Nusselt number. 

n Turns ratio. 

Pr  Prandtl number. 
P Loss (W). 

p Constant governing hot-spot to top-oil thermal 

resistance. 

q Constant governing top-oil to ambient thermal 

resistance. 

R Resistance (Ω). 

Rth Thermal resistance. 

Rg Rogowski coefficient. 

r Ratio load losses at rated current to no-load losses. 

S Width between two parallel plates or surfaces (m). 

∆θoil Top-oil rise over ambient temperature (K). 
∆θhs Hot-spot rise over top-oil temperature (K). 

Greek: 

β The coefficient of thermal expansion (1/K). 

ρ The density (kg/m3). 
θ Temperature (K). 

τoil Top-oil time constant (min). 

τw Winding time constant (min). 

μ Oil viscosity (kg/m∙s). 

Abbreviation Subscripts: 

α, β Secondary phases of traction transformer. 

amb Ambient. 

A, B, C Three-phase power source connecting to the primary 

windings (high-voltage) of V/x transformer. 

dc Ohmic loss. 

eddy Eddy loss. 

F Feeder lines in TPSS. 

hs Hot spot. 

pu Per unit value. 

rated Rated. 

ref Reference spot for oil temperature. 
T Contact lines (catenary) in TPSS. 

th Thermal. 
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I. INTRODUCTION 

Power transformers are critical industry assets in both power 

systems and electrified railways. Condition monitoring and 

maintenance planning of transformers are crucial because it is 

strongly related to the safety and stability [1], [2], [3]. 

Prognostics and health management (PHM) strategies have 

emerged as effective solutions to manage power transformers, 

where real-time thermal capacity estimation (also called as 

thermal management or thermal rating) is an important part of 

PHM. Besides, the transformer loading capability should be 

assessed by real-time thermal capacity estimation, thus 

transformers can be safely operated under changing load and 

environmental conditions [4], [5]. Among the monitored 

parameters of real-time thermal capacity estimation, the 

maximum winding temperature is the vital one. 

The hot-spot temperature (HST, sometimes also called as the 

hottest spot temperature) is one of the key factors that limit the 

loading capacity of transformers and determine the lifetime of 

the transformer insulation [6], [7], [8]. Developing dynamic 

thermal models is an effective way to calculate HST and 

therefore estimate the loading capability [9]. In general, the 

HST differences among different phases are omitted because of 

symmetrical loading. However, in some special occasions, 

transformers bear unbalanced loads (currents). For example, in 

high-speed railway (HSR) traction power supply systems 

(TPSS), there exists obvious unbalanced loads in the 

transformer due to different catering demands by running 

electric multiple units (EMUs) and special winding connections 

of the transformer [10]. 

A typical topology of TPSS is illustrated in Fig. 1. This TPSS 

includes traction transformers, several autotransformer 

substations (ATSs), catenary network and running trains. The 

traction transformer (V/x connection type) steps three-phase 

220 kV down to two sets of single-phase 2 × 27.5 kV feeders 

for α, β supply phases separated by neutral sections [10]. In 

addition, most HSR lines have been adopted as two 27.5-kV 

autotransformer (AT) fed system as a power-supply for EMUs. 

Furthermore, the α phase take the responsibility of power 

supply for the up-track and β phase for the down-track, with 

different loads in most times. The unbalanced loads cause 

unbalanced winding losses and therefore affect the top-oil 

temperature and further influence the HST in each phase. 

The electrical-thermal analogy is an effective method for 

heat transfer analysis. To further develop the thermal circuit, 

research efforts have been made to the structure of the thermal 

circuit model and its physical interpretation, and particularly 

for the nonlinear convective heat transfer and nonlinear thermal 

resistance as was proposed in [9], [11], [12]. Considering a 

variety of transformer operating environments, more detailed 

thermal circuit models were proposed to address specific issues 

as in [13], [14], [15], [16], [17]. However, after building 

thermal circuit models, a fewer design-dependent variables are 

involved in the model. The more specific the thermal circuit 

structure is, the more design-dependent variables and heat 

transfer correlations will be required. How to choose 

appropriate correlations and their coefficients are crucial for the 

model accuracy. Furthermore, in simplified thermal circuit [9], 

during the derivation process to differential equations, most 

heat transfer correlations can be boiled down to a formula 

containing the nameplate information and a fewer empirical 

constants. 

