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Abstract

This paper analyzes sub-synchronous resonance (SSR) in fu-

ture wind power plants (WPPs) using bifurcation theory, a non-

linear analysis approach. SSR, and in particular the Induction 

Generator Effect (IGE) is likely to occur more frequently as 

large amounts of wind power are incorporated into power net-

works, supported by series compensation to improve power 

transfer capability. A nonlinear 10th order modified IEEE first 

benchmark model is developed. Bifurcation analysis reveals 

the critical conditions resulting in IGE are identified as a Hopf 

bifurcation point, verified by considering the trajectory of sys-

tem eigenvalues and also through transient time domain simu-

lation. The application of bifurcation theory is compared with 

the linear Nyquist stability criterion. The results from the 

Nyquist approach show that both analytical methods are in 

agreement with each other. However, the nonlinear bifurcation 

analysis determines system stability with respect to any param-

eters of interest, whereas the Nyquist stability criterion only 

determines the system stability at a specific operating point. 

1 Introduction 

The large-scale integration of wind power into traditional 

power networks leads to several challenges. One is the current 

gap between expected increasing wind power flows and the 

limited power transfer capacity of existing transmission and 

distribution networks. Series compensation is the most com-

mon and economic means to improve power transfer capacity 

and is expected to be increasingly used to help integrate large 

scale wind power plants (WPPs) [1]. However, the introduction 

of series compensated lines can also result in adverse subsyn-

chronous resonance (SSR). The IEEE divides SSR phenomena 

into four classifications: 1) self-excitation, due to the induction 

generator effect (IGE); 2) torsional interaction (TI); 3) subsyn-

chronous control interaction (SSCI); and 4) torsional amplifi-

cation (TA) [2]. IGE, TI, and SSCI are steady state issues, 

whereas TA is a transient phenomena. SSCI was initially ob-

served in WPPs in 2008 in Texas and is also called DFIG con-

trol participated IGE. It has a similar theoretical basis to 

conventional IGE-based issues. The work in [3] demonstrates 

that IGE is the major cause of SSR instability with WPPs.  

IGE and SSCI-based issues are typically analysed using 

eigenvalues, frequency scanning, impedance-based Nyquist 

analysis, and time domain simulation approaches. Power 

networks are nonlinear systems, which can be represented as a 

set of nonlinear algebraic and differential equations. However, 

two of these commonly used analytical methods (eigenvalue 

and Nyquist analysis) require linearization which may lead to 

inaccuracy. The remaining common nonlinear approaches 

(time domain simulation and frequency scanning) can be 

computationally cumbersome and require repeated simulations 

to establish stability boundaries. Power system behaviour can 

also be investigated using nonlinear bifurcation theory. It can 

reveal the stability of different stationary points for the system 

of interest, and describe the cause of the transitions from stable 

to unstable conditions as different parameters vary.   

Local bifurcation theory has been applied to analyse power 

system low-frequency oscillations and voltage collapse for 

decades [4]. In addition to voltage collapse, bifurcation theory 

can be used to examine SSR phenomena in power systems. The 

SSR phenomena in a single machine infinite busbar (SMIB) 

system is determined with the application of local bifurcation 

theory and demonstrated as a Hopf bifurcation in [5]. A Hopf 

bifurcation is the most commonly encountered bifurcation phe-

nomena, where a complex conjugate eigenvalue pair passes 

through the imaginary axis. The work in [6] extends bifurcation 

analysis of SSR phenomena to the IEEE second benchmark 

model. It further demonstrates that systems may experience se-

vere oscillations due to SSR with increasing series compensa-

tion. However, most previous work utilizes bifurcation theory 

to analyse TI types of SSR issues, for example in [5]–[7], with 

few studies investigating IGE or SSCI with bifurcation theory, 

despite their higher probability of occurrence. Also, when 

modelling the generator, previous research analysed synchro-

nous generators; an induction machine is more suitable for 

WPP analysis. In addition, there is lack of result-substantiated 

comparisons between different analysis methodologies. 

