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Effective waveform representation of responsive signals initiated by
impulsive actions in physical and engineering systems

Abstract

We report applications of a signal decomposition method based on a basic shock waveform to a wide
range of dynamical response signals initiated by impulsive actions in physical and engineering systems.
The generality and significance of the shock waveform are demonstrated for time-series signals in different
physical and engineering systems disturbed by impulsive actions due to various causes. Case examples
include, but are not limited to, signals of heartbeat, earthquake, gravitational wave of binary coalescence,
Enhanced Long Range Navigation System (Loran), and mechanical and pyrotechnic shocks. The simplicity
of the shock waveform can facilitate the understanding of the intrinsic pattern of the signal and the intrinsic
characteristics of the system.

Keywords: Dynamical System, Heart Sound, Earthquake, Gravitational Wave

1. Introduction

Data recorded in time series format contains rich information, whose pattern, however, can only be
understood with proper means such as Fourier transform, Prony analysis or wavelet transform using well-
selected bases[1–3].

The particular expressions of a general waveform atn−1e−bt cos(ωt + φ) termed Gammatone due to its
link to the Gamma distribution[4], have been realized in several engineering disciplines. In the Gammatone
expression, a is the amplitude, b is the bandwidth, the order n is a positive integer, ω is the center frequency
and φ is the phase. It has been used extensively in auditory discipline for sound signal processing and sound
filtering through cochlear (n=3 and 4)[5, 6]. Up to now, it was only used sporadically in other engineering
disciplines, i.e. n=2 for mechanical shock and earthquake synthesis[7, 8], n=3 for hyperbolic radio navigation
(Loran-C signal)[9]. To analyse more complex mechanical shocks, ‘shock waveform’ (SW) as a basis was
proposed based on a linear elastic multi-degree of freedom model[10], which is mathematically the same as
the Gammatone[4], but has different expressions. The SW well matches the characteristics of the system
response initiated by an impulsive action and can also work as a dictionary in matching pursuit algorithm
to decompose the system’s response sparsely[11]. The parameters in SW expression have clear physical
meanings and can be linked to physical mechanisms. For instance, a mechanical shock can be divided into
three categories, i.e., near-, mid- and far-field shock, according to the peak time parameter[10].

2. Shock Waveform Representation

The SW function proposed in [10] can be extended symmetrically about τ=0 to the whole real field

w(t) =

{
Atζωττ−ζωτeζω(τ−t)+i(ωt+ϕ)H(t), τ ≥ 0

At−ζωττ ζωτeζω(t−τ)+i(ωt+ϕ)(1−H(t)), τ < 0
(1)

where A is the peak amplitude of the waveform, ω and φ have been defined, ζ is the damping ratio, τ is
the peak time at which the amplitude of SW is A, i is the imaginary unit, and H(t) is the Heaviside step
function.

Preprint submitted to International Journal of Engineering Science October 4, 2019



a

b

...

� = 0

� = 4

� = 2

� = 1

c

� = 10

n=3, �=6000 rad/s, b=1200

n=3, �=6000 rad/s, b=600

n=3, �=6000 rad/s, b=300

�=5 ms, �=6000 rad/s, �=0.4

�=5 ms, �=6000 rad/s, �=0.2

�=5 ms, �=6000 rad/s, �=0.1

5 ms

Figure 1: (a) Influence of parameter n on SW; (b) Influence of parameter τ on the peak time of SW; (c) Influence of parameter
κ on the symmetry of SW.

Parameters in SW have clearer physical meanings than those in Gammatone expression. For example,
the order parameter n in Gammatone determines the overall shape of the waveform jointly with other
frequency and damping parameters (Fig.1A) while the parameter τ in Eq.1 represents the peak time of
the waveform (Fig.1B) regardless of its frequency and damping parameters. Considering the period of the

carrier harmonic wave, τ can be normalized, i.e. κ =
τω

2π
, to describe the necessary periods for a SW to

reach its peak amplitude, as demonstrated in Fig.1C where the peak point is marked with a red dot while
the local extrema points before peak point are marked with blue dots. The number of carrier wave period
at the peak time is indicated by their κ values. The parameter |κ| can also independently describe the
degree of symmetry of a SW component. If |κ| is close to zero, SW is similar to a damped sine wave. With
the increase of |κ|, the SW is changed from damped sine wave to common wavelet (i.e. in the range of
transition), and has an asymmetric envelope. When |κ| value is sufficiently large, e.g., higher than 10, the
envelope of SW becomes more symmetric and the SW approaches to common wavelet. For a mechanical
shock, values of parameter |κ| can be used to quantitatively classify the near-, mid- and far-field shocks[10].

