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ABSTRACT 
 
 This paper presents comparisons of finite element (FE) results with the J 
estimation equations proposed in Part 1 for treating fracture under combined primary 
and secondary loadings. The FE analyses are performed for a pipe with a 
circumferential internal surface crack subjected to axial tension combined with 
thermal loading.  The crack depth and length, the relative magnitude of axial tension 
and thermal loadings, loading sequence and material properties are systematically 
varied. Based on the FE results, the applicability of the proposed equations in Part 1 is 
discussed and new estimation equations obtained by modifying the existing equations 
are proposed and validated. 
 
Keywords: Secondary loading, failure assessment diagram, elastic follow-up 
 
Nomenclature 
a  crack size 
E  Young’s modulus 
f failure assessment curve (FAC) in R6 

1h  function in Eq. (7) 

J  J-integral 

J s , s
eJ  J value for secondary loading acting alone, and its elastically calculated value 

pJ , p
eJ  J value for primary loading acting alone, and its elastically calculated value 

p+sJ  J value for combined primary and secondary loading 
p
IK , s

IK elastic stress intensity factor for primary and secondary loading, respectively 

Lr   proximity parameter to plastic collapse 

n  stress exponent for power-law plasticity 
P  generalized primary load 

LP  Limit load 

r  mean pipe radius 
t  thickness 
V  multiplying factor to incorporate secondary stress effects on J 

 nV  various estimates of V (n=1-6) in Eqs. (1-3, 7, 16-17) 

oV  value of V for the secondary stress acting alone 

x  variable 
Z  elastic follow-up factor 

sZ  elastic follow-up factor for secondary loading alone 
α  multiplying constant in Ramberg-Osgood relationship of Eq. (8) 
β  normalised relative elastic magnitude of secondary loading, Eq. (5) 

maxT  the maximum value of temperature gradient 

ε   total strain 
s
refε  strain at stress  ref

s  
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s,el
refε  elastic strain at stress s,el

refσ  

θ  half circumferential angle of a circumferential crack 
ν  Poisson’s ratio 
σ stress 

s
refσ  reference stress for secondary loading 
s,el
refσ  elastic estimate of secondary reference stress 

yσ  yield strength 
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1. INTRODUCTION 
 
 For linear elastic response, the total stress intensity factor under combined 
primary and secondary loading is simply calculated by linearly adding the values for 
each loading. However, the contribution of secondary stresses in post-yield fracture is 
more complex and fitness-for-service procedures such as R6 [1] provide the V-factor 
approach to address the varying effects of plasticity on the contribution of secondary 
loads to the total value of J. Recent studies [2-4] show that the values of V depend on 
the degree of elastic follow-up, described by an elastic follow-up factor Z.  While 
accurate estimates of V, and hence J, are available when there is no follow-up (Z=1) 
and when secondary loads act as primary (𝑍 → ∞  a general treatment for estimating 
J or V for any degree of elastic follow-up is not yet clear. 
 
 In Part 1 [5], guidance on estimating the elastic follow-up factor Z and 
associated J estimates for cracked components under combined primary and 
secondary loadings is given. A simplified approach for estimating Z is also proposed, 
and several V estimation equations are provided based on R6 [1] and other papers [3, 
5-6].   Some of these equations are summarised here in Section 2 for completeness.  
It is known that the elastic-plastic value of J can depend on the load order (for 
instance, whether the primary load is applied first followed by the secondary load, or 
vice-versa).  The equations presented in Part 1 and summarised in Section 2 do not 
depend on load order and the applicability of the equations under different load orders 
is investigated in this paper. 

 
Furthermore, the equations depend on the degree of elastic follow-up, Z, and 

require the value of Z to be known. A method for estimating Z is given in [5], based 
on analysis for secondary loads acting alone. However, for small secondary loads 
such that response is essentially elastic, it is not possible, nor necessary, to define Z 
for the secondary loads acting alone.  However, under combined loading a value of Z 
is required to describe relaxation of the secondary loads, even when these are small, 
and hence another indicator of the degree of elastic follow-up is needed. This is 
examined in this paper. 
 