This paper will investigate IGE in the IEEE first benchmark 

model using bifurcation theory. Both IGE and SSCI are pro-

duced by similar conditions. However IGE is more easily un-

derstood and enables comparison of bifurcation theory with 

other analytical approaches. The conditions causing IGE and 

TA are also quite similar. Therefore, in order to guarantee that 

only IGE will occur in the test system, the mechanical repre-

sentation of the generator will be removed. The results from 

the bifurcation theory will be verified by eigenvalue analysis 

and time domain simulation. Furthermore, the results obtained 

from this nonlinear approach will be compared with results 

from a linear method – the Nyquist stability criterion – in order 

to demonstrate the merits and limitations of each approach.  

2 System modelling 

In order to improve the understanding of the different analysis 

mailto:robin.preece@manchester.ac.uk
mailto:barnes@manchester.ac.uk


2 

techniques presented (in Sections 3 and 4), the system model-

ling overview is presented first. The study system is adapted 

from the IEEE first benchmark model [8] and is shown in Fig. 

1. Different from the original IEEE first benchmark model, an 

892.4 MW type-1 IG based wind farm (instead of a synchro-

nous generator) is connected to the network. The system model 

can be divided into two subsystems: the induction generator, 

and the network. The mathematical model of each subsystem 

is represented as described below. Note that bifurcation theory 

analysis is based on differential-algebraic equations (DAE), 

whilst the Nyquist stability criterion is assessed using the trans-

fer function developed from impedance-based modelling.  

 

Fig. 1 Modified IEEE first benchmark model 

2.1 State space modelling 

This section will outline the state-space modelling of the study 

system used for bifurcation theory analysis. 

2.1.1 Single-cage IG model: In order to eliminate the occur-

rence of TI, only the electrical part of the IG is included in the 

model. The dynamics of a single cage induction generator ne-

glecting flux saturation are given by (1)-(4), with the defini-

tions provided in (5)-(10). [9]. 

1

𝜔𝑠

𝑑

𝑑𝑡
𝜆𝑑𝑠 = −𝑅𝑠𝐼𝑑𝑠 + 𝜆𝑞𝑠 − 𝑉𝑑𝑠 (1) 

1

𝜔𝑠

𝑑

𝑑𝑡
𝜆𝑞𝑠 = −𝑅𝑠𝐼𝑞𝑠 − 𝜆𝑑𝑠 − 𝑉𝑞𝑠 (2) 

1

𝜔𝑠

𝑑

𝑑𝑡
𝜆𝑑𝑟 = −𝑅𝑟𝐼𝑑𝑟 + 𝜎𝜆𝑞𝑟 (3) 

1

𝜔𝑠

𝑑

𝑑𝑡
𝜆𝑞𝑟 = −𝑅𝑟𝐼𝑞𝑟 + 𝜎𝜆𝑑𝑟 (4) 

𝜆𝑑𝑠 = 𝑋𝑠𝐼𝑑𝑠 + 𝑋𝑚𝐼𝑑𝑟  (5) 

𝜆𝑞𝑠 = 𝑋𝑠𝐼𝑞𝑠 + 𝑋𝑚𝐼𝑞𝑟  (6) 

𝜆𝑑𝑟 = 𝑋𝑟𝐼𝑑𝑟 + 𝑋𝑚𝐼𝑑𝑠 (7) 

𝜆𝑞𝑟 = 𝑋𝑠𝐼𝑞𝑟 + 𝑋𝑚𝐼𝑞𝑠 (8) 

𝑋𝑠 = 𝑋𝑠𝜎 + 𝑋𝑚 (9) 

𝑋𝑟 = 𝑋𝑟𝜎 + 𝑋𝑚 (10) 

In (1)-(10), 𝜔𝑠 is the synchronous rotating speed, 𝑅𝑟 is the 

leakage reactance, 𝑋𝑠𝜎  is the stator leakage reactance, 𝑋𝑠 is the 

mutual reactance between the stator and rotor circuit, and 𝜎 is 

the slip of the induction generator 

Equations (1)-(4) can be arranged into their state space form as 

(11) to represent the generator sub-system (subscript 𝐺), where 

𝑥𝐺 = [𝐼𝑑𝑠 , 𝐼𝑞𝑠 , 𝐼𝑑𝑟 , 𝐼𝑞𝑟], and 𝑢𝐺 = [𝑉𝑑𝑠 , 𝑉𝑞𝑠]. 