For a given time series signal, r(t), the reconstructed signal r̂(t) is determined by

r̂(t) =

m∑
i=1

Ti(wi(t)) (2)

where m is an integer determined later; Ti(wi(t)) is a temporally translated (or shifted) SW component,
i.e.,

Ti(wi(t, τ, A, ω, ζ, ϕ)) = wi(t− t̊i, τ − t̊i, A, ω, ζ, ϕ) (3)

where t̊i is the shifted initial time (from zero) of the ith SW component. m SW components are used to
reconstruct signal, in which the coefficient of determination (R2) of the reconstructed signal is required to be
sufficiently large (90% is used here) to ensure a good representation with the given signal. SW components
are extracted and sorted in descending order of their signal energies. The decomposition procedure is stable
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Basis Number of 
Terms

Total 
Coefficients

Shock 
Waveform

3 18

Wavelet 12 48

Discrete 
Cosine II

18 36

Damped 
Sinusoids

234 936

a b

Figure 2: Decomposition efficiency with various basis. (a) Example mechanical shock signal[10]. (b) Number of terms and the
total coefficients needed for signal reconstruction.

under small changes of the input signal, which normally has small signal energy and is discarded as noise
or unimportant information. The treatment of SW and the signal decomposition procedure can be found in
Appendix A.

Since SW is an over-complete dictionary, it can be used to analyse all kind of signals. However, SW is
especially good at describing asymmetric non-stationary signal between a damped sine wave and a common
(symmetric) wavelet, in which a signal can normally be represented by SW sparsely if the κ values of signal’s
dominant components are between 0 and 10. Using a mechanical shock signal as an example, Fig.2a show
the acceleration-time history with 4000 samples, which is decomposed by various common basis functions.
Fig.2b shows the necessary number of terms and coefficients to reconstruct signals and meet the 90% R2

requirement. In comparison to SW basis, discrete cosine transform-II basis[12], damped sinusoids basis[13]
and NASA’s wavelet basis[14] are also used. SW is the most efficient basis for the decomposition of this kind
of signals, that only needs 18 coefficients of 3 terms to describe the original signal. The wavelet and discrete
cosine II bases have similar performance. Since the coefficient numbers for each term are different, wavelet
decomposition needs less terms but more total coefficients than the discrete cosine II does. The damped
sinusoid basis with Prony’s method is the least efficient way in this case, which need 936 coefficients of 234
terms for signal reconstruction.

3. Interdisciplinary Application

Here, we use three examples in heart sound, seismic wave and gravitational wave to demonstrate the
applications of the SW decomposition to different physical and engineering systems.

3.1. Heart Sound Signal Analyses

The heart sound signal can be well decomposed by SW. We analysed heart sound signals from PASCAL
dataset[15], which was gathered from the general public. The fundamental heart sound normally includes
the first (S1) and the second (S2) heart sounds, which reflect the vibration of the entire cardiac system
caused by the opening and closure of the heart valves[16].

The analytical results are listed in Fig. 2 and Table 1. Only the results for one cardiac cycle from both
normal and abnormal heart sounds are demonstrated for the sake of brevity, whose time series data are
plotted in Fig.3A and Fig.3D, respectively. The waveforms of both S1 (Fig.3B) and S2 (Fig.3C) in normal
heart sound can be described by SW very well, i.e. only one SW component can accounts for over 90% of
the variability of the sample points (R2 requirement). Although the shapes of the SW of S1 and S2 are
visually different, they are both in the transition range between damped sine waves and common wavelets,
which are reflected by their similar κ values of 1.36 and 1.09, respectively. However, the abnormal murmur
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Figure 3: Heart sound analysis with the SW; lines in French blue are measured signals; lines in Maroon are SW components.
(a) Normal heart sound. (b) S1 of normal heart sound. (c) S2 of normal heart sound. (d) Abnormal (murmur) heart sound.
(e) S2 of abnormal heart sound. (f) SW components for S2 of abnormal heart sound.