 This paper has two main objectives. The first is FE validation of the proposed 
V estimation equations in Part 1, including validation that they conservatively apply 
irrespective of the load order.   The second objective is to investigate J estimation 
equations for cases of small, essentially elastic, secondary loading. For the FE 
analyses, a pipe with a circumferential internal surface crack subject to axial tension 
and thermal loading is considered. Relevant parameters (crack depth and length, the 
relative magnitude of thermal loading, loading sequence and material) are 
systematically varied. Section 3 describes the FE analysis procedure, including the 
methods of calculating Z and V from the FE results. The FE results are then given in 
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Sections 4 and 5, where comparisons with estimation equations are made. The 
presented work is concluded in Section 5. 
 
2.  SUMMARY OF EQUATIONS FOR ESTIMATING J  
 

In R6 [1], three V estimation equations are currently provided depending on 
the magnitude of the elastic follow-up factor; for Z=1, Z≤3 and Z>3. 
 

 

 
1

r
o

V
=f L , Z=1

V
       (1) 

 

     
2

2

r r r r
o

V
=f L +0.42L 0.72+L f L , Z 3

V
      (2) 

 

      2
3

r
r r r r

o o

f LV 3 Z-1
=f L + L β+L , Z>3, L +β 0.7

V 4 Z V

      (3) 

 
where Lr, β and Vo denote the ratio of primary load to limit load, the normalised 
elastic magnitude of secondary load and the values of V for the secondary stress 
acting alone, respectively.  These are defined by 
 

L
r
=P/P

L         (4) 
s
I

p
I r

K
β=

K /L
        (5) 

V
o
= Js /J

e
s         (6) 

 

where P and PL are the applied primary load and the limit load, respectively. p
IK  and 

s
IK  are the stress intensity factors for the primary and secondary loads, and sJ  and s

eJ  

denote the value of J and the elastically calculated value of J for the secondary loading 
acting alone, respectively.  In Eqs. (1)-(3), f(Lr) is the R6 failure assessment curve [1].    
 

Note that Eq. (3) has a limited application range in Lr. Accordingly, more 
general equations for large Z have been proposed in Part 1 [5].  One of these is  
 

 

   

       
 

   

4

r 1 r
o

r r r
1 r r

r

V Z-2
=f L + h L ,β , for large Z

V Z

L +β f L f β L f β
h L ,β = - -f L

βf L +β β

   (7) 

 
It should be noted that V(4) has no limitation of the magnitude of combined loadings, 
compared with other V estimates for large Z suggested in Part 1 [5] including the 
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equations currently given in R6 (see Eqs. (19)-(22) in [5]).  Thus implies that V(3) can 
be replaced by V(4).  
 
3. FINITE ELEMENT ANALYSIS 
 
3.1 Geometry 
 

In this work, a circumferentially cracked pipe with r/t=5, 10 and 20 (the mean 
radius r and the pipe thickness t) is considered. Figure 1 shows a circumferential part-
through constant-depth internal surface crack characterized by the relative crack 
length, θ/π, and depth, a/t. The following values of θ/π and a/t are considered: 
θ/π=0.0625, 0.125 and 0.25; and a/t=0.3, 0.5 and 0.7. 

 

  
Fig. 1. Schematic of a circumferentially cracked pipe subject to axial tension. 
 
3.2 Mechanical and Thermal Loading Conditions 
 

The cracked pipe is subject to combined mechanical (primary) and thermal 
(secondary) loadings. For the mechanical loading, axial tension N is considered (Fig. 
1). For thermal loading, two different types of temperature gradient are considered, as 
depicted in Fig. 2. The first type is a “radial temperature gradient” (Fig. 2a), and the 
second type a “sectional temperature gradient” (Fig. 2b). The magnitude of the 
maximum temperature difference, ΔTmax, is varied to produce different thermal 
loading magnitudes.   As the loading history can affect the elastic-plastic value of J, 
two loading sequences are considered; (i) thermal loading applied first, followed by 
mechanical loading (this case will be referred to as TM) and (ii) mechanical loading 
applied first followed by thermal loading (referred to as MT) 
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(a)     (b) 

Fig. 2. Types of thermal loading considered in this work: (a) radial temperature 
gradient and (b) sectional temperature gradient. 
 