𝑥�̇� = 𝐴𝐺𝑥𝐺 + 𝐵𝐺 𝑢𝐺 (11) 

2.1.2 AC network: This section develops the state space model 

of AC network which consists of two subparts: the shunt ca-

pacitance, and the rest of the network (including the trans-

former, transmission line, series reactance and series 

capacitance), 

2.1.2.1 Shunt capacitance: For this study, in order to guarantee 

that only IGE (and not SSCI) occurs in the system, no voltage 

control loop is included. Hence, a shunt capacitor is connected 

to help maintain the generator terminal voltage. Additionally, 

the shunt capacitor will define the dynamics of the generator 

terminal voltage and couple the dynamics of the IG and AC 

network. A shunt capacitor (𝐶𝑔) connected to the single cage 

IG terminal bus is represented dynamically in the d-q frame as 

(12) and (13). 

𝐶𝑔

𝑑

𝑑𝑡
𝑉𝑑𝑠 = 𝐼𝑑𝑠 − 𝐼𝑑 + 𝜔𝑠𝐶𝑔𝑉𝑞𝑠 (12) 

𝐶𝑔

𝑑

𝑑𝑡
𝑉𝑞𝑠 = 𝐼𝑞𝑠 − 𝐼𝑑 + 𝜔𝑠𝐶𝑔𝑉𝑑𝑠 (13) 

2.1.2.2 Transformer, transmission line, series reactance and 

series capacitance: The transformer, transmission line and se-

ries reactance are modelled as a resistance in series with an 

equivalent reactance. The dynamic equations representing 

these network elements are given by (14)-(17), in which 𝐿 =
𝐿𝑡𝑟 + 𝐿𝑡 + 𝐿𝑠 is the sum of transformer, transmission line and 

series reactance, 𝑅 is the transmission line resistance and 𝐶 is 

the series capacitance. 

𝐿
𝑑

𝑑𝑡
𝐼𝑑 = 𝑉𝑑𝑠 − 𝑅𝐼𝑑 + 𝜔𝑠𝐿𝐼𝑞 − 𝑉𝑐𝑑 − 𝑉𝑑  (14) 

𝐿
𝑑

𝑑𝑡
𝐼𝑞 = 𝑉𝑞𝑠 − 𝑅𝐼𝑞 + 𝜔𝑠𝐿𝐼𝑑 − 𝑉𝑐𝑞 − 𝑉𝑞  (15) 

𝐶
𝑑

𝑑𝑡
𝑉𝑐𝑑 = 𝐼𝑑 + 𝜔𝑠𝐶𝑉𝑐𝑞 (16) 

𝐶
𝑑

𝑑𝑡
𝑉𝑐𝑞 = 𝐼𝑞 + 𝜔𝑠𝐶𝑉𝑐𝑑  (17) 

Arranging (14)-(17), the state space form of the network sub-

system (subscript 𝑁) is written as (18). 

𝑥�̇� = 𝐴𝑁𝑥𝑁 + 𝐵𝑁𝑢𝑁 (18) 

Where 𝑥𝐺 = [𝑉𝑑𝑠 , 𝑉𝑞𝑠, 𝐼𝑑 , 𝐼𝑞 , 𝑉𝑐𝑑 , 𝑉𝑐𝑞],𝑢𝐺 = [𝐼𝑑𝑠 , 𝐼𝑞𝑠, 𝑉𝑏𝑑 , 𝑉𝑏𝑞] 

2.1.3 Overall state space model: The completed state space 

model is developed by interfacing two subsystems together. As 

shown in Fig. 2, the output of the IG-subsystem is the input of 

the network-subsystem, and vice-versa.  

 

Fig. 2 The structure of completed state space model 

The two subsystems can be combined into the overall state 

space model is written as (19). 