Table 1: Table of parameters used in reconstructing normal and abnormal heart sounds.

Amplitude Frequency (Hz) t̊i (ms) τi (ms) ζi φi κi Comments
-0.093 139.221 4.968 9.790 0.902 2.552 1.363 S1 of normal heart sound
0.039 155.084 5.883 7.070 0.138 5.292 1.097 S2 of normal heart sound
-0.581 41.319 -325.669 404.629 8.427 1.786 16.719

S1 of abnormal heart sound-0.179 75.013 61.050 -10.323 0.770 2.338 -0.774
0.028 21.888 90.966 42.636 0.084 4.446 0.933
0.653 34.185 48.300 9.046 0.484 5.605 0.309

S2 of abnormal heart sound0.373 80.051 50.353 -6.130 0.414 5.845 -0.491
-0.078 20.055 70.500 8.861 0.110 1.550 0.178

heart sound signals, i.e. S1 and S2 in Fig.3E and Fig.3F, respectively, have different and more complex
characters after being decomposed into SW components. They both consist of three SW components, which
are a main oscillation, a secondary oscillation with reduced amplitude but higher frequency, and a decaying
oscillation with lower frequency. With the extraction of these patents, correlations with the dynamics of
cardiac system, and therefore, the corresponding cardiac diseases, could be further studied, and automated
segmentation and classification methods can be developed for clinical diagnosis.

3.2. Seismic Wave Analyses

Seismic wave can also be considered as the response of the earth media excited by a sudden and transient
impulsive loading, e.g., the sudden release of stored elastic energy in the Earth’s lithosphere due to the fast
fracture of existing faults. We analysed the seismic waveforms from two severe events, which are the 2011
M-w 9.0 Tohoku-Oki earthquake (Fig.4A and Table 2) and the 2012 M-w 8.6 Sumatra earthquake (Fig.4C
and Table 3). The broadband vertical seismic data at YSS and BTDF stations were obtained from the
global seismic network IRIS[17].
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Figure 4: Seismic waves analyzed with the SW; lines in French blue are measured signals; lines in Maroon are SW reconstructed
signals. (a) Vertical component seismogram of the 2011 M-w 9.0 Tohoku-Oki earthquake for YSS station. (b) SW components
decomposed from the Tohoku-Oki earthquake. (c) Vertical component seismogram of the 2012 M-w 8.6 Sumatra earthquake
for BTDF station. (d) SW components decomposed from the Sumatra earthquake.

An earthquake signal is more complicated than a heart sound signal, which is reflected by the necessary
number of SW components to meet the R2 requirement. The Tohoku-Oki earthquake is constituted by eight
SW components, which are listed in Fig.4B in signal energy order. The waveform shape of all SW components
can be described quantitatively by their respective κ parameters. It is obvious that this earthquake signal
is mainly dominated by SW components in the forms of damped sine wave (κ = 0.09) and in the transition
range (κ = 3.33). Adding all eight SW components together, the reconstructed signal meets the 90% R2
requirement as shown by the dash line in Fig.4A, which has very good agreement with the measurement
signal.

Only ten among thirteen SW components extracted from the Sumatra earthquake are shown in Fig.4D,
sorted according to their signal energy levels. Similar characteristics are observed in this signal, i.e. the first
two SW components with the largest contributions to the overall signal are a damped sine wave and a SW
in the transition range, which are reflected by their κ values, respectively. The difference between the two
earthquakes is mainly shown by their damping ratio values, which can be reflected by the duration of their
dominant SW components. The excellent agreement between the reconstructed and the measured signals
are shown in Fig.4C.

3.3. Gravitational Wave Analyses

The SW may also be applied to analyse the gravitational wave signals. The gravitational wave signals can
be divided into three stages[18–20], i.e., the inspiral stage, the merger stage and the ringdown stage, where
the merger happens in a rapidly-accelerated and transient way to produce much stronger gravitational wave
signals, which are gradually relaxed to an equilibrium solution of the field equations in the ringdown stage.
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Table 2: Table of parameters used in reconstructing the 2011 M-w 9.0 Tohoku-Oki earthquake signal.