3.3 FE analysis 
 

Elastic and elastic-plastic FE analyses were performed using ABAQUS [7]. 
Considering symmetry conditions, a quarter model was used. Twenty-node iso-
parametric quadratic brick elements with reduced integrations (C3D20R in ABAQUS) 
were used.  A typical FE mesh is shown in Fig. 3. The crack tip was designed with 
collapsed elements and a ring of wedge-shaped elements was used in the crack-tip 
region. The number of elements and nodes were about 10,000 and 47,000, 
respectively. A total of forty-six elements was used through the thickness. As shown 
in Fig. 3, round corners with a finite radius, rather than sharp corner, were modelled, 
but this does not affect the fracture mechanics calculations for J at the centre of the 
crack. 
 

Elastic FE analyses were performed first to determine the relative magnitude 

of thermal stress, β (see Eq. (5)). It should be noted that both p
IK  and Lr are directly 

proportional to the magnitude of the primary load and therefore β is independent of 
the magnitude of primary loading.  The value of Lr is determined using the R6 limit 
load solutions [1].  For elastic analyses, an isotropic material was assumed with 
Young’s modulus E=200GPa and Poisson’s ratio ν=0.3. 

 
Based on elastic analysis, the following four different values of β were 

considered: β=0.5, 2.0, 4.0 and 6.0. The value β=0.5 represents small thermal loading 
and the value β=6.0 represents large thermal loading; a mechanical load 
corresponding to six times the plastic yield load (Lr=6.0) would be required to 
generate the same stress intensity factor. 

 



  

8 

 

For each value of β, elastic-plastic FE analyses were performed for combined 
mechanical and thermal loading.  The following Ramberg-Osgood relationship with 
the isotropic hardening rule was used to describe the material behaviour: 

 
n

y

y

σσ σ
ε α

E E σ

  
       

       (8) 

 
where α and n are Ramberg-Osgood parameters and σy denotes the yield (0.2% proof) 
strength. The value of σy was taken as 300MPa and to be consistent with the 
definition of σy as the 0.2% proof stress, α was then chosen as 
 

y

0.002E 4
α

σ 3
   
 

       (9) 

 
To investigate the effect of the strain hardening exponent, three different values of n 
were considered: n=5, 10 and 20. 

 
Values of the J-integral were extracted from the FE results at the deepest 

position of the crack using a domain integral as a function of the applied load (see Fig. 
1). Numerical J estimates using ABAQUS are generally known to be robust even for 
thermal stress problems and J values show path independence for all cases reported in 
this paper. 
 

 
Fig. 3. A typical FE mesh for a part-through surface crack. 
 
4.  FINITE ELEMENT RESULTS 
 
4.1 FE Results for V0 for Secondary Loading Acting Alone  
 

The values of Vo were calculated from the values of J obtained from elastic 
and elastic-plastic analysis under thermal loading only (see Eq. (6) for the definition). 
Results are given in Table 1 for the radial temperature gradient and in Table 2 for the 
sectional temperature gradient.  Note, that for some cases of deep cracks, a/t=0.7, the 
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FE analyses did not converge due to the large bending stress and only limited 
solutions are given in Table 2. 

 
Table 1. Results for Vo for the radial temperature gradient. 

   
β Vo,max 

(at β) 0.5 2 4 6 
5 0.125 0.3 20 0.82 0.82 0.65 0.55 1.00 (0.7) 

10 

0.0625 0.3 20 1.00 0.82 0.65 0.55 1.01 (0.7) 

0.125 
0.3 

5 0.99 0.80 0.67 0.59 1.00 (0.3) 
10 1.01 0.85 0.68 0.59 1.01 (0.6) 
20 1.01 0.88 0.70 0.60 1.02 (0.7) 

0.5 20 1.01 0.75 0.55 0.45 1.01 (0.6) 
0.25 0.3 20 1.01 0.93 0.75 0.64 1.03 (0.9) 

20 0.125 0.3 20 1.01 0.94 0.76 0.64 1.05 (0.8) 
 
Table 2. Results for Vo for the sectional temperature gradient. 

