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Closed-loop identification for model predictive control of HVAC
systems: from input design to controller synthesis

Patricio E. Valenzuela Member, IEEE, Afrooz Ebadat, Niklas Everitt and Alessandra Parisio Senior
Member, IEEE

Abstract—Heating, ventilation and air conditioning (HVAC)
systems are responsible for maintaining occupants’ thermal
comfort and share a large portion of the overall building energy
use. Hence, it is of great interest to improve the performance of
HVAC control systems and thus the building energy efficiency.
Model predictive control (MPC) has been proved to be a
promising control strategy to be employed in this field. However,
MPC implementation relies on the model of the system and
inaccurate models can deteriorate the control performance whilst
overly complicated models can lead to prohibitive computational
burden. Because of this, existing models do not usually allow the
MPC controller to adjust multiple setpoints (e.g., both temper-
ature and flow rates) and do not include the dynamics of the
heating and ventilation subsystems with their local controllers.
In this work we address the challenge of developing more reliable
HVAC models for MPC controllers based on experimental data.
Data is obtained from an experiment designed using a graph
theoretical technique, which guarantees maximum information
content in the data. The resulting models are employed to design
local controllers of the heating and ventilation subsystems, which
are experimentally tested in a real HVAC testbed. A supervisory
MPC controller that incorporates the closed-loop models of the
heating and ventilation subsystems is then developed. This can
lead to a control strategy able to more effectively adapt key
HVAC setpoints based on weather conditions, occupancy, and
actual thermal comfort, as shown by a numerical study based on
data from the HVAC testbed.

Index Terms—Input design, Model predictive control, System
identification, Controller synthesis, HVAC systems.

I. INTRODUCTION

Heating, ventilation and air conditioning (HVAC) systems
play a crucial role in the development of sustainable buildings.
The main goal is to achieve comfortable indoor climate and
ventilation levels while minimizing the energy use. These
goals require adjustments of multiple setpoints, primarily tem-
peratures and flow rates. Today these setpoints are either kept
constant or manipulated by simple reset rules [1]. Furthermore,
existing control strategies typically consider only the heating
demand, disregard time varying building conditions and do
not account for the dynamics of the HVAC subsystems, such
as the heating and ventilation subsystems [1], [2]. Several
approaches for improving energy efficiency in buildings have
been proposed in recent years (e.g. [3]–[5]). However, the
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design of effective multivariable HVAC supervisory control
that allows for simultaneously adjusting multiple key HVAC
setpoints is still a challenge to be addressed [1].

Model predictive control (MPC) has been proved to be
particularly effective in the supervisory control of buildings
for its ability to integrate economic, social and environmental
aspects, as well as predictions and technical and operational
constraints [6]–[8]. MPC has been shown to be able to
reduce the energy consumption of buildings [6], [9]. Relevant
potential energy savings have been yielded in both simula-
tions (e.g., [10]–[12]), and in experimental studies on actual
buildings (e.g., [13]–[16]). Given a model of the system to
be controlled, the MPC computes the control actions such
that the predicted cost function (i.e., the thermal energy use
in this study) is minimized while fulfilling the limitations of
the actuation signals (e.g., heating and cooling dampers) and
controlled variables (i.e., internal temperatures and CO2 lev-
els). The MPC performance can be considerably affected by
the quality of the model being used, although uncertainty can
be handled and properly incorporated into the MPC design
to improve the robustness of the resulting control actions
(e.g., [14], [17], [18]). In the area of building climate control,
MPC performance can be improved if dynamical models of the
HVAC subsystems, i.e., heating and ventilation subsystems,
are incorporated into the MPC formulation. The authors in [19]
show that an MPC strategy that does include the low-level
controllers significantly improves its performance with respect
to an MPC that does not include those controllers. However,
existing MPC-based frameworks attempting to consider more
accurate, and hence nonlinear, models have the drawback
of convergence and computational complexity issues, e.g.,
[20]. Thus, adopting physical-based models can increase the
computational burden and prevent the use of MPC strategies
for real-world applications. A sensible solution is to employ
data-driven techniques and system identification methods to
identify the dynamics of the HVAC subsystems along with
their local controllers, i.e., closed-loop dynamics, based on
measured data, and then incorporate these closed-loop dynam-
ics into the MPC design. By doing so, the model accuracy
of the overall system to be controlled and, consequently, the
control performance, can be improved [21], [22]. Closed-
loop identification for MPC has been studied in different
settings in [23], [24]. Some MPC formulations consider the
possibility to simultaneously perform re-identification of the
model during normal operations of the MPC controller, see
e.g. [25] or [26].

On the other hand, modeling and identification are very
costly in terms of time and resources and hence it is of
significant importance to carefully design the identification ex-



periments using optimal input design techniques to minimize
the aforementioned costs [27]. Furthermore, carefully designed
identification experiments allow for the reduced complexity
models to be near-optimal [28].

A. Statement of contributions

Most of the available control frameworks are not able to
compute optimal values of multiple setpoints and do not
consider uncertainties, occupancy and model mismatch, which
significantly limits the potential energy savings practically
achievable by applying advanced control [1], [9]. This article
is motivated by the need to address the open challenge to
design robust multivariable HVAC supervisory control that is
able to compute optimal values of multiple setpoints, such as
temperatures and air flow rates, and to dynamically adapt these
key HVAC setpoints to the actual building conditions, based on
weather and occupancy levels. We show that improved energy
efficiency and control performance can be achieved by effec-
tively coupling MPC with identification of suitable models
from the HVAC data and still obtain control strategies that
can be easily implemented in actual buildings. We employ a
data-driven approach to identify the open-loop dynamics of the
heating and ventilation subsystems [29] and design effective
local feedback controllers. The resulting closed-loop dynamics
of the controlled HVAC subsystems are then incorporated
into a supervisory MPC framework without introducing extra
complexity in the control strategy.

To identify the HVAC subsystem dynamics, we adopt a
data-driven adaptive identification technique based on recent
theoretical results on input design [30], [31] for obtaining
information-rich feasible experiments. We extend the MPC
strategy designed in [14], [32] to account for the closed-loop
models of the HVAC subsystems. The MPC problem is kept
linear, which allows the controller model to be as complex as
necessary and produce accurate predictions without increasing
the computational time of the optimization [33].

Experiments are carried out on a typical HVAC system,
which is available at the Royal Institute of Technology (KTH)
campus. Dynamical models of the heating and ventilation
subsystems for open-loop operation are obtained based on
the performed experiments. The obtained models are utilized
to tune low-level controllers so as to track the heating and
ventilation setpoints provided by an MPC controller. Lastly,
dynamical models of the HVAC subsystems for closed-loop
operation are derived and incorporated into the supervisory
MPC framework, which improves the performance and the
energy efficiency of the overall HVAC system.

We point out that the proposed methodology can be directly
applied to implement MPC strategies in HVAC systems.
Hence, the present contribution serves also as a guideline for
practitioners interested in the design and implementation of
MPC schemes for HVAC systems. Furthermore, the outcome
of this study can be employed for modeling the dynamics of
the subsystems comprised in a typical HVAC system not only
for control design, but also for other purposes, e.g. simulation.