Component Amplitude (×106) Frequency (Hz) t̊i (s) τi (s) ζi φi κi
1 9.146 0.049 105.941 173.482 0.078 3.429 3.333
2 9.636 0.035 83.948 86.83 0.083 1.519 0.101
3 2.980 0.065 240.591 246.366 0.018 4.707 0.571
4 5.383 0.006 136.899 109.807 2.026 6.203 -0.152
5 1.828 0.069 441.414 441.415 0.009 3.617 0.000
6 2.626 0.041 313.063 311.370 0.038 6.109 -0.068
7 2.248 0.085 313.274 291.878 0.040 2.167 -1.821
8 0.922 0.060 573.904 529.094 0.006 3.971 -2.672

Table 3: Table of parameters used in reconstructing the 2012 M-w 8.6 Sumatra earthquake signal.

Component Amplitude (×106) Frequency (Hz) t̊i (s) τi (s) ζi φi κi
1 1.764 0.067 147.659 153.606 0.011 4.627 0.397
2 1.247 0.082 206.306 243.431 0.010 1.466 3.061
3 2.200 0.026 94.565 76.305 0.542 0.516 -0.471
4 1.155 0.044 292.536 325.098 0.105 1.145 1.422
5 1.724 0.060 271.903 270.038 0.069 2.788 -0.111
6 0.530 0.080 609.608 524.266 0.009 0.256 -6.793
7 0.843 0.072 305.514 317.242 0.023 0.360 0.839
8 2.162 0.053 168.396 144.580 2.407 6.252 -1.265
9 0.784 0.095 472.650 495.516 0.036 1.054 2.161
10 0.648 0.060 438.801 440.469 0.020 3.276 0.099
11 0.418 0.085 756.653 756.654 0.002 4.791 0.000
12 0.383 0.087 98.809 239.206 0.044 4.209 12.199
13 0.937 0.034 188.687 189.599 0.161 0.354 0.031

Similar to the natural frequency concept in mechanical vibration, gravitational wave in the ringdown stage is
dominated by the quasinormal modes (QNMs) of the final product, which has the same form of damped sine
wave, describing the exponential decrease of the asymmetry in time order as the product evolves towards
the perfect spherical shape[21–23].

Since the energy contained in the QNMs in measurements are weak[24], we use SW to analyse the
analytical ringdown and echo data from an online open dataset contributed by the Gravitation in Técnico[25,
26], which is the quasicircular inspiral of a mass ratio 1:100 binary. The gravitational signal is plotted in
Fig.5A, along with the reconstructed signal with SW components. The ringdown and echo signals can be
synthesized by SW components, i.e., each signal in this stage can be descripted very well with only one
SW component. There are one ringdown signal in the shape of damped sine wave and five echo signals in
the transition range in Fig.5A. Six SW components are needed in this case, whose parameters are shown in
Fig.5B. Besides common features, i.e., decreasing of amplitude and frequency, these parameters show some
interesting patterns. The t̊i parameters give clear initial times of all waveforms, which are nearly evenly-
spaced in the signal. The decay rates are described by the damping ratio ζi, decreasing gradually among five
echoes. The waveform shape changes from damped sine wave towards wavelet, which is characterized by the
smooth growing parameter κi from 0.15 to 3.77. With the above parameter patterns, the SW decomposition
may be considered as a heuristic method to extract ringdown signal from gravitational wave measurements,
which allows for more precise measurements of the black hole mass and spin, and provides a new way to
understand the gravitational wave signal.

4. Conclusion

It seems that the SW is an explicit and general waveform applicable to various physical and engineering
systems. Six parameters in each waveform component have their corresponding physical meanings for each
individual science or engineering system. Along with adaptive SW bases, a non-stationary signal with
asymmetrical envelope can be represented by the sum of several SW components, showing the features

6



a

b Component Amplitude Frequency (Hz)  /M   i � /Mi �i �i �i

Ringdown 1.63 0.090 41.51 1.63 0.14 3.69 0.15

1st echo 0.43 0.077 232.10 30.66 0.25 0.22 2.37

2nd echo 0.27 0.074 431.88 40.32 0.23 4.27 2.99

3rd echo 0.21 0.072 634.09 46.04 0.21 3.10 3.32

4th echo 0.17 0.071 836.74 50.49 0.20 2.12 3.57

5th echo 0.14 0.070 1039.72 54.07 0.18 1.27 3.77

Figure 5: Ringdown and echoes of gravitational wave analysed with the SW decomposition. (a) Comparison of analytical
signal and its reconstructed signal; lines in French blue are analytical signal; lines in Maroon are reconstructed signals using
SW decomposition. (b) Table of parameters used in reconstruction.