As for the unbalanced load scenario, voltage imbalance is not 

uncommon. Atabak Najafi explored the thermal dynamic and 

thermal aging rate under three-phase unbalanced-voltage 

scenarios [17]. The article presented an extremely detailed 

thermal circuit structure, considering the thermal resistance 

between phases. This detailed circuit requires numerous 

detailed design parameters and a large number of correlation 

equations. The result showed that the voltage has minor 

influence on the thermal behavior. In contrast, the thermal 

effect of unbalanced load current carried by the traction 

transformer is more pronounced. To investigate the thermal 

effect of unbalanced loads (currents), two questions need to be 

addressed properly: 1) how to deal with the heat transfer 

between the two phases; 2) how to select the correlation 

equations and their coefficients to account for nonlinear 

thermal resistance in the model. 

In this paper, in order to fulfill the real-time thermal capacity 

estimation for traction transformers in high-speed railways, a 

thermal model for calculating the HST was proposed. The 

model accounts for thermal interaction between the two power 

supply phases, i.e., α and β supply phases and treats the winding 

losses independently, considering the temperature dependence 

of winding ohmic losses and eddy current losses. A thermal 

circuit topology was presented with each phase separately 

represented but sharing the same top-oil temperature. The 

determination of the top-oil temperature considers the 

nonlinear convective heat transfer with appropriate heat 

transfer correlations selected. The proposed model was verified 

by the factory temperature rise tests and field operation data for 

the same batch of transformers.  

II. UNBALANCED ELECTRICAL POWER LOSS RELATIONSHIP 

Unbalanced loads bring different power losses in α, β phases 

of the traction transformer. The current transform matrix 
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Fig. 1. Schematic diagram of TPSS. 
 

 



between local power grid and feeders, catenaries is shown as: 
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Ideally, the valid values of α, β phases can be depicted as, 
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Next, α phase will be investigated and modelled as an 

example. In the temperature rise test or an ideal condition, the 

catenary current IαT equals the feeder current IαF, which can be 

set as rated condition. So, the rated current relationship was 

presented as: 

 : : 2 : :A rated F rated T ratedI I I n n      (3) 

The rated ohmic loss relationship can be shown as, 
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Under any catenary current IαT and any feeder current IαF, the 

ohmic loss in different windings of α phase can be described as: 
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 (5) 

So, the per unit value of winding ohmic loss in α phase is 
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 (6) 

If the catenary current IαT equals the feeder current IαF, the 

per unit value of winding ohmic loss can be simplified as 
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The ratio of load loss Pα (increased by eddy current losses) to 

the ohmic loss can be determined as [18]: 
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where m is the number of conductors perpendicular to the 

leakage duct and the value of φ is: 
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where ξ is the reduced conductor width, a dimensionless 

number defined as below: 

 0

s

Nb
a Rg f

l
      (10) 

where a is the conductor length perpendicular to the flux lines, 

N is the number of conductors in the direction of the flux lines, 

b is the conductor length in the direction of flux lines, μ0 is the 

permeability of vacuum, f is the frequency in Hz, ls is the length 

of leakage duct, σ is the conductivity of the conductor and Rg is 

Rogowski coefficient defined as [18]: 
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where a1 and a2 are the length of two windings in the direction 

perpendicular to the stray flux lines and δ is the width of duct 

between windings. For a specific transformer, the terms φ, ξ 

and Rg are fixed. Therefore, the ratio Pα to Pα-dc is independent 

of load current. With the following definition [19], 
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Equation (8) can be rewritten as 
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Furthermore, considering the loss variation with 

temperature, the equivalent winding loss factor can be deduced 

as 
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where the winding loss factor is related to the hot-spot 

temperature, so the temperature correction factors are: 
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Similarly, the β phase equivalent winding loss factor is 