Single-cage 
Induction 
Machine 
Model

Shunt 
Capacitor and 

Network 
Model

𝐼𝑑𝑠, 𝐼𝑞𝑠

𝑉𝑑𝑠, 𝑉𝑞𝑠
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�̇� = 𝐴𝑥 + 𝐵𝑢 (19) 

Where 𝑥 = [𝐼𝑑𝑠 , 𝐼𝑞𝑠 , 𝐼𝑑𝑟 , 𝐼𝑞𝑟 , 𝑉𝑑𝑠, 𝑉𝑞𝑠, 𝐼𝑑 , 𝐼𝑞 , 𝑉𝑐𝑑 , 𝑉𝑐𝑞] 

2.2 Impedance-based modelling 

This section will outline the impedance-based modelling of the 

study system used for the Nyquist stability criterion.  

2.2.1 Single-cage IG model: The per-phase equivalent circuit 

of the single cage IG can be simplified by neglecting the mu-

tual reactance between the rotor and stator windings since its 

value is typically much larger than the rotor and stator leakage 

reactance. Hence, the impedance of a single cage IG seen from 

the stator circuit can be expressed as (20) in the Laplace do-

main.  

𝑍𝐺(𝑠) =
𝑅𝑟

𝜎(𝑠)
+ 𝑅𝑠 + (𝐿𝑠𝜎 + 𝐿𝑟𝜎)𝑠 (20) 

The slip is dependent on the rotor rotating speed 𝜔𝑟 and stator 

synchronous frequency 𝜔𝑠. However, the rotor speed is con-

sidered constant in this study as only the electrical circuit is 

analysed and the mechanical system dynamics are much 

slower, resulting in (21). 

𝜎(𝑠) =
𝑠 − 𝑗𝜔𝑟

𝑠
 (21) 

2.2.2 AC Network: The equivalent circuit of the network con-

sists of a resistance 𝑅, capacitor 𝐶 and inductance 𝐿connected 

in series. The inductance is the sum of transformer, transmis-

sion line and series inductance. In this approach, the integration 

of the AC network and IG is not needed and hence the shunt 

capacitor is not needed. Hence, the per-phase impedance of the 

network can be expressed in the Laplace domain as (22). 

𝑍𝑁(𝑠) = 𝑅 + 𝐿𝑠 +
1

𝐶𝑠
 (22) 

2.2.3 Overall impedance model: When analysing the IGE with 

the Nyquist stability criterion, 𝑍𝑁(𝑠) is the source impedance, 

while 𝑍𝐺(𝑠) is the load impedance since the network is the 

source of the SSR. Therefore, the transfer function 𝑍𝑁(𝑠)/
𝑍𝐺(𝑠) is used.  

3 Bifurcation analysis of IGE 

In any dynamic system, the system characteristics will qualita-

tively change from the original state to another state as some 

of the system parameters vary. For example, in power systems, 

with the load demand increasing, the voltage will gradually de-

crease until finally voltage collapse occurs. The point right be-

fore the system exhibits qualitative change is considered to be 

a critical stage which can be identified using bifurcation theory. 

This paper focuses on investigating IGE issues, so only local 

Hopf bifurcation theory is considered. 

A power system is a complex system with many nonlinear 

components resulting in many nonlinear dynamic phenomena. 

Considering the test system developed in Section 2, the dy-

namic model of a power system is represented by a set of non-

linear differential equations as in (23), where 𝑥 is the vector of 

system state variables and 𝜇 is a scalar control parameter [10]. 

�̇� = 𝐹(𝑥, 𝜇) (23) 

With 𝜇 varying, the equilibrium point and the Jacobian matrix 

(
𝑑𝐹

𝑑𝑥
) changes as a function of 𝜇. At each equilibrium point, the 

derivative of all system state variables is zero, indicating sys-

tem stability with constant system parameters. The system re-

mains stable if the real part of all the eigenvalues of the 

Jacobian matrix are negative at this equilibrium point. The sys-

tem may reach a critical point when a pair of eigenvalues in a 

Jacobian matrix system has pure imaginary conjugate roots, 

where the system starts to experience small magnitude oscilla-

tion as given in (24) with 𝐼𝑛,𝑚 given in (25). 

det{𝑗𝑤𝐼𝑛,𝑚 − 𝐽(𝑥, 𝜇)} = 0 (24) 

𝐼𝑛,𝑚 = [
𝐼𝑛 0𝑛×𝑚

0𝑚×𝑛 0𝑚
] (25) 

When a pair of complex conjugate eigenvalues crosses the im-

aginary axis into the right-half plane, the system will start to 

lose stability. This phenomenon is classified as a Hopf bifurca-

tion and the conditions for determining it are that: 

1. 𝐹(𝑥𝑐 , 𝜇𝑐) = 0. 