Structure of manuscript: The rest of this document is
organized as follows. In Section II a description of the system
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Fig. 1. Diagram of one radiator in the heating subsystem.

is presented. In Section III the proposed methodology is
illustrated, while the experimental results obtained on the
actual HVAC system available at the KTH campus are shown
in Section IV. The results of the simulation study on the HVAC
system using two MPC strategies are discussed in Section V.
Finally, conclusions are presented in Section VI.

Notation: We denote by R the real set, by Rp the set of
real p-dimensional vectors, and by Rr×s the set of real r × s
matrices. The time shift operator is denoted by q, i.e., q x(t) =
x(t + 1). The expected value is denoted by E{·}. Finally,
det and tr stand for the determinant and the trace functions
respectively.

II. HEATING AND VENTILATION SUBSYSTEMS

This work is based on a prototype of an HVAC control
system available at the KTH university campus. The current
controller considers a scenario-based model predictive control
(SMPC) to adjust the temperature and ventilation levels in a
student laboratory [14]. The existing implementation relies on
empirically tuned proportional-integral (PI) controllers for the
heating and ventilation subsystems, which do not guarantee
tracking performance and hence lead to undesired temperature
values and a deterioration of tracking performance.

A. Heating subsystem

The heating subsystem consists of four radiators, each
of them connected to the same piping network. The pipes
contains hot water, whose temperature is regulated by an
external system, and it cannot be controlled. Nevertheless, it
is possible to control the flow of hot water to the radiators
through an electro-valve. Figure 1 depicts the diagram of one
of the radiators in the system. In that figure, uh(t) denotes the
control signal of the electro-valve, which is given in opening
percentage (i.e. uh(t) ∈ [0, 100]), the red line represents the
flow of hot water to the radiators, and the blue line indicates
the flow of cold water from the radiators. In addition, we can
measure the surface temperature (in Celsius degrees) of one
radiator in four different zones, denoted by yh(t) ∈ R4 in
Figure 1.

The objective here is to tune a PI controller for the mean
temperature of the radiator based on a model of the radiator
dynamics.

B. Ventilation subsystem

The ventilation subsystem consists of a pipe circuit provid-
ing fresh air to the room, as is shown in Figure 2. The air flow
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Fig. 2. Diagram of the ventilation and cooling system.

rate to the room can be controlled through an electro-valve,
where uair(t) ∈ [0, 100] denotes the control signal defining the
opening percentage of the dampers. Approximately 30% of the
air flow rate can be cooled down by a cooling system. The
cooling system is composed by a heat exchanger, where the
air is cooled by cold water. The flow of cold water can also be
controlled through an electro-valve, where uac(t) ∈ [0, 100]
denotes the control signal for the opening percentage of the
valve. In addition, we can also measure the temperature (in
Celsius degrees) of both the unconditioned and conditioned
air entering the room, denoted by yair(t) ∈ R and yac(t) ∈ R
respectively.

The objective here is to tune a controller to regulate the
temperature of the incoming air based on a model of the
ventilation subsystem.

Remark 1: The temperature dynamics of the heating and
ventilation subsystems are assumed to be independent of the
occupancy level in the room. This is a reasonable assumption
since these subsystems are built to operate independently of
the room conditions (room occupancy, room temperature and
room CO2 concentration).

III. METHODOLOGY

A. System identification

The goal in system identification is to estimate a model
based on the input-output data ZN := {UN , YN}, where
UN := (u(1), . . . , u(N)) (u(t) ∈ Rnu ) are the inputs, and
YN := (y(1), . . . , y(N)) (y(t) ∈ Rny ) are the measured
outputs. The estimated model parameters θ̂N ∈ Θ ⊆ Rnθ
are chosen to minimize an identification cost function. In this
work, we obtain θ̂N by using the prediction error method [34],
where θ̂N ∈ Θ is such that the cost function

VN (θ̂N ) =
1

2N

N∑
t=1

ε(t, θ)>ε(t, θ), (1)

ε(t, θ) := y(t)− ŷ(t|θ) , (2)

is minimized, where

ŷ(t|θ) := E {y(t) |Zt−1, θ} (3)

is the optimal one-step ahead predictor given by θ, the actual
model parameters.

In this work, we consider one-step ahead predictors as-
sociated with discrete-time, linear and time-invariant models
described by

y(t) = G(q, θ)u(t) +H(q, θ)e(t), (4)

where G(q, θ) and H(q, θ) are real rational functions in the
time shift operator q, parameterized by θ, and {e(t)} is a white
noise process with zero mean and variance λe. Depending on
the parameterization of G(q, θ) and H(q, θ), different models
can be considered in (4). We refer to [34, Chapter 4] for more
details on the model (4).

We assume that the elements in the model set

M = {(G(q, θ), H(q, θ)) : θ ∈ Θ} , (5)

define stable one-step ahead predictors (3) such that
limq→∞H(q, θ) = I . In addition, we assume that there
exists θ0 ∈ Θ such that (4) describes the true system when
θ = θ0 [34], i.e., there is no under-modeling (or, equivalently,
there exists a model in M describing the true system).

Remark 2: The nonlinear behavior of the heating and ven-
tilation subsystems of the HVAC system are approximated by
linear models. Hence, the term “true system” refers to the
dynamical system in the model set M that best represents
the linearized dynamics of the heating and ventilation sub-
systems. To account for the model mismatch with respect to
the nonlinear system when designing the controllers, we use
loop shaping and H∞ methods to ensure appropriate stability
margins, as presented in the subsection III-C.

The system identification problem is summarized as:
Problem 1: Given ZN = (UN , YN ), find θ̂N ∈ Θ as

θ̂N = arg min
θ∈Θ

1

2N

N∑
t=1

ε(t, θ)>ε(t, θ) , (6)

where ε(t, θ) is given by (2).
Problem 1 is solved using the System Identification Toolbox
available in Matlab [35].

The model sets used in this work are Box-Jenkins and
Output-Error [35], which have been selected as they provide
sufficient degrees of freedom for capturing the relevant dynam-
ics of the heating and ventilation subsystems in linear models,
hence suitable for the low-level control design of the heating
and ventilation units (as it is shown in figures 6 and 9).

Remark 3: It might occur that the identified model obtained
by solving Problem 1 is unstable. In such case, the resulting
model is modified by replacing the unstable poles by its
reflection into the open unit disc, while preserving the steady-
state gain. This can be done as the identified heating and
ventilation subsystems are inherently stable.

B. Experiment design

The objective in experiment design is to maximize the
information content in ZN about the system, quantified in
terms of a scalar function associated with the intended model
application. This step is relevant for ensuring that the data used
for identifying the system can guarantee a prescribed accuracy
of the estimated model. Here, we follow the approach in [30]
and [31], where an input signal UN is designed as a realization



of a stationary process. In this section, we restrict the system
to be

y(t) = G0(q)u(t) + e(t) , (7)

where G0 is a real rational function in the time shift operator
q, and {e(t)} is a white noise process with zero mean and
variance λe. The system (7) is estimated using the model

y(t) = G(q, θ)u(t) + e(t) , (8)

where G(q, θ) is a real rational function in q, parameterized
by θ ∈ Θ.