   
β Vo,max 

(at β) 0.5 2 4 6 
5 0.125 0.3 20 1.01 0.90 0.66 0.55 1.10 (0.9) 

10 

0.0625 0.3 20 1.03 0.99 0.76 0.63 1.13 (1.1) 

0.125 
0.3 

5 1.02 0.80 0.64 0.55 1.02 (0.5) 
10 1.04 0.94 0.73 0.62 1.11 (0.9) 
20 1.04 1.11 0.85 0.71 1.25 (1.1) 

0.5 20 1.06 1.13 0.89 0.75 1.24 (1.2) 
0.7 20 1.09 1.29 1.04 0.88 1.37 (1.3) 

0.25 0.3 20 1.04 1.23 0.97 0.82 1.32 (1.3) 
20 0.125 0.3 20 1.05 1.44 1.10 0.91 1.54 (1.4) 

 

It can be seen from these tables that oV 1.0  in most cases, i.e. that plasticity 

leads to a reduction in J, or a reduction in effective stress intensity factor, relative to 
elastic loading. However, in some cases, particularly for the sectional temperature 

gradient,  oV >1.0, showing a plastic enhancement of effective stress intensity factor.  

 
The value of Vo is unity for small loadings, where response is elastic, and is 

less than unity at very large loadings, where plasticity leads to relaxation of the high 
elastic stresses.  In addition to the tabulated results, solutions were obtained for 
intermediate magnitudes of thermal loading. Figure 4 shows selected β–Vo curves 
from FE analyses.  As shown in Fig. 4, Vo,max is the maximum value in the curve.  
Tables 1 and 2 include the Vo,max values obtained from FE analysis, together with the 
 value where the Vo,max occurs.   
 

r/t θ/π a/t n

r/t θ/π a/t n
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Fig. 4. Selected Vo profile results for sectional temperature gradient. 
 
4.2.  FE Results for Combined Loading 
 

The values of J were also calculated from elastic and elastic-plastic FE 
analyses under combined mechanical and thermal loadings leading to corresponding 
values of the parameter J evaluated using 
 

p p+s
e
s p

J J
V= -1

J J

 
  
 

      (10) 

 
where Jp and Jp+s denote the values of J due to mechanical loading and combined 
loading, respectively. Selected results of V/Vo are plotted in Fig. 5.  For small thermal 
loading, Fig. 5a, there is little effect of loading sequence but the value of V increases 
significantly from its initial value (Vo=1 in this case) with increasing plasticity 
(increasing Lr). For larger thermal loadings, Fig. 5b, the loading sequence is more 
important with mechanical loading applied first (MT) leading to higher values of 
Jp+s  than for secondary loading applied first (TM).  Further FE results are presented 
in Section 5, where they are compared with the estimates in Part 1. 
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(a)      (b) 

Fig. 5. Selected results for FE V/Vo: (a) small thermal loading (β=0.5) and (b) large 
thermal loading (β=2 and 6). 
 
5.  COMPARISON OF FE RESULTS AND SIMPLIFIED ESTIMATES 
 
5.1 Elastic Follow-up Comparisons 
 
 In Part 1, it is noted that the elastic follow-up factor evaluated for secondary 
stresses only, Zs, is related to the variation of Vo with secondary load magnitude,  in 

Eq. (5), for a given stress-strain curve, i.e. for a given material. Specifically, a 

secondary reference stress, s
refσ , is evaluated from  

 

   s s
o ref y ref yβV = σ σ f σ σ      (11) 

 
where f( ref

s /y )  is the Option 2 failure assessment curve, which depends on the 

material stress-strain curve through 
 

f( ref
s /y )  Eref

s

 ref
s


(1 / 2)( ref

s /y )2

Eref
s / ref

s










1/2

 (Js / Je
s )1/2    (12) 

 

where, s
refε  is the strain at the secondary reference stress from the stress-strain curve, 

i.e. from Eq. (8) for the present calculations.  Note, that when the small-scale yielding 
correction is neglected in Eq. (12), the approach reduces to that proposed by Roche [8]  
 

s s
s s s 2ref ref

e e os,el s,el
ref ref

σ ε
J =J =J V

σ ε

 
 
 

     (13) 
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where, s,el
refσ  and s,el

refε  denote elastic estimates of reference stress and strain for 

secondary loading, respectively. As the material follows the Ramberg-Osgood 

relationship of Eq. (8), s
refσ  and s

refε  can be easily calculated, and Z is then 

determined using [5] 
 

s s,el
ref ref

s,el s
ref ref

Eε -σ
Z=1+

σ -σ
      (14) 

 
Note that the superscript ‘s’ in Z is dropped here and elsewhere in this paper as elastic 
follow-up is only calculated for secondary loading acting alone and it is assumed that 
the same value can be used to estimate J under combined loading.  Resulting values of 
Z are given in Tables 3 and 4 for the radial temperature gradient and sectional 
temperature gradient, respectively.  It can be seen that the cases considered cover a 
wide range of elastic follow-up with Z values from 1.1 to 7, the higher values being 
for the sectional temperature gradient. Generally the value of Z tends to increase with 
increasing r/t, θ/π, a/t and n.  It is noted that the method of estimating Z in [9], based 
on the approach of [8] leads to very similar results to those in Tables 3 and 4, 
particularly for higher thermal loads. 
 