2. A pair of complex eigenvalues in the Jacobian matrix has 

pure imaginary conjugate roots, i.e. 𝑒𝑖𝑔 (
𝑑𝐹

𝑑𝑥𝑐
) = ±𝑗ω. 

3. 𝑑(𝑅𝑒(𝑒𝑖𝑔 (
𝑑𝐹

𝑑𝑥𝑐
))) ≠ 0. 

When these three conditions are satisfied, it is guaranteed that 

the system has a pair of complex eigenvalues of the Jacobian 

matrix crossing the imaginary axis. That is to say, a Hopf bi-

furcation will result in a qualitative change in system stability 

[4]. Hence, 𝜇𝑐  is determined as the Hopf bifurcation point 

value. The sign of a third derivative equation determines the 

crossing direction of the eigenvalues. If positive, the complex 

conjugate eigenvalues pass the imaginary axis towards right 

half plane, indicating the system will become unstable with a 

start of limit cycles. When it is negative, the complex conjugate 

eigenvalues move to the left half plane and the system changes 

from unstable to stable with an end to limit cycle behaviour. 

4 Impedance-based Nyquist stability criterion 

analysis of IGE 

To apply impedance-based stability analysis, the system must 

be divided into two subsystems: the source and the load. The 

source consists of an ideal voltage source (𝑉) in series with an 

impedance (𝑍𝑠), while the load is modelled as a series con-

nected impedance (𝑍𝑙). The current flowing in the system can 

be expressed as (26) [11] 

𝐼(𝑠) =
𝑉(𝑠)

𝑍𝑠(𝑠) + 𝑍𝑙(𝑠)
= (

𝑉(𝑠)

𝑍𝑙(𝑠)
) (

1

1 + 𝑍𝑠(𝑠)/𝑍𝑙(𝑠)
) (26) 

System stability is dependent on the second term of the current 

transfer function as in (27) with 
𝑉(𝑠)

𝑍𝑙(𝑠)
 assumed to be stable.  
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𝐻(𝑠) =
1

1 + 𝑍𝑠(𝑠)/𝑍𝑙(𝑠)
 (27) 

Therefore, the system is stable if 𝑍𝑠(𝑠)/𝑍𝑙(𝑠)  satisfies the 

Nyquist stability criterion. That is to say, either the Nyquist 

map of 𝑍𝑠(𝑠)/𝑍𝑙(𝑠) does not encircle the point (−1, 𝑗0) or the 

number of counter-clockwise encirclement of (−1, 𝑗0)  must 

be equal to the number of unstable poles of 𝑍𝑠(𝑠)/𝑍𝑙(𝑠). 

Generally speaking, if the Nyquist map 𝑍𝑠(𝑠)/𝑍𝑙(𝑠) encircles 

the point (−1, 𝑗0) once, the system is unstable. Assuming in-

stability, there is a frequency 𝜔0  which makes 𝑍𝑠(𝑗𝜔0)/
𝑍𝑙(𝑗𝜔0) purely real and smaller than−1. So (27) becomes (28), 

which can be formulated as (29) [12]. 

𝑍𝑠(𝑗𝜔0) = 𝑅𝑠

𝑍𝑙(𝑗𝜔0) = 𝑅𝑙

< −1 (28) 

𝑅𝑠 + 𝑅𝑙 < 0 (29) 

Therefore, according to the impedance-based Nyquist stability 

criterion, the system is unstable when the sum of the system 

source and load apparent impedance is negative. Applying this 

to the impedance model developed in Section 2.2, the Nyquist 

stability criterion for IGE becomes (30). 