The objective is to estimate θ0 with maximum accuracy as
defined by a scalar function h of the Fisher information ma-
trix IF [34]. We define this scalar function as h : Rnθ×nθ →
R. To obtain the desired results, h must be a concave, matrix
nondecreasing function [36, pp. 108]. Different choices of h
have been proposed in the literature [37]. Some examples are
h = log det, and h = − tr{(·)−1}. In this article, h = log det
is used, which can be interpreted as a measure of the volume
of the information in the experiment.

The Fisher information matrix IF for the model (8) can be
computed as

IF :=
1

λe
E

{
N∑
t=1

ψθ0(t)ψθ0(t)>

}
, (9)

where

ψθ0(t) :=
d ŷ(t|θ)
dθ

∣∣∣∣
θ=θ0

, (10)

ŷ(t|θ) = G(q, θ)u(t) . (11)

The expected value in (9) is with respect to the realizations of
UN .

Equation (11) does not depend on the noise realization.
Therefore, we rewrite (9) as

IF =
1

λe

∫
UN∈RN

N∑
t=1

ψθ0(t)ψθ0(t)> dP (UN ) , (12)

where P (UN ) is the cumulative distribution function of UN .
We note that (12) depends on P (UN ), the cumulative

distribution function (cdf) of UN . Therefore, the input de-
sign problem is to find a cdf P opt(UN ) which optimizes
log det(IF ).

To obtain a tractable problem, we restrict u(t) to a finite set
C with cseq elements. Based on this requirement, we optimize
the probability mass function p(UN ) over the set of marginal
distributions of stationary processes, given by

PC :=

{
f : CN → R| f(x) ≥ 0, ∀x ∈ CN ;∑

x∈CN
f(x) = 1;

∑
v∈C

f(v, z) =
∑
v∈C

f(z, v) ,∀z ∈ C(N−1)

}
. (13)

The last condition in (13) (with slight abuse of notation)
guarantees that p ∈ PC is the marginal probability mass
function of a stationary process [38].

The input design problem is then defined as follows:
Problem 2: Design an optimal input signal Uopt

N ∈ CN as
a realization from popt(UN ), where

popt(UN ) := arg max
p∈PC

log det(IF (p)) , (14)

with

IF (p) =
1

λe

∑
UN∈CN

N∑
t=1

ψθ0(t)ψθ0(t)> p(UN ) , (15)

and ψθ0(t) ∈ Rnθ given by (10).
The solution to Problem 2 is obtained using the graph theo-
retical approach in [30] and [31], and is implemented through
a Markov chain having popt as stationary distribution. The
main advantage of using the graph theoretical input design is
its ability to cope with physical constraints imposed by the
actuators through the choice of the input alphabet C, while
attaining a convex optimization problem for the design of the
optimal input sequence. We refer to [30], [31], [39] for the
implementation details.

Remark 4: Even though the dynamics of the heating and
ventilation subsystems are generally nonlinear, they can be
well approximated by their linearized models, which is the
main reason for the input design method (14) to assume a
linear model. In case the open-loop model is nonlinear, the
input design technique (14) can still be adopted and the design
of the low-level controllers has to account for the nonlinear
models of the heating and ventilation subsystems. In addition,
given an appropriate design of the local controllers of the
HVAC subsystems, the closed-loop dynamics of the heating
and ventilation subsystems, and then the relationship between
the setpoint to the controlled variable and the actual variable
(e.g., air temperature from the ventilation subsystem), can be
assumed to be well approximated by linear models (as it can
be seen in the comparison between the simulated and real
responses shown in figures 6 and 9). Hence, the proposed
MPC strategy can still be applied even considering nonlinear
open-loop dynamics of the HVAC subsystems.

C. Controller design

1) Heater controller design: Once a model for the heating
dynamics has been obtained, we aim to design a PI controller
for the sample mean of the measured temperatures in the radi-
ator. We consider the following model of the heater dynamics

yh(t) = Gh(q, θ)uh(t) + eh(t), (16)

where eh(t) is white noise with zero mean and variance
λh
e . Since we aim to design a PI controller for the mean

temperature in the radiator, the PI controller is designed for

ŷh(t|θ) =
1

4

4∑
i=1

Gh
i (q, θ)uh(t), (17)

where Gh
i (q, θ) denotes the model for the heater dynamics

associated with the i-th measurement in yh(t).



The discrete-time PI controller is implemented as

uh(t) = Ch(q)(rh(t)− yh(t)), (18)

where rh(t) is the desired radiator temperature, and

Ch(q) =
τI + γ q−1

1− q−1
.

The coefficients τI , γ ∈ R are adjusted using the lead-lag
design to obtain the desired stability margins [40].

We note that, due to physical limitations of the actuator, the
input (18) might not be achieved by the actuator, leading to a
saturation problem with the integral action in the PI controller.
To prevent this issue, the PI controller (18) is modified
to include an anti-windup scheme [41], which removes the
integral action from Ch(q) when the bounds of the actuator
are reached.

2) Ventilation unit controller design: As for the heating
controller, the controller design for the ventilation subsystem
is based on a model of the ventilation subsystem. The model
for the ventilation subsystem is given by

yac(t) = yair(t) +Gac(q, θ)uac(t) +Gair(q, θ)uair(t)

+Hac(q, θ)eac(t) , (19)

where eac(t) is white noise with zero mean and variance λac
e .

By introducing yair(t) in (19) we only model the reduction in
the temperature achieved in yac(t) by the ventilation subsys-
tem.

Since the input uair(t) is controlled directly by the MPC
strategy (i.e., it is a decision variable in the MPC problem),
the discrete-time controller for yac(t) is implemented as

uac(t) = Cac(q)(rac(t)− yac(t)), (20)

where rac(t) is the desired temperature of the cooled air. The
controller Cac(q) is designed using the H∞ control toolbox
available in Matlab. The controller Cac(q) is obtained by
solving

Cac(q) = arg min
C(q)

∥∥∥∥[W (q)Szacx(q)
Suacx(q)

]∥∥∥∥
∞
, (21)

where zac := rac − yac, x :=
[
uair rac

]>
, Syx denotes the

transfer function from x to y when the control law (20) is used,
and W is a user-defined weighting factor, which is typically
defined as the lower bound on the inverse of

∣∣Szacrac(ejω)
∣∣,

ω ∈ [−π, π] (cf. [42]). We note that the optimization (21) is
over the set of stabilizing controllers. In addition, we recall
that the infinity norm of a function F is given by

‖F (q)‖∞ := sup
ω∈[−π,π]

σ(F (ejω)), (22)

where σ(A) denotes the maximum singular value of a matrix
A ∈ Rn×m.