 
2

1

dc eddy

dc puK P
  

 



  



 

 

 



 (17) 

III. THERMAL CIRCUIT AND GOVERNING DIFFERENTIAL 

EQUATIONS 

A. Thermal Circuit Topology 

The thermal circuit model adopts electrical-thermal analogy 

and applies lumped capacitance and nonlinear thermal 



resistance. The model is based on fundamental heat transfer 

theory and has the advantage of convenience of calculation and 

clear physical interpretation. Different from the 2-segment 

model in [9], the proposed model has core loss and winding 

power loss sources represented for different phases because α, β 

phases have unbalanced loads. As shown in Fig. 2, the 

unbalanced thermal model is constructed considering the 

coupling relation in different windings, core and oil. 

Based on Kirchhoff’s Current Law (KCL), the governing 

differential equations can be derived as below, 
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B. Determination of Thermal Parameters 

Once the thermal circuit model is established, thermal 

parameters need to be determined. The methods for the thermal 

parameters determination can be divided into two types. 

1) Original Thermal Parameters Determination 

The electrical loss corresponds to the load current. Mass of 

each component and the material physical properties determine 

the heat capacity. However, it is hard to quantify the thermal 

resistances, which are determined by the geometric parameters, 

the material physical properties, the liquid flow conditions and 

the appropriate Nusselt number correlation equations [20], 

[21]. Both the heat transfer between the winding and adjacent 

oil (the average winding to average oil temperature gradient gr) 

and the heat transfer between the oil inside the radiator and the 

outside air (top-oil temperature rise over ambient temperature) 

are mainly convective heat transfer. Nonlinear thermal 

resistance is often used to describe these heat transfer 

processes, and its definition and derivation are as follows: 
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It can be seen that the selection of correlation equation (21) 

for the Nusselt number dominates the determination of the 

nonlinear resistances. For a vertical plate or a vertical cylinder 

with a small radius of curvature, the correlation was given in 

[22]. For ONAN oil-immersed transformers, the correlation 

presented by [22] is suitable for describing convective heat 

transfer between windings and oil, and radiator and air, 

irrespective of laminar or turbulent flow regime. 

However, in the vertical oil duct, the heat transfer is similar 

to the natural convection between two parallel plates, for which 

another correlation was used by H. Lu in [23]. More commonly, 

the general expression for engineering is given as follows, 

  
p

Nu C Gr Pr    (24) 

where C and p are constants depending on whether the oil flow 

is laminar or turbulent. If it is laminar, C is 0.59 and p 0.25 [9], 

[14], [21]. 

With the above formulas, a nonlinear thermal resistance can 

be obtained. However, the difficulties in determining the 

nonlinear thermal resistance involve the following aspects: 

1) The characteristic length depends on the design 

parameters, meanwhile the winding structure (always in a 

zig-zag pattern) is not a smooth and complete cylinder and 

therefore needs further equivalent treatment; 

2) In practice, the correlations are from off-the-shelf 

correlations that are not representative to the transformer 

cooling conditions, making errors inevitable. 

3) The selection of the reference temperature Tref to 

determine the fluid properties and the temperature difference 

causing convective heat transfer also affect the nonlinear 

thermal resistance. 

Therefore, we have to consider how to avoid the 

aforementioned drawbacks and uncertainties as much as 

possible. So, it is especially important to establish a set of 

differential equations that can describe the heat transfer 

reliably, which means the model can calculate temperature 

response accurately. Besides, the model should rely on fewer 

design parameters and fewer correlation coefficients. 