𝑅𝑟

𝑠𝜎(𝑠)
+ 𝑅𝑠 + 𝑅 < 0 (30) 

This is consistent with the explanation of IGE from the network 

operator view. This states that IGE occurs when the rotor re-

sistance seen from the stator winding terminal is negative, and 

is larger than the net impedance of the system resistance and 

stator resistance – as is shown in equation (30) [13]. 

5 Case study 

The study system analysed in this paper is adapted from the 

IEEE first benchmark model as previously described.  

For the bifurcation analysis, the complete nonlinear dynamic 

model described in Section 2.1 was formed in MATLAB-

R2018a. The bifurcation analysis is completed using the soft-

ware package MATCONT [14]. The series connected 

capacitance 𝑋𝑐 and the resistance in transmission line 𝑅 were 

considered as bifurcation parameters. The series capacitance 

varied from 14–100% of the reactance in the transmission line, 

while transmission line resistance changes from 0–1 p.u.  

For the verfiying time domain simulation, the modified IEEE 

first benchmark model is simulated in DIgSILENT PowerFac-

tory 2018. A 0.075 s self-clearing three-phase fault at the gen-

erator terminal bus is used as an initiating disturbance. The 

FFT is carried out based on time domain simulation results and 

hence is also carried out in DIgSILENT PowerFactory 2018. 

The application and analysis is presented in three stages. 

Firstly, one-parameter bifurcation analysis (with series capaci-

tance selected as the bifurcation parameter) is performed. 

These results are verified considering the trajectory of eigen-

values of the Jacobian matrix and time domain simulations. 

Secondly, two-parameter bifurcation analysis is performed 

with both series capacitance and transmission line resistance 

considered as bifurcation parameters. Finally, the results from 

the linear Nyquist stability criterion approach are compared 

with those obtained using nonlinear bifurcation analysis. 

5.1 Bifurcation analysis 

5.1.1 One-parameter analysis: In this first case, the series ca-

pacitance 𝑋𝑐 is chosen as the bifurcation parameter. The value 

of 𝑋𝑐 varies from 14% to 100% of the reactance in the trans-

mission line, i.e. from 0.1 p.u. to 0.7 p.u. All other system pa-

rameters remain constant. Fig. 3 shows the change in generator 

terminal q-axis voltage as 𝑋𝑐 varies.  The solid line in Fig. 3 

indicates the system is stable, while the dashed line indicates 

the system is unstable. There is a Hopf bifurcation point when 

series capacitance is 0.5507 p.u., marked on Fig. 3 as HB. This 

type of Hopf bifurcation point, as well as the transverse direc-

tion of the movement of the complex conjugate eigenvalues, 

can be checked by calculating the first Lyapunov exponent 

[4].The sign of the exponent is positive in this case and so it is 

a subcritical Hopf bifurcation point – meaning that the com-

plex conjugate eigenvalues pass through the imaginary axis 

from left to right. This further indicates that the system be-

comes unstable at this Hopf bifurcation point as 𝑋𝑐 increases. 

Physically this means that the system will show IGE phenom-

ena when 𝑋𝑐 > 0.5507 p.u.  

 

Fig. 3 One-parameter bifurcation analysis with 𝑋𝑐 as the bifur-

cation parameter. The solid line represents stable fixed points, 

whilst the dashed line indicates unstable fixed points. 

To support this result, the trajectory of a pair of conjugate ei-

genvalues in the Jacobian matrix as a function of series capac-

itance is shown in Fig. 4, and the pair of essential complex 

conjugate eigenvalues are also displayed. The pair of complex 

conjugate eigenvalues continue to move closer to the imagi-

nary axis as the reactive power compensation level increases 

and consequently passes to the right half plane at the Hopf bi-

furcation point. This indicates a limit cycle begins at this bifur-

cation point and the original stable system becomes unstable, 

in agreement with the earlier bifurcation analysis. 

 
Fig. 4 The trajectory of complex conjugate eigenvalue pair 

with increasing 𝑋𝑐 

In order to further verify the bifurcation analysis results, time 

domain simulations are performed. The simulation results 
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when 𝑋𝑐 = 0.4 p.u and 𝑋𝑐 = 0.6 p.u are shown in Fig. 5. Fig. 