In order to use the robust control toolbox in Matlab, we
transform the discrete-time model (19) into a continuous-time
one by using the bilinear transformation

z =
1 + s Ts/2

1− s Ts/2
, (23)

where Ts is the sampling period. After completing this trans-
formation, we solve (21) in the continuous-time domain, and
then we obtain Cac(q) by reversing the mapping (23).

From the equation (19) we see that uair(t) acts as a
disturbance to the temperature of the cooled air yac(t). Since
we know the value of uair(t) for all t, we can compensate its
effect by modifying (20) as

uac(t) = Cac(q)(rac(t)− yac(t)) +Gff(q, θ)uair(t), (24)

where Gff is a feedforward compensator given by

Gff(q, θ) := −Gac(q, θ)−1Gair(q, θ). (25)

If the inverse of Gac is unstable and/or improper, the feed-
foward law (25) can still be used, where the nonminimum
phase zeros of Gac are replaced by their stable reflection into
the complex unit disc and by adding the required number of
delays to achieve a proper function.

As with the heating controller, the control signal uac(t)
for the ventilation subsystem is also limited, which can in-
troduce windup effects in the closed loop. To avoid this, the
implementation of the controller (24) is done by including an
anti-windup scheme, following the same procedure as for the
heating subsystem.

We note that the cooling subsystem can also provide heating
power when the room air temperature is lower than the
incoming air temperature.

D. MPC design

The use of closed-loop identified models for online predic-
tive controllers can be highly beneficial in terms of reducing
disturbances and model errors, as well as being less disruptive
to normal plant function.

In this section we describe the design of an MPC strategy
for HVAC systems that incorporates the closed-loop dynamics
of the heating and ventilation subsystems.

Since layering is an essential architectural feature of com-
plex systems like buildings, an effective building control archi-
tecture is likely to be multilayer. Our proposed control archi-
tecture includes the low-level feedback controllers described
in III-C and a supervisory MPC controller, which computes
the setpoints to be tracked by the low-level controllers. This
hierarchical control scheme has been implemented in the KTH
testbed [14], which controls both the indoor temperature and
the CO2 concentration levels. The current implementation of
MPC relies on empirically tuned PI controllers. In this section
we extend the design of the supervisory MPC controller to in-
corporate the closed-loop dynamics of the HVAC subsystems.

Description of the control architecture: The control ob-
jective is to minimize the thermal energy use while keeping
an acceptable indoor comfort level for occupants. The indoor
temperature and the air CO2 concentration levels (both to be
considered as comfort indicators) are controlled through the
ventilation unit and the radiators, which are both actuated
using local PI controllers. The MPC controller computes, at
each point in time, setpoints for the local controllers using
new measurements and updated information about weather,
occupancy patterns and building state.



At each time instant, the output of the MPC controller is
a heating, cooling, and ventilation plan for the next N hours
(N being the prediction horizon). According to the receding
horizon philosophy, only the first step of this control plan is
applied to the HVAC system. After that, the whole procedure is
repeated based on new measurements and updated information
about weather, occupancy patterns, and building state. This
introduces feedback into the system, since the control action
is a function of the system state and the acting disturbances.

At each point in time t, the MPC computes the setpoints
for the local controllers, which are: i) mass air flow rate,
ṁair(t); ii) supply air temperature, T ac(t); and iii) radiators
mean radiant temperature, T h(t).

The overall MPC problem is formulated as a cascade of
two linear problems, as described in [14]. Since the CO2

concentration dynamics are independent of the thermal ones
and the CO2 comfort has priority, two separated sub-problems
can be addressed: i) the CO2-MPC problem, which aims at
minimizing the energy use while keeping the CO2 levels in
given comfort bounds; ii) the T-MPC problem, controlling
instead the indoor temperature and deciding the additional
ventilation level to guarantee the thermal comfort.

Remark 5: We remark that posing the problem of mini-
mizing the energy use while maintaining both indoor CO2

and thermal comfort as one single problem to be solved
would result in a non-convex problem and then increase the
computational burden. This could make prohibitive the compu-
tational requirements for buildings comprising a large number
of thermal zones. We then handle these nonlinearities so as
the nonlinear terms in the modeling of the CO2 and thermal
dynamics can be equivalently rewritten as linear equations and
formulate the overall control problem as a cascade of two
linear problems.

The output of the CO2-MPC problem is a sequence of air
flow rates,

{
ṁair

CO2
(t)
}N−1

t=0
, from the ventilation subsystem

over the whole prediction horizon, which is integrated into the
T-MPC problem to account for the corresponding heat flow.

Note that the existing low-level PI controllers are designed
through an empirical tuning technique, hence without any
model identification, and that the currently implemented MPC
neglects the dynamics of the heating and ventilation subsys-
tems and those of their local controllers, hence assuming that
the low-level controllers are able to quickly and accurately
track the setpoints computed by the high-level MPC controller.

A detailed description of the CO2-model and the CO2-MPC
problem can be found in [14]. In this study we focus on the
T-MPC problem, modified to include the identified closed-
loop dynamics of the heating and ventilation subsystems. We
remark that the CO2-MPC problem can be similarly modified.

Control-oriented thermal model with closed-loop dynamics
of HVAC subsystems: Here we extend the control-oriented
model in [14], [32] to incorporate the closed-loop dynamics
of the identified HVAC subsystems.

The physical model of the indoor thermal dynamics is based
on the energy balance and consists of one lumped node for the
room air and two lumped nodes for each wall slab (one for
the outdoor wall surface and one for the indoor wall surface).
Walls are modeled as two capacitances and three resistances,

which are placed between the air temperature, the internal wall
surface temperature, the external wall surface temperature, and
the room temperature. As for the outdoor walls, we account
for the outdoor temperature and for the different radiation heat
exchange due to the orientation of the outdoor walls. Solar
gains are taken into account by projecting the direct radiation
incident on a horizontal surface onto the glazed surfaces in
the zone. The projection accounts for the building location
(longitude and latitude), the solar position (hour and day of
the year) and the window orientation. Details on the modeling
of the internal and external wall temperatures can be found
in [14], [32] and references therein.