of the signal’s temporal structure. Just like the concept of frequency of a system, the newly introduced
parameter κ is an intrinsic characteristic of a signal, which can be used to differentiate or correlate various
signals, and to trace the change of SW components of a signal. Although we only provided cases in the fields
of heart sound analysis, seismic characterization and gravitational wave physics here, we have checked the
effective applications of SW and decomposition method in other engineering fields, which include, but are
not limited to, the signal used in hyperbolic radio navigation system (Loran-C)[9], auditory and acoustic
signal processing[27] and mechanical shock and pyroshock[10]. Therefore, we expect that the proposed SW
decomposition is an efficient general tool for the analyses of signals associated with the dynamic responses of
physical and engineering systems disturbed by impulsive actions. It can also largely increase the efficiency
of high fidelity signal representation, data management and communication.

Data and materials availability

The facilities of PASCAL, IRIS, and GRIT Data Services were used for access to waveforms, related
metadata, and/or derived products used in this study.
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Appendix A. Shock Decomposition Procedure

This signal processing tool is proposed in Ref.[10] to decompose any given shock signal into a sum of
shock waveform components. To prevent potential arithmetic overflow during exponentiation calculation,
Eq.(1) is rewritten in the following form,

w(t) = Aeζωτ(ln t−ln τ)+ζω(τ−t)+i(ωt+ϕ)H(t) (A.1)

Generally, the main idea of shock decomposition algorithm as shown in Fig.A.6, is to fit a series of shock
waveform components described by Eq.(A.1) to a shock signal. The energy ratio ε of a waveform component
(wi) is calculated in Eq.(A.2) to evaluate its weight of contribution,

εwi =
Ewi
Er

(A.2)
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Figure A.6: Flowchart of shock decomposition method

where Ewi is the signal energy of wi calculated by

Ewi = 〈wi(t), wi(t)〉 =

∫ ∞
−∞
|wi(t)|2dt (A.3)

and Er is the signal energy of shock signal r.
The first shock waveform component T1(w1) can be obtained by fitting the original shock signal (r),

i.e., r1 = r. The residue, r2, comes from separating the first shock waveform component from the original
shock signal by r2 = r1 − T1(w1), whose energy ratio εr2 is still not negligible. This non-linear curve fitting
problem

min
x1

(Er2) = min
x1

∫ ∞
−∞
|r1(t)− T1(w1(t))|2dt (A.4)

is solved in least-squares sense with ‘lsqcurvefit’ algorithm in Matlab, where x1 is the solution vector of all
parameters to be calculated.

x1 = [A1, ω1, t̊1, τ1, ζ1, ϕ1] (A.5)

There may be many local minima of this non-linear problem, in contrast to linear curve fitting where the
local minima is also the global minima. The global solution can be found by using various starting points
(x̊1) for the fitting, which is achieved by ‘MultiStart’ strategy in Matlab. The lower bound (LB) and upper
bound (UB) of fitting parameters can be set according to the mechanical condition of each shock signal,
e.g., peak amplitude, interesting frequency range, etc. These starting points are discrete combination of
parameters in the feasible region defined by LB and UB.

Normally εw1 can account for the main proportion of the shock signal r, but the energy ratio εr2 still
accounts for non-negligible energy. Hence r2 is treated as the new curve to be fitted. This non-linear fitting
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procedure can be repeated for all the subsequent residues ri (i > 2), with ri+1 = ri − Ti(wi).

r2 = r1− T1(w1)

r3 = r2− T2(w2)

...

ri+1 = ri − Ti(wi)

(A.6)

thus, ri+1 = r −
i∑

j=1

Tj(wj) (A.7)

According to Eqs.(A.6) and (A.7), ri+1 is the global error between the shock signal and the reconstructed
signal. The decomposition procedure finally stops when the energy ratio εr(i+1) of the global error ri+1 is
within the acceptable tolerance, which is 10% in this study.
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