5(a) shows that when 𝑋𝑐 = 0.4 p.u., lower than the HB point, 

the generator terminal voltage regains stability following the 

disturbance (the self-clearing fault at time 𝑡 =1 s). However, 

when 𝑋𝑐 = 0.6 p.u., which is above the HB point critical value, 

as shown in Fig. 5(b), the post-disturbance voltage displays os-

cillations with increasing magnitude.  

  
(a) (b) 

Fig. 5: Generator terminal voltage with (a) 𝑋𝑐 = 0.4 𝑝. 𝑢. and 

(b) 𝑋𝑐 = 0.6 𝑝. 𝑢.  

Fast Fourier Transform (FFT) analysis of the post-disturbance 

generator terminal phase A voltage is shown in Fig. 6.  The 

results show a spike at 51 Hz with a value of 0.01795 p.u. This 

is because when IGE occurs, the apparent negative rotor re-

sistance will amplify the resonant frequency component (in this 

case 51 Hz). Additionally, the resonant frequency interacts 

with the nominal frequency (60 Hz) resulting in a third super-

synchronous oscillation in the network. This is the cause of the 

spike at 69 Hz with a value of 0.04073 p.u. in Fig. 6. The re-

sults shown in these different time domain analysis are coher-

ent with the bifurcation analysis result. 

 

Fig. 6 FFT of generator terminal phase A voltage with 𝑋𝑐 =
0.6 p.u. Note that the y-axis is scaled such that the FFT at 

60 Hz is off-scale. Frequencies outside 40-80 Hz are not shown. 

5.1.2 Two-parameter analysis: For this second study case, the 

transmission line resistance 𝑅 is also considered as a bifurca-

tion parameter. The value of 𝑅 is considered in the range from 

0 to 1 p.u. The Hopf bifurcation point from Fig. 3 (and Section 

5.1.1) is used as an initial point to track the trajectory of the 

HB point for variations in both 𝑋𝑐 and 𝑅. This HB trajectory is 

shown as Fig. 7.  

 
Fig. 7 Two-parameter (𝑋𝑐 and 𝑅) bifurcation analysis. 

Every point located on the line in Fig. 7 is a subcritical Hopf 

bifurcation point. Hence, compared with the one-parameter bi-

furcation analysis case, an IGE boundary instead of an IGE 

critical point is identified. The area above the HB trajectory 

line in Fig. 7 (and contained within the feasible range of the 

bifurcation parameters 𝑋𝑐 and 𝑅) represents the stable zone in 

which IGE will not occur. As can be seen from Fig. 7, as 𝑋𝑐 

increases, the trajectory of the HB point moves to greater val-

ues of 𝑅. These analysis results agree with the view from the 

electrical network operator: that with large resistance in the 

network or lower series reactive power compensation levels, 

IGE is less likely to occur [3].  

To help confirm the two-parameter bifurcation analysis results, 

time domain simulations are performed for two points: 

1. Within the stable region: 𝑋𝑐 = 0.2 p.u., 𝑅 = 0.2 p.u.  

2. Within the unstable region: 𝑋𝑐 = 0.6 p.u., 𝑅 = 0.01 p.u. 

Fig. 8 (a) displays the results for the first (stable region) case. 

All oscillations in the post-disturbance voltage are very quickly 

damped and the system reaches steady state again. Thus, there 

is no IGE occurring in the system under these conditions. The 

results for the second (unstable region) case are shown in Fig. 

8(b). It can be seen that the generator terminal voltage experi-

ences significant oscillations after the disturbance and the sys-

tem becomes unstable, suggesting the occurrence of IGE in the 

system. These results from the time domain simulations are 

consistent with the bifurcation analysis. 

  
(a) (b) 

Fig. 8 Generator terminal voltage with (a) 𝑅 = 0.01 𝑝. 𝑢, 𝑋𝑐 =
0.6 𝑝. 𝑢. and (b) 𝑅 = 0.2 𝑝. 𝑢, 𝑋𝑐 = 0.2 𝑝. 𝑢. 