Consider the dynamics of the room temperature, indicated
with T room. They are modeled as follows:

maircpaṪ room(t) = Qair(t) +Qint(t) +
∑

j Q
wall,j(t)

+
∑

j Q
win,j(t) +Qh(t),

(26)
where cpa is the specific heat of the dry air, mair is the air mass
in the room and j is the index corresponding to the various
walls in the room. In (26), the left-hand term represents the
heat stored in the room air, while Qair is the heat flow due to
ventilation and used to provide fresh air and cooling power.
Qint sums the internal gains, i.e., the heat flows that are due to
equipment, lighting and occupancy. Qwall,j and Qwin,j represent
the heat flows exchanged between walls and windows in the
j-th surface and room, which include the outside temperature
and solar radiation. Qh is the heating flow necessary to keep
the room environment within the thermal comfort range. We
focus on heat flows to be controlled for HVAC operation to
derive a control-oriented model. These heat flows are

Qair(t) = ṁair(t)cpa
(
T ac(t)− T room(t)

)
,

Qh(t) = Shch
(
T h(t)− T room(t)

)
, (27)

where ch is the heat transfer coefficient of the radiators in the
heating subsystem and Sh is the emission area of the radiators.
In order to derive an equivalent linear model of the thermal
dynamics, we introduce the nonnegative variables ∆u+(t) and
∆u−(t) as inputs such that

∆u+(t)−∆u−(t) := ∆ṁair(t)
(
T ac(t)− T room(t)

)
, (28a)

∆u+(t) + ∆u−(t) := ∆ṁair(t)
∣∣∣T ac(t)− T room(t)

∣∣∣, (28b)

where ∆ṁair(t), defined as ∆ṁair(t) := ṁair(t) − ṁair
CO2

(t),
is the additional air flow rate required for guaranteeing the
thermal comfort. By introducing the inputs above, Qair(t)
in (27) can be rewritten as

Qair(t) = ṁair
CO2

(t)cpa(T ac(t)− T room(t)
)

+cpa(∆u+(t)−∆u−(t)
)
,

where ṁair
CO2

is the optimal air flow rate obtained by the CO2-
MPC problem.

In the following, we describe the new thermal model
incorporated into the MPC formulation, which includes the
closed-loop dynamics of the HVAC subsystems.



Thus we derive the following state-space descriptions from
the closed-loop models of the heating and ventilation subsys-
tems 1

xh(t+ 1) = Ahxh(t) +Bhrh(t)

yh(t) = Chxh(t) +Dhrh(t),
(29)

and

xac(t+ 1) = Aacxac(t) +Bacuac(t)

yac(t) = Cacxac(t) +Dacuac(t).
(30)

The input, rh, and the output, yh
c = T h, in (29) represent

the setpoint to the radiator low-level controller and the mean
radiator temperature respectively, as shown in Figure 1. The
input, uac = [rac, uair]>, and the output, yac = T ac,
in (30) represent the setpoints to the low-level controller
of the ventilation subsystem and the supply air temperature
respectively, as shown in Figure 2.

Hence, the dynamics of the indoor temperature, incorpo-
rating the closed-loop dynamics of the heating, ventilation
and cooling subsystems, can be modeled with the following
discrete-time LTI system

xT(t+ 1) = AT(t)xT(t) +BT(t)uT(t) + ETwT(t)

yT(t) = CTxT(t),
(31)

where the output yT(t) is the indoor temperature at time t,

uT(t) :=
[
∆u+(t), ∆u−(t), uac(t)>, rh(t)

]>
, and the

matrices AT(t) and BT(t) are time-varying since they depend
on ṁair

CO2
(t). The state of the thermal model, xT, is the vector

of the temperatures of the room, the walls, the floor and the
ceiling as well as the state variables describing the closed-loop
dynamics of the HVAC subsystems, xac and xh. The model
disturbance vector, wT, represents the outdoor temperature, the
incident solar radiation, the internal gains, and the heat flows
due to occupancy, equipments and lighting.

Define xai(t) as the vector containing the temperatures of
the room and of the inner and outer parts of the walls,

and uai(t) :=
[
∆u+(t) ∆u−(t)

]>
. Then, uT(t) and xT(t)

can be also written as
[
uai(t)>, uac(t)>, rh(t)

]>
and[

xai(t)>, xac(t)>, xh(t)>
]>

respectively. The matrices
AT(t), BT(t) can be expressed as follows:

AT(t) =

Aai(t) Cac Ch

0 Aac 0
0 0 Ah

 ,
BT(t) =

Bai(t) Dac Dh

0 Bac 0
0 0 Bh

 ,
where Aai(t) and Bai(t) are matrices of appropriate dimen-
sions, whose elements are parameters describing the thermal
dynamics of the temperatures of the room and the inner and
outer parts of the walls [14].

1The state space matrices are computed using the command ss in Matlab.

MPC problem formulation: In this section, we formulate
the novel MPC formulation incorporating the closed-loop
dynamics of the HVAC subsystems.

Since the control objective is to minimize the energy use,
we need to introduce nonnegative auxiliary variables, Γ+ and
Γ−, to model the absolute value such that2

max {0, T ac(t)− T room(t)} ≤ Γ+(t)

max {0, T room(t)− T ac(t)} ≤ Γ−(t)

∆u+(t) ≤ ∆ṁair
max(t)Γ+(t) (32)

∆u−(t) ≤ ∆ṁair
max(t)Γ−(t),

where ∆ṁair
max(t) := ṁair

max(t) − ṁair
CO2

(t). The cost func-
tion is JT(xT(0),uT) =

∑N−1
t=0

(
ρair
(
Γ+(t) + Γ−(t)

)
+

c(t)>uT(t)
)
∆t, where ∆t the sampling period, N is the

prediction horizon, c(t) is the cost vector at time t and ρair is a
weighting factor on auxiliary variables modeling the absolute
value |T ac(t)− T room(t)|.

We then define bounds on the inputs uT(t) of the form
umin

T ≤ uT(t) ≤ umax
T , and express comfort constraints

on the indoor temperature as ymin
T (t) ≤ yT(t) ≤ ymax

T (t).
Constraints (32) can be written in a compact form as mixed
constraints on inputs and outputs.

Summarizing, the constraints on inputs, comfort constraints
on outputs and mixed constraints on inputs and outputs can be
expressed as polytopic constraints, respectively as FTuT(t) ≤
fT, GTyT(t) ≤ gT and My

T yT(t) + Mu
T uT(t) ≤ mT, where

FT, GT, My
T , Mu

T and fT, gT, mT are matrices of appropriate
dimensions.

Thus, the T-MPC problem can be formulated as follows:

min
uT

JT(xT(0),uT)

s.t. T-model (31)
FTuT(t) ≤ fT
GTyT(t) ≤ gT
My

T yT(t) +Mu
T uT(t) ≤ mT,

(33)

with t = 0, . . . , N − 1.
We remark that the presented MPC formulation for HVAC

operation control is general and can easily integrate different
HVAC subsystems, which can be identified by following the
experimental procedure outlined in Section III. Moreover, the
models of the heating and ventilation subsystems are obtained
by employing a novel input design technique, which can
handle the physical constraints of the dampers.

Scenario-based MPC problem formulation: In order to
account for the main sources of uncertainty affecting the
building, i.e., weather and occupancy, we use probabilistic
concepts. Since current standards allow comfort violations
up to given levels, building climate control leads naturally
to stochastic formulations with probabilistic constraints, i.e.,
chance-constrained formulations, which limit the probability
of these violations. Unless the uncertainties follow specific dis-
tributions, e.g., Gaussian or log-concave, chance-constrained
problems are generally non-convex and thus numerically dif-
ficult to be handled. Uncertainties like solar radiation and
occupancy do not usually follow probability distributions that

2We note that Equation (32) includes the constraints in (28).



allow to formulate equivalent deterministic problems and make
MPC problems tractable. A possible solution for obtaining a
tractable and distribution-free MPC problem is to apply the
scenario approach [43], where scenarios are i.i.d. samples
extracted from general probability distributions. The funda-
mental idea is to draw a specific large number S of samples
ŵiT , commonly called scenarios, from the uncertainty wT
according to the probability distribution P [·]. The number of
samples is selected to guarantee the feasibility of the solution
so that it has generalization properties, i.e., it satisfies with
high probability also unseen scenarios.