In Part 1, it was suggested that the dependence of  on  is relatively weakly 

affected by material properties and therefore that the elastic follow-up factor Z can be 
estimated by neglecting small-scale-yielding corrections from Eq. (11) and 

  

 
s
ref ys s

ref y ref y2 s
ref y

σ σ1
β= σ σ + -σ σ

Z f σ σ

 
 
 
 

   (15) 

 
using the R6 Option 1 failure assessment curve 
 

   (16) 

 
which is independent of material properties. Figure 6 compares these estimates of Z, 
denoted ‘Option 1’ with the values from the FE results deduced as described earlier, 
denoted ‘Option 2’, for selected cases. It can be seen that the simplified estimate using 
the Option 1 curve is in close agreement with the FE results. 
 
Table 3. FE results for Z for the radial temperature gradient, based on the procedure in 
[5]. 

r/t  θ/π  a/t  n  
β 

2 4 6 
5 0.125 0.3 20 1.5 1.8 1.8 
10 0.0625 0.3 20 1.5 1.8 1.8 

V0 

     -1 22 6f x = 1+0.5x 0.3+0.7exp -0.6x  
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0.125 
0.3 

5 1.4 1.5 1.6 
10 1.6 1.8 1.9 
20 2.3 2.1 2.1 

0.5 20 1.1 1.2 1.1 
0.25 0.3 20 2.2 2.4 2.5 

20 0.125 0.3 20 2.3 2.5 2.5 
 

Table 4. FE results for Z for the sectional temperature gradient, based on the 
procedure in [5]. 

r/t  θ/π  a/t  n  
β 

2 4 6 
5 0.125 0.3 20 2.0 1.8 1.8 

10 

0.0625 0.3 20 2.7 2.5 2.4 

0.125 
0.3 

5 1.3 1.4 1.4 
10 2.5 2.1 2.1 
20 3.6 3.2 3.0 

0.5 20 3.9 3.6 3.5 
0.7 20 5.4 4.9 4.8 

0.25 0.3 20 4.8 4.3 4.1 
20 0.125 0.3 20 7.0 5.5 5.1 

 
It should be noted that both the FE Z estimation procedure given in Ref. [9] and the 
estimation equations given above can be applied only when β>1.  The case of β<1 is 
discussed separately in Section 6 below.   
 

It can be seen from Tables 3 and 4 that the elastic follow-up factor is not 
strongly dependent on the magnitude of the loading.  On this basis, it was proposed in 
[5] that a possible approach would be to evaluate V0 for a large secondary stress (of 
elastic magnitude  = 6 so that elastic effects are small) and then to estimate Z from 

 

oZ=10V -4.4;         β=6      (17) 

 
provided the result is in the range 3 to 10, i.e. elastic follow-up is large.   Application 
of Eq. (17) is also shown in Fig. 6.  This fits well for the case of β=6 but 
overestimates elastic follow-up for other cases. It therefore provides a conservative 
method for estimating the elastic follow-up factor from an elastic-plastic analysis of 
secondary loading. 
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(a)      (b) 

 
(c)      (d) 

Fig. 6. Comparison of Z estimates using Option 1 and Option 2 approaches and the 
simplified method of Eq. (17): effect of (a) r/t, (b) θ/π, (c) a/t and (d) n. 
 
5.2 J Comparisons for large secondary loading (β>1) 
 

In this section, the J estimates obtained using the estimates in Part 1 [5] are 
compared with the FE results. The comparisons for J are made using the 
corresponding values of V.  Only large secondary loads (β>1) are considered with 
smaller loads being addressed in Section 6. 
 