5.2 Comparison with Nyquist analysis  

Finally, the Nyquist stability criterion is applied to the same 

study system with exactly the same parameters to enable a di-

rect comparison. For IGE phenomena, network is the resonant 

frequency source and the IG is the network that boosts it. 

Hence, based on the theory developed from Section 4, 𝑍𝑠(s) =
𝑍𝑁(𝑠)  and 𝑍𝑙(s) = 𝑍𝐺(𝑠) . The transfer function of 𝑍𝑁(𝑠)/
𝑍𝐺(𝑠) is derived and the Nyquist plots for different parameter 

cases are shown in Fig. 9. In this case, only 𝑋𝐶 is considered as 

the scaling parameter, with 𝑅 = 0.02 p.u. In order to compare 

the results from the bifurcation analysis, the Nyquist stability 

criterion is applied to the system when the series capacitances 

are 0.4 p.u and 0.6 p.u. respectively, as in Section 5.1.1.  

It is shown in Fig. 9(a) that, when 𝑋𝐶 = 0.4 p.u, the Nyquist 

mapping of 𝑍𝑁(𝑠)/𝑍𝐺(𝑠) does not encircle (−1, j0). This sug-

gests the system does not have IGE issues and will remain sta-

ble. When 𝑋𝐶 is increased to 0.6 p.u., the Nyquist plot in Fig. 

9(b) encircles the point (−1, j0) once, which implies the sys-

tem will suffer from IGE issues. These results confirm the con-

clusions from the bifurcation analysis and transient simulation.  
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(a) (b) 

Fig. 9 Nyquist plot of 𝑍𝑁(𝑠)/𝑍𝐺(𝑠) with (a) 𝑋𝑐 = 0.4 𝑝. 𝑢. and 

(b) 𝑋𝑐 = 0.6 𝑝. 𝑢. 

Both results from the bifurcation analysis and the Nyquist sta-

bility criterion determined the system stability correctly. How-

ever, the bifurcation analysis shows several unique advantages 

over the Nyquist stability criterion. Firstly, the bifurcation 

analysis is a graphic and ‘dynamic’ analytical approach. With 

one simulation, system stability with respect to one parameter 

varying, or even multiple parameters varying, is obtained. The 

critical point for system stability (the Hopf bifurcation point in 

a one-parameter analysis or critical boundary in a two-param-

eter analysis) is also identified within one simulation. How-

ever, compared to the bifurcation analysis, the Nyquist stability 

criterion works more like a graphic ‘static’ analytical method. 

This way, in a single simulation, system stability under a single 

parameter setting is determined. If information about system 

stability as parameters vary is desired then multiple simulations 

are required with additional regulation of parameter settings.  

In addition, the Nyquist stability criterion requires a linear 

transfer function, while bifurcation analysis can be carried out 

on both nonlinear and linear differential equations. However, 

in a power system, numerous power devices are nonlinear and 

hence the accurate modelling of those components is also non-

linear. Although both analytical approaches showed the same 

results when determining system stability, the linearization of 

the nonlinear power system may result in errors in the results. 

6 Conclusion 

In this paper, the bifurcation theory is applied to analyse the 

IGE type of SSR issues in the modified IEEE first benchmark 

model. The completed 10th order model of differential equa-

tions in state space form is developed for the bifurcation anal-

ysis. When only series capacitance is considered as the 

bifurcation parameter, a Hopf bifurcation is identified at series 

capacitance  𝑋𝑐 = 0.5507  p.u. The time domain simulation 

verifies the bifurcation analysis results. This also demonstrates 

that the Hopf bifurcation point in this case stands for the IGE 

point. In the two-parameter analysis, the Hopf bifurcation tra-

jectory (or IGE boundary) is found when both the series capac-

itance and resistance of the transmission line are selected as 

bifurcation parameters. Moreover, the bifurcation analysis has 

been evaluated against the results from the Nyquist stability 

criterion. The results indicate a strong agreement from both of 

the analytical approaches. However, a comparison of the two 

procedures suggests that the bifurcation analysis has the ad-

vantage of providing more information regarding system sta-

bility.  
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