2) Combined and Simplified Thermal Parameters 

Determination 

For the heat transfer from the top of the winding to the 

adjacent oil by natural convection, the correlation for 

asymmetrically heated plates with vertical orientation and 
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Fig. 2. Thermal circuit for V/x connection traction transformer. 
 



isoflux surface condition is [21]: 

  1

p

oil oil oilNu C S Gr Pr L     (25) 

Since the geometric parameters are fixed for one specific 

transformer, and the variation of viscosity with temperature is 

much higher than the variation of other oil parameters, by 

substituting (22), (23), and (25) into (20), we have 
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For α phase, θref is the top-oil temperature θoil and ∆θ = ∆θαhs 

- ∆θoil, by substituting (26) into (19), α phase hot-spot to top-oil 

thermal resistance Rth-αhs-oil can be obtained: 
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Similarly, the β phase hot-spot to top-oil thermal resistance 

Rth-βhs-oil is 
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where the coefficient p should be 0.5 for (25), (26), (27) and 

(28), which is in accordance with the proposed value in [9] and 

its supporting articles. 

The heat absorbed by oil is dissipated to air through the 

radiator/cooler by natural convection. It should be noted again 

that natural convection should be considered on the air side. 

The heat generated in the windings is dissipated through two 

coolants, namely oil in the tank and air outside of the tank. 

Hence, the governing equations for heat transfer involving oil 

(eq. 25 to eq. 28) and those involving air (eq. 29 to eq. 31 to be 

shown below) are treated separately since they describe 

different heat transfer processes. 

For the heat transfer from the radiator inlet oil to the ambient, 

the natural convection can be described by the following 

empirical correlation in the same format as (24), 

  2

q

air air airNu C Gr Pr    (29) 

Since the physical properties of the air do not change much 

with temperature (including viscosity), by substituting (22), (23) 

and (29) into (20), the following expression is obtained: 

  2

q

air oil ambh C      (30) 

So, the top-oil to the ambient thermal resistance Rth-oil can be 

obtained according to (19) and (30) as, 
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C. Merging and Derivation of Governing Differential 
Equations 

In the thermal circuit model, the temperature drop has a 

linear relationship with the thermal resistance. However, the 

thermal resistance has a nonlinear relationship with its 

controlling parameters, such as power loss and liquid flow rate, 

etc.  

 thP R    (32) 

 hs rated rated th hs oil ratedP R           (33) 

 hs rated rated th hs oil ratedP R           (34) 

  oil rated rated rated fe th oil ratedP P P R            (35) 

Once the heat transfer accruing at thermal capacitance 

(absorbing or releasing heat) is finished, (33), (34) and (35) are 

satisfied, namely reaching the steady state. 

With the basic information of the power transformer 

 cuP P P    (36) 

 
cu rated

fe

P
r

P

  (37) 

and the fact that the thermal capacitance Cth barely changes 

with temperature as depicted in [9]. So, the thermal time 

constant only depends on the thermal resistance as shown in 

(38), 

 th th th th th ratedR C R C      (38) 

So, the equation set (18) can be rewritten as (39) by 

considering (27), (28), (31), (33), (34), (35), (37) and (38). 

As Fig. 3(b), the winding losses causes an average winding 

and oil temperature and both can contribute to the hot-spot 

temperature. The hot spot temperature is an output of the total 

system interaction within the winding. The so-called 

“integrated model” as Fig. 3(b) is more suitable for reflecting 

the interaction compared with the “segmented model” as Fig. 

3(a). 

IV. VERIFICATION 

A. Parameters of the Traction Transformer 

As described in Introduction, traction transformers in TPSS 

work under electrical load with the following characteristics: 1) 

unbalanced; 2) overload. The above conditions are difficult to 

exist at the same time in power systems, so the traction 

transformer is the most suitable platform to research dynamic 

thermal performance under unbalanced loads. 

The proposed model (39) was applied to estimate the 

hot-spot temperature of an energy-saving volume-core traction 

transformer, which was designed by Southwest Jiaotong 

Load 

Loss

Oil Temperature 

Rise

Winding Loss

Hot-Spot 

Temperature Rise

Hot-Spot 

Temperature

Winding Loss

Hot-Spot 

Temperature Rise
Iron Loss

Oil Temperature

Hot-Spot 

Temperature

(a) (b)  
Fig. 3. Heat transfer process presented by (a) classical segmented 
model and (b) integrated model. 
 