We notice that, by using (31), yT(t) can be expressed as a
function of the initial state xT(0), input {uT (k)}t−1

k=0, and dis-
turbances wT (t). Thus we have uncertainty in the constraints
GTyT(wT (t)) ≤ gT and My

T yT(wT (t)) + Mu
T uT(t) ≤ mT of

the T-MPC problem (33). We can handle uncertainty in those
constraints by requiring them to be fulfilled with a probability
of at least 1− α for α ∈ (0, 1); this implies that chance con-
straints have to be formulated, i.e. P

[
GTyT(wT (t)) ≤ gT

]
≥

1− α and P
[
My

T yT(wT (t)) +Mu
T uT(t) ≤ mT

]
≥ 1− α.

By applying the scenario approach and by taking advantage
of the linearity of the constraints, the chance-constrained
T-MPC problem can be approximated with the following
scenario-based MPC problem (SMPC):

min
uT

JT(xT(0),uT)

s.t. T-model (31)
FTuT(t) ≤ fT
GT maxi yT(ŵiT (t)) ≤ gT
My

T maxi yT(ŵiT (t)) +Mu
T uT(t) ≤ mT.

(34)

The scenario problem (34) is deterministic and linear and
thus it can be solved efficiently by standard numerical algo-
rithms.

In [44], the authors compute lower bounds on the sample
size S guaranteeing that the optimal solution of the ap-
proximated scenario problem is a feasible solution for the
original problem with high probability. In the aforementioned
studies it is shown that the conservativeness of the scenario
approach can be improved if the problem contains multiple
chance constraints and a chance constraint belongs to a special
class of constraints (e.g., linear or quadratic constraints); both
assumptions hold in our study. In this work, the results in [44]
are used to set a lower bound on the number of scenarios
providing guarantees on the probability of constraint violation.

E. Proposed methodology for MPC control design of HVAC
systems

The proposed methodology for modeling and designing an
MPC strategy for HVAC systems is:

1) Choose the number of samples N1, and the bounds on
the input signal u, u ∈ R. Given the sampling period Ts,
run an experiment with UN1

as input sequence, where
u(t) is uniformly distributed on [u, u]. Save the results
as ZN1 = (UN1 , YN1).

2) Based on ZN1
, obtain θ̂N1

by solving Problem 1.
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(b) One measured output in YN1 .

Fig. 3. Experimental results, step 1.

3) Choose the number of samples N2. Given θ̂N1 , design
Uopt
N2

by solving Problem 2 based on [30] and [31].
Perform the experiment on the system based on Uopt

N2
,

and save the results as ZN2
= (Uopt

N2
, YN2

).
4) Based on ZN2 , obtain a second estimate θ̂N2

by solving
Problem 1.

5) Design a discrete-time controller based on the model
derived from θ̂N2

.
6) Implement the MPC scheme (33) based on the identi-

fied closed-loop models of the heating and ventilation
subsystems and the thermal model of the room.

Remark 6: The identification of the closed-loop dynamics
of the individual HVAC subsystems and the tuning of the low-
level controllers can be done offline, in the design phase. Once
the models of the closed-loop subsystems are identified and
the controller parameters are set (which can be performed
simultaneously for all the subsystems), the computational
requirements in the operational phase are basically just the
ones needed for solving the linear MPC problem at each
sampling time.

Remark 7: The proposed methodology assumes that it is
possible to design local controllers for the heating and ventila-
tion subsystems. However, it might be the case that the HVAC
system has in-built local controllers for those subsystems and
that they cannot be modified. In that case, the methodology
described here can still be applied without considering the
low-level controller synthesis, and employing the proposed
experiment design to identify the closed-loop dynamics of the
HVAC subsystems and for designing the supervisory MPC
strategy.



TABLE I
log det(IF ) FOR DIFFERENT UN2 .

Input Optimal Uniform Binary
log det(IF ) 55.23 48.88 53.51

IV. EXPERIMENTAL RESULTS

A. Heating subsystem

We use the method presented in Section III-E to identify the
main dynamics in the heating subsystem, using a sampling
time of Ts = 600 [s]. As first step, we generate UN1

with
N1 = 62. The generated input is presented in Figure 3(a).
During the first 30 minutes of the experiment the input is fixed
to zero, and then a step of magnitude 50 is employed during
the next 30 minutes. The objective of this initial signal is to
reduce the effect of the initial conditions in the experiment.
After the initial input, we generate the signal according to
step 1) in Section III-E, where u = 10, and u = 90. One of
the measured outputs is presented in Figure 3(b). From this
figure we see that the response of the temperature depends
dynamically on the applied input sequence. The experiment
length is approximately 10 hours.

The collected data ZN1
is employed to fit a first order output

error model. Following [34, Chapter 14], before identifying
a model, we shifted the input-output data in ZN1

by its
mean. By using the oe command available in Matlab System
Identification Toolbox, we obtain

ŷh(t|θ̂N1
) = Gh(q, θ̂N1

)uh(t) =



0.09 q−1

1− 0.39 q−1

0.07 q−1

1− 0.62 q−1

0.08 q−1

1− 0.55 q−1

0.09 q−1

1− 0.40 q−1


uh(t) . (35)

The model (35) is used to design a second experiment UN2

solving Problem (2). In this case, we consider an input
sequence sampled from a pmf associated with a stationary
process, using the method in [31] with nm = 3 and C =
{10, 90}. The computational time for deriving the optimal
pmf in a laptop Dell Latitude E6430, equipped with Intel
Core i7 2.6 [GHz] processor, and 8 [GB] of RAM memory
is approximately 2 seconds. As a reference, the optimal input
sequence is compared with a white noise sequence uniformly
distributed in [10, 90], and a binary distributed white noise
process with alphabet C. The results are presented in Table I.
From Table I, we conclude that the optimal input sequence
(‘Optimal’ in Table I) retrieves more information from the
system than the inputs defined as white noise processes
uniformly distributed in [10, 90] (‘Uniform’ in Table I), and
Binary distributed with alphabet {10, 90} (‘Binary’ in Table I).

The optimal input sequence is employed to obtain a second
data set. For this experiment we set N2 = 162, where the first
10 samples are the same initial input sequence described for
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Fig. 4. Experimental results, step 3.

the first experiment. Part of the collected data is presented in
Figure 4, where the measured output increases its value despite
the fixed amplitude employed as input. This can be explained
by the fact that the water temperature increases during the
experimental time. The experiment length is approximately 26
hours.