5.2.1 Results for thermal loading applied first  

 
Comparison of the V estimation equations with FE analyses for the TM 

loading sequence under large thermal loading is presented in this sub-section.  The 
results depend on Z with those for moderate Z (≤3) given in Figs. 7 and 8, and those 
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for large Z (>3) in Fig. 9.  Note that the V estimates were calculated using the Option 
1 failure assessment curve of Eq. (14). 

 
It can be seen from Figs. 7 and 8, that the V-factor estimation equation for 

moderate Z, V(2) (see Eq. (2)), conservatively estimates the FE results.  The estimated 
V factors tend to be more conservative for lower Z and for larger Lr.  It should be 
noted that the V(2) expression was derived as a upper bound estimate for moderate Z 
[3], Z≤3, and that when Z approaches Z=3, the estimate is accurate, Fig. 8b. 

 

 
(a)      (b) 

 
(c)      (d) 

Fig. 7. Comparison of FE V/Vo results with estimated ones for moderate Z for TM 
loading sequence for radial temperature gradient: (a)-(b) β=2 and (c)-(d) β=6. 
 

The results in Fig. 9 show that the V-factor estimation equation for large Z, 
V(4) (see Eq. (7)), gives accurate estimates for small Lr  (Lr≤0.7) but gives more 

conservative estimates for larger Lr, suggesting that plasticity leads to greater 
relaxation of secondary stresses than implicit in Eq. (7). As shown in Fig. 9, the V/Vo-
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Lr curves are similar for the different geometries and crack sizes, possibly because 
those effects were already included in the estimation equations for Vo and Z.  It seems 
that the magnitude of thermal loading would be a more important factor. 
 

 
(a)      (b) 

 
(c)      (d) 

Fig. 8. Comparison of FE V/Vo results with estimated ones for moderate Z for TM 
loading sequence for sectional temperature gradient: (a)-(b) β=2 and (c)-(d) β=6. 
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(a)      (b) 

 
(c)      (d) 

Fig. 9. Comparison of FE V/Vo results with estimated ones for large Z(>3) for TM 
loading sequence; (a)-(b) a/t effect, and (c)-(d) r/t effect. 
 
5.2.2 Results for mechanical loading applied first  
 

Comparison of the V-factor estimation equations with FE analyses for the 
MT loading sequence under large thermal loading is presented in this sub-section; 
Fig. 10 and 11 for moderate Z (Z≤3) and Fig. 12 for large Z (Z>3).  Figure 10 presents 
results for cases where the maximum value of Vo, Vo,max, over a range of thermal 
loads is unity.  Figures 11 and 12 correspond to cases where Vo,max>1. 

 
The results in Fig. 10 show that the equation for moderate Z, V(2), reproduces 

the trend in the FE results but can lead to some underestimate of V, and hence J, when 
the stress-strain curve is very flat, n=20.  However, the differences are generally small.  
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The results in Figs. 11 and 12 show that the estimated V using V(2) or V(4) can 
be non-conservative.  The non-conservatism in these cases is again for n=20 but 
occurs even for small primary loads.  Furthermore, Figure 12 shows that the estimate 
V(4) does not reproduce the trend in the FE data, showing too weak a dependence on 
the primary load level, Lr. 

 
In our previous works [4, 8], it has been suggested that the maximum value of 

Vo, Vo,max, is a good indicator of elastic-plastic response under combined loading.  
The results in Figs. 11 and 12 for Vo,max>1.0 do not show a clear dependence on Vo,max 
but do show a difference in behaviour from those  in Fig. 10 for Vo,max=1.  The results 
also show little dependence on the thermal load magnitude or level of elastic follow-
up.  Therefore, it is suggested here that Eq.(7) can be simplified by removing the 
dependence on β and Z by taking specific values  β=1.0 and Z=3.0.   With the further 
simplification of setting f(β)=1.0, this leads to a new estimate for Vo,max>1 

 

       
     r r(5)

0 r r r
r

L +1 f L f 11
V V =f L + -f L -L f 1

3 f L +1

 
 
 

  (18) 

 
Equation (18) is chosen to bound the numerical results and it can be seen. in Figs. 11 
and 12 that the new equation gives conservative estimates. 
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Fig. 10. Comparison of FE V/Vo results with estimated ones for cases of moderate 
Z(<3) and Vo,max=1. 
 