 



University and produced by Changzhou Pacific Electric Power 

Equipment (Group) Co., Ltd (CPEPE), as shown in Fig. 4. This 

transformer is a (31.5+25) MVA unit with an ONAN cooling 

mode, where unequal capacity of two supply phases was 

designed to suit for the different traffic density at up-track and 

down-track. The detailed information of the transformer is 

provided in Table I. The verification for proposed model is also 

divided into two parts: the factory tests, and the field test. 

The prototype must pass the type tests before a batch of 

transformers is manufactured from the factory. So before a 

traction transformer goes into operation, it must be subjected to 

an additional overload temperature rise test [24], [25] (as 

demanded by the railway standards), in which loading curve is 

shown in Fig. 5-a. During the tests, the two power supply 

phases were not powered with the same loads during some 

periods, simulating their unbalanced loading conditions. In the 

transformer assembly period as shown in Fig. 4a-b, in the upper 

part of the inside winding (T winding), one fiber optic 

temperature sensor was embedded into the preset slot in the 

spacer between disc 3 and disc 4 named from the top. The 

measurement range, accuracy and resolution of the fiber optic 

sensor are -40 ~ +260°C, ±1K and 0.1K respectively. With the 

intelligent monitoring and control system, the data including 

temperature, load current, were recorded from 1# traction 

transformer of Pingquan traction substation in 

Beijing-Shenyang High-speed Railway. 

B. Verification with Temperature Rise Tests in Factory 

The loading profile, ambient temperature during the 

temperature rise test, and estimated hot-spot temperatures are 

presented in Fig. 5. In Fig. 5 and Fig. 6, α calcu. and β calcu. 

represent calculated value by (39) with original p, q constant in 

Table I for α and β phases respectively; α mea. and β mea. 

represent measured value for α and β phases respectively. 

It can be seen from Fig. 5 that the two phases are alternately 

subjected to overload, and the overload of one phase will cause 

the temperature rise sharply. However, since the two phases 

share the same reference oil temperature in space, the 

temperature rise of the overload phase will also indirectly 

affects the temperature of the other phase. The calculated 

 
Fig. 4. Intelligent traction transformer monitoring system: (a) installation 
of fiber optic probes; (b) installed probes inside winding with its external 
wire; (c) probes connected to temperature monitoring system; (d) 
temperature monitoring system at the external wall of tank; (e) operating 

traction transformers; (f) intelligent monitoring and control cabinet 
including temperature, DGA, moisture in oil. 
 

 

TABLE I 

PARAMETER OF THE TRACTION TRANSFORMER AND THE INPUT DATA OF 

THERMAL MODEL 

 

 

Quantity 
Traction Transformer 

α phase β phase 

Rated Power (MVA) 31.5 25 

Rated Voltage (kV) 220/27.5/27.5 220/27.5/27.5 

Rated Load Loss (kW) 68.44 59.72 

Iron Loss (kW) 32.34 

r 3.96 

DC Resistance (Ω) 1.855/0.017/0.020 2.610/0.024/0.027 

Rated Current (A) 143.2/572.8/572.8 113.6/454.4/454.4 

η 0.364 0.351 

∆θoil-rated (K) 26 

θoil-rated (K) 48 

∆θhs-rated (K) ∆θαhs-rated : 19 ∆θβhs-rated : 16 

τw-rated (min) τα-rated : 10 τβ-rated : 12 

τoil-rated (min) τoil-rated :110 

p 0.25 

q 0.25 

Cooling Type ONAN 

Oil Type Karamay (25#) 
∗Slash (/) denotes the parameters for HV/T/F windings respectively. 
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temperature of the model (39) with original p, q constant in 

Table I is basically consistent with the measured value, but 

under multiple overloads (2.0 p.u. or more), the error will 

become larger, since the uncertainty of the parameter is 

amplified under overload. 

In view of the above model input parameters, the constants p, 

q are only two empirical coefficients. The two coefficients p 

and q are changed in the range from 0 to 0.5, with a step size of 

0.01. All combinations of p and q in the above range were tried 

to find the smallest error. The error is the smallest when p is 

0.43 and q is 0.24 which are used for α modified and β modified. 