The data set ZN2
is employed to update the output error

model. As in the first step, we shift the input-output data
in ZN2 by its mean. By using the oe command available
in Matlab System Identification Toolbox with initial estimate
Gh(q, θ̂N1

), we obtain

ŷh(t|θ̂N2) = Gh(q, θ̂N2)uh(t) =



0.07 q−1

1− 0.37 q−1

0.06 q−1

1− 0.57 q−1

0.07 q−1

1− 0.50 q−1

0.07 q−1

1− 0.37 q−1


uh(t) . (36)

To analyze the model (36), we compute the sampled auto-
covariance function of the model residuals associated with the
i-th measurement, given by

R̂εhi (τ) :=
1

N2 − τ

N2−τ∑
t=1

εh
i (t, θ̂N2

)εh
i (t− τ, θ̂N2

), (37)

εh
i (t, θ̂N2

) := yh
i (t)− ŷh

i (t|θ̂N2
), (38)

where εh
i (t, θ̂N2

) denotes the one-step ahead prediction error
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(a) Autocorrelation function for εh1 (top) and εh2 (bottom).
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Fig. 5. Autocorrelation function for the model residuals.

at time t associated with the i-th output. Here we test the
whiteness hypothesis for {ε(t, θ̂N2

)}N2
t=1. Figure 5 presents

the autocorrelation function (i.e. the autocovariance function
normalized by its sampled variance R̂εhi (0)) for the model
residuals for τ ∈ {0, . . . , 24}, together with the 99% confi-
dence region (in yellow). The results show that the whiteness
assumption made for the measurement noise must be rejected.
Thus, the identification results can be improved if a noise
model is included. However, since the identification of the
system is performed in open loop, the wrong assumption on
the noise model does not add bias to the model estimate [34,
Chapter 8]. Hence, the model (36) can be employed to tune a
PI controller for the heating subsystem.

The model (36) is employed to tune the PI controller (18)
to obtain the desired stability margins. The coefficients of the
PI controller are τI = 6.93, and γ = −2.42, which gives a
phase margin of 68 degrees at ωφ = 9 · 10−4 [rad/s], and a
gain margin of 13.2 [dB] at ωg = 5.2 · 10−3 [rad/s].

To analyze the model, we perform an experiment in the
heating subsystem and measure the step response of the
mean temperature in the surface of the radiator. This is then
compared with the step response of the resulting closed-
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Fig. 6. Step response of the closed-loop system, heating subsystem.

loop model. Figure 6 shows the step response of the system
(‘Experiment’ in Figure 6) and the simulated model (‘Model’
in Figure 6) when the reference is set to 28 [C]. From this
figure we can see that the simulated response is close to the
measured response, but it can still be improved by identifying
the closed-loop system. Hence, we perform an experiment in
the closed-loop system by defining the reference value rh(t) as
a realization of a white noise process, uniformly distributed in
[20, 34] [C], and saving 144 samples (equivalent to 24 hours of
experimental data). The experimental data is divided into 106
samples for identification, and 37 samples for validation. A
Box-Jenkins model of third order for both the process model
and the noise filter is identified. The simulated response of
the re-identified model is presented in Figure 6 (Re-identified
model). In this case, the simulated response is closer to the
measured response than the closed-loop model derived from
the open-loop model. Therefore, the re-identified model is
employed by the MPC to predict the dynamics of the mean
temperature of the radiator. The closed-loop model is then
given by

yh(t) =
0.51q−1(1 + 0.4q−1 + 0.2q−2)

(1 + 0.03q−1)(1− 0.4q−1 + 0.18q−2)
rh(t)

+
(1− 0.89q−1)(1 + 0.74q−1 + 0.39q−2)

(1− 0.64q−1)(1 + 0.33q−1 + 0.19q−2)
eh(t) . (39)

The model (39) is then converted into the state space repre-
sentation (29) incorporated into the MPC formulation.

B. Ventilation subsystem

Due to practical considerations, we model the ventilation
subsystem in the HVAC testbed by using the first two steps
defined in Section III-E and we consider a sampling period of
Ts = 60 [s]. In order to perform the first step of the method
illustrated in Section III-E, we need to define the lower and
upper bounds on the input signals uac(t), and uair(t). For
uac(t) we consider the lower bound u = 34 and the upper
bound u = 100, since the effect of the ventilation subsystem
on the air temperature is negligible for uac(t) ≤ 34. As for
uair(t), we define the lower bound as u = 10 and the upper
bound as u = 100. For the experiment on the air conditioning
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Fig. 7. Experimental results for the ventilation subsystem.

(AC) system, N1 = 255 samples are collected, equivalent to an
experiment length of 4 hours and 15 minutes. The input-output
data collected in this experiment is presented in Figure 7. From
this figure, we observe that the control signals are set to their
lower bounds for 15 minutes so as to turn off the ventilation
subsystem before starting the experiment.

Based on the data set ZN1 , we identify the model (19) of
the ventilation subsystem. We note that the temperature of
the incoming air is preconditioned to 20.8 [C] (except for
negligible variations), and thus we consider yair(t) = 20.8
during all the experiment. Moreover, we remove the offset in
uac(t) by subtracting 34 to its samples, which corresponds to
the offset imposed by the dead-band effect. In addition, the
first 200 samples are employed for identification, and the last
55 ones are used for validation.
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(a) Autocorrelation function for εac (top) and cross correlation function
between εac and uac (bottom).
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Fig. 8. Autocorrelation function for the model residuals, and cross correlation
functions between the model residuals and the inputs.

After preconditioning the data set ZN1 , we use the pem
command available in the Matlab System Identification Tool-
box to identify the transfer functions in Equation (19), based
on the first 200 samples. The resulting estimates are

Ĝac =
−1.3 · 10−3q−1(1 + 9.97 q−1)(1− 0.98 q−1)

(1− 0.02 q−1)(1− 0.60 q−1)(1− 0.98 q−1)
, (40)

Ĝair =
−6.4 · 10−4q−1(1− 5.57 q−1)(1− 1.12 q−1)

(1− 0.02 q−1)(1− 0.60 q−1)(1− 0.98 q−1)
, (41)

Ĥac =
(1− 0.99 q−1)(1− 0.42 q−1)(1 + 0.36 q−1)

(1− 0.02 q−1)(1− 0.60 q−1)(1− 0.98 q−1)
, (42)

where Ĝac denotes Gac(q, θ̂N1
), and similar definitions hold

for Ĝair and Ĥac.
We evaluate the accuracy of the estimated model by in-

specting the autocorrelation function of the one-step ahead
prediction error. Figure 8 presents the autocorrelation function
of the model residuals, and the cross correlation function be-
tween the model residuals and the inputs (the normalized cross
covariance function), where the cross covariance function is

R̂εacux(τ) :=
1

N1 − τ

N1−τ∑
t=1

εac(t, θ̂N1
)ux(t− τ), (43)

with x ∈ {ac, air}. We note that the correlation functions
are computed over the validation data. We observe that the
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Fig. 9. Step response of the closed-loop system, ventilation subsystem.

autocorrelation function does not have all its samples con-
tained in the 99% confidence region, which implies that the
whiteness assumption on the model residuals is rejected. This
can occur if the estimated model does not describe completely
the system dynamics. To analyze this, we observe in Figure 8
that the cross correlation function satisfies the uncorrelatedness
assumption for the 99% confidence region, which suggests
that there are no unmodeled dynamics in the model residuals.
Hence, we can employ the estimates (40) and (41) for the
controller design.