 
Fig. 11. Comparison of FE V/Vo results with estimated ones for cases of moderate 
Z(<3) and Vo,max>1. 
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Fig. 12. Comparison of FE V/Vo results with estimated ones for cases of large Z(>3) 
and Vo,max>1. 
 
6. RESULTS FOR SMALL SECONDARY LOADING (β≤1) 

 
For small secondary loads, <1, it is difficult to evaluate the degree of elastic 

follow-up as response is essentially elastic.  In the complete absence of plastic strains, 
a value of Z cannot be calculated from Eq. (11) and hence selection of a V estimation 
equation, V(2) or V(4), cannot be made. However, as discussed in Section 5.2.2, the 
value of Vo,max can be an indicator of elastic-plastic response with elastic follow-up 
regarded as moderate for Vo,max=1,  but potentially large when Vo,max>1.  

 
Figure 13 shows the FE results for V/Vo for Vo,max=1, together with the V-

factor estimation equation, V(2).   Results show that V(2) reasonably bounds the FE 
results and thus can be used for practical applications.  Thus, the scope of this 
expression can be extended to cases of small secondary loads for which Vo,max=1, 
without determination of Z.  This does, however, require the magnitude of the 
secondary loads to be scaled in order to determine V0 for a range of  and hence 
determine Vo,max. 
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Fig. 13. Comparison of FE V/Vo results with estimated ones for cases with small β 
(<1) with Vo,max=1.0. 
 

Figure 14 shows the FE V/Vo results for Vo,max>1.  Much higher values of 
V/Vo are now obtained.  As a value of Z cannot be determined for these cases, V(4) 
cannot be used directly.  However, it has been found, similar to the results in Section 
5.2.2, that Eq. (7) with a fixed value of Z=3 provides a reasonable description of 
behaviour.  The corresponding estimation equation is  

 

   (6)
o r 1 r

1
V V =f L + h L ,β

3
     (19) 

 
Estimated values of V/Vo  using this equation are shown in Fig. 14, demonstrating 
that this new equation gives reasonable estimates of FE response.  It should be 
recognised that the impact of the value of V on assessments is small for small 
particularly at larger Lr [3], and therefore the agreement in Fig. 14 is sufficient for 
practical applications. 
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Fig. 14. Comparison of FE V/Vo results with estimated ones for cases of small β(<1) 
with Vo,max>1.0. 
 

The above proposals for β<1 are not necessarily continuous with those in 
Section 5.2 for β>1.  For example, when mechanical loading is applied after thermal 
loading, V(4) is used  for β>1 whereas V(6) is used for β<1.  The estimate of V(6) is a 
special case of V(4) with Z=3 and therefore the proposals are continuous for Z=3 but 
not otherwise, as illustrated in Fig. 15 which shows the effect of Z on V(4) when β is 
fixed to 1.   However, as noted above, it is difficult to estimate the degree of elastic 
follow-up for small secondary loads and for these cases the impact of the value of V 
on assessments is small.   
 

 
Fig. 15. Variation of V(4)/Vo with Z for β=1. 
 
7. CONCLUSIONS 
 

In this paper, finite element validation of the estimation equations for J under 
combined primary and secondary loading via the parameters V(2) and V(4), proposed in 
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Part 1 [5], has been examined. In the FE analysis, a pipe with a circumferential 
internal surface crack subject to axial tension and thermal loading has been considered.  
Relevant parameters affecting J, such as the crack depth and length, the magnitude of 
thermal loading, relative magnitude of primary and secondary loads, loading sequence 
and material properties, have been systematically varied.  Based on comparisons with 
detailed FE analysis results, the following conclusions are drawn. 

 
 When mechanical loading is applied after thermal loading with β>1, the 

proposed V estimation equations in [5] can be used; V(2) for Z≤3 and V(4) for 
Z>3. 

 When thermal loading is applied after mechanical loading with β>1, the FE 
results suggest that the proposed V estimation equations have limited 
applicability.  Based on the FE results, V(2) can be used for Vo,max=1 but for 
Vo,max>1, a new estimation equation V(5) is proposed, by modifying V(4). 

 For β≤1, it is found that V(2) can be used for Vo,max=1, regardless of the 
loading sequence. For Vo,max>1, a new estimation equation V(6) is proposed, 
again by modifying V(4). 
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