So α modified and β modified represent calculated value by (39) 

with optimized p, q constants for α and β phases respectively. 

With the optimized p, q values, the model of (39) yield error 

reduction from 9.7 K to 2.7 K, as shown in Fig. 5 (c). 

C. Verification with Field Operation Data 

The loading current IαT, IαF, IβT, IβT, ambient temperature and 

measured temperature during a 24-hour operation are presented 

in Fig. 6. 

The high-speed rail is not running from 0:00 to 6:00 in the 

morning when the equipment is going through maintenance. 

The load current is periodic, because the load current is related 

to the scheduling operation by EMUs. Therefore, the 24-hour 

load current is representative. For the proposed model, the 

initial data entered are also the monitoring data at 0:00. It is 

noted that α modified and β modified still use p being 0.43 and q 

0.24 since the traction transformer in field and the one in the 

factory test belong to the same batch. 

D. Discussion for the Two Verification Cases 

In the factory temperature rise test shown as Fig. 5, due to the 

short-time overload based on higher benchmark load (0.8 p.u.), 

there exist more significant differences between measurements 

and modeled results during the overload period. Equation (39) 

with optimized p, q values reduces the error by 7.5 K. It is 

significant since insulation paper thermal ageing is doubled for 

every increase of 6-7 K. Of course, this loading scenario is 

extreme and rare, but it may occur to some traction 

transformers served in hub-substations. So, in the future, the 

hot-spot temperature monitoring is needed for newly 

commissioned traction transformers served in hub-substations. 

It can be seen from Fig. 6 that the load density is pretty low 

so that the maximum hot-spot temperature rise over ambient is 

less than 20 K. Compared with the measurement data, the 

maximum errors from model (39) with different parameter 

combinations are all within 1 K. In more intensive loading 

scenarios, the model with parameter optimization is expected to 

show superiority as demonstrated in the factory test case. 

In general, it can be expected for the following 

1) The model is effective and can capture this unbalanced 

temperature rise feature. 

2) The effect of parameter calibration will be amplified as the 

short-term overload and the average load increase. 

3) The calibrated parameters of one unit are suitable for 

others in the same batch of transformers served in a residential 

area or a railway line. 

 
Fig. 6. Comparison results: (a) α phase loading profile; (b) β phase 

loading profile; (c) hot-spot temperature of the 27.5-kV winding in the 
(31.5+25) MVA ONAN traction transformer; (d) error produced by 
different dynamic thermal model. 
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Fig. 5. Comparison results: (a) loading profile; (b) results comparisons 
between (39) with original p, q value and (39) with modified p, q value 

for hot-spot temperature; (c) error produced by different p, q value. 
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V. CONCLUSION 

In order to explore the dynamic thermal performance of the 

transformer under unbalanced load (current). This paper 

established a lumped thermal circuit model. The nonlinear 

thermal resistance was modeled and simplified based on heat 

transfer principles. The following conclusions were drawn: 

1) For the unbalanced heat generation caused by the 

unbalanced load of the transformer, the relationship 

between the thermal circuit and the heat transfer process 

was established. 

2) When deriving the differential equations based on the 

thermal circuit, the parameters were associated with the 

temperature rise test results to reduce the dependence on 

the design parameters, the use of the correlation equations 

and the number of coefficients. 

3) For the traction transformers in non-hub substations, the 

maximum hot-spot temperature rise is about 20K because 

the loading density is far below the rated thermal capacity 

despite of many pulsed overloading scenarios. 

It should be mentioned that this method is expected to be 

valid for other practical cases with different thermal designs or 

different cooling liquids used, although the parameters need to 

be optimized with the same methodology. For instance, 

alternative liquids (e.g. synthetic and natural esters which have 

different thermal properties) are increasingly being used in 

traction transformers. 

From the perspective of temperature rise and thermal ageing, 

the questions of how to design new substations economically 

and how to utilize the remaining capacity of existing 

substations are to be further studied. 
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