The estimates (40)-(41) are then employed to design a
controller following the steps described in Section III-C2, with

W (q) =
9.56(1 + 0.90 q−1)

1− q−1
. (44)

The filter (44) forces the H∞ optimization (21) to focus on
the low-frequency range and to guarantee integral action in
the optimal controller. The resulting controller is

Cac(q) =
−12.5(1 + q−1)(1− 0.98 q−1)

(1− q−1)(1− 0.98 q−1)

× (1− 0.60 q−1)(1− 0.02 q−1)

(1 + 0.14 q−1 + 0.14 q−2)
. (45)

The controller (45) provides a phase margin of 64.2 degrees
at ωφ = 4.7 · 10−3 [rad/s], and a gain margin of 9.94 [dB] at
ωg = 1.57 · 10−2 [rad/s].

The feedforward compensator (25) is given by

Gff(q, θ̂N1) = −0.05 q−1(1− 5.57 q−1)(1− 1.12 q−1)

(1− 0.98 q−1)(1 + 0.10 q−1)
. (46)

We analyze the designs (45)-(46) by implementing the com-
pensators in the HVAC testbed and running the system with the
proposed feedback scheme. Figure 9 presents the experimental
results of tracking the reference rac(t) = 17.5 [C] for all t, for
the cases with and without the feedforward compensator and
uair(t) = 50. In both cases we observe that the temperature
of the air tries to follow the desired reference. To analyze the
effect of the feedforward compensator (46) on the system, we
set uair(t) = 100 after 21 samples, and the results are shown in
Figure 9. We can see that the feedforward compensator reduces
the effect of changing the air flow damper in the conditioned

air temperature. Therefore, the final implementation of the
controller takes the feedforward compensator into account.

To analyze the accuracy of the identified model, Figure 9
shows the one-step ahead prediction obtained from the model
of the closed-loop dynamics, which is built by employing (40)-
(42) and the compensators (45)-(46). We can see that the
predicted output is close to the actual output. Therefore,
the closed-loop model for the ventilation subsystem can be
used for predictions in the MPC formulation. The closed-
loop model for the ventilation subsystem is converted into the
state space representation (30) with a sampling period of 10
minutes, which is used into the MPC formulation.

V. SIMULATION EVALUATION OF THE MPC CONTROLLER
WITH CLOSED-LOOP DYNAMICS

We analyze the performance of the designed MPC frame-
work incorporating the closed-loop dynamics of the heating
and the ventilation subsystems and discuss simulation results
obtained by the application of the MPC control strategies
described in the previous sections to the HVAC system.
Weather and occupancy data from March 20th, 2014 are used.

Three different controllers are considered:
1) MPC-no CL: MPC without the closed-loop dynamics of

the heating and ventilation subsystems.
2) MPC-CL: MPC with the closed-loop dynamics of the

heating and ventilation subsystems.
3) SMPC-CL: scenario-based MPC with the closed-loop

dynamics of the heating and ventilation subsystems.
The control strategies are simulated using a sampling period
of 10 minutes and a prediction horizon of 8 hours. In the
case of the scenario-based MPC, at each time step it computes
the control signals using 403 scenarios for the disturbances
(wall temperatures, solar radiation, and occupancy) over the
prediction horizon. The allowed comfort violation is 1% (i.e.,
α = 0.01).

The simulation is performed in Matlab R2016b comple-
mented with IBM CPLEX to solve the optimization problem
associated with MPC. The computational time required for the
execution of one simulation step for all the MPC strategies
is less than one second in a computer model Dell XPS 13,
equipped with Intel Core(TM) i7-5500U 2.40 [GHz] processor,
and 8.00 [GB] RAM memory. Hence, the proposed strategies
are suitable for real-world applications.

For all the MPC strategies considered in the simulation,
the heating and ventilation subsystems are controlled by the
low-level controllers designed in this article. In addition, we
assume that the CO2-MPC controller delivers a constant air
flow rate equal to ṁair

CO2
(t) = 0.10 [Kg/s]. Thus, the difference

in performance is only due to the inclusion of the closed-loop
models of the HVAC subsystems into the MPC formulation.

Remark 8: In practice the final setpoints for the air flow rate
(and then the damper positions of the ventilation subsystem)
are the sum of the optimal values calculated by both control
problems, the CO2-MPC problem and the T-MPC problem.
In this simulation study, without loss of generality and for
the sake of simplicity, we focus on the T-MPC problem and
consider a constant air flow rate equal to the standard lower



Fig. 10. Comparison among MPC-no CL, MPC-CL and SMPC-CL. Top: AC
temperature. Middle: additional air inlet mass flow. Bottom: Room occupancy.

bound as resulting from the CO2-MPC problem, which has
been proved to be sufficient to guarantee the CO2 require-
ments, given the considered occupancy pattern. A time-varying
air flow rate can also be considered in the CO2-MPC problem.

The room temperature profiles resulting from the application
of the three control strategies are quite similar and the thermal
comfort is never violated, although the control signals are
different, as shown in Figure 10. In fact, we observe that
including the closed-loop dynamics of the HVAC subsystem
helps reduce the requirements on the cooling system, which
are unnecessarily high in case of the MPC-no CL. The control
requirements on the supplied air temperature and the additional
air flow rate obtained by MPC-no CL are more aggressive
than those imposed by the MPC formulations including the
closed-loop dynamics of the HVAC subsystems. We can see
that the AC temperature is at its minimum value for MPC-
no CL, whilst both MPC-CL and SMPC-CL result in less
demanding actuation levels. The air flow rate control setpoints
obtained by the three compared strategies are also different,
as shown in the bottom plot of Figure 10, however the control
inputs computed by the MPC controllers incorporating the
closed-loop dynamics are very similar. The different control
requirements on the AC temperature and on the additional air
flow rate resulting from the MPC-CL and the SMPC-CL lead
to a reduction in the energy use. When the room occupancy
increases, the MPC with the closed-loop dynamics of the
heating and ventilation subsystems compensates faster for the
effect of changes in occupancy while keeping the resulting
indoor temperature within the bounds without any unnecessary
energy transferred, thus improving the energy efficiency. In
fact, the MPC-CL and the SMPC-CL lead to energy saving of
78% and 82% respectively compared to the energy used by
the MPC-no CL.

In summary, including the closed-loop dynamics in the MPC
strategy helps improve significantly the energy efficiency, since
it results in less energy use and better compensation of the
effects of changes in occupancy levels without violating the
indoor thermal comfort.

Remark 9: In the specific case study performed in this
section, the improvement achieved by SMPC-CL compared to
MPC-CL appears minor (just 4%). However, the SMPC-CL

computes its control inputs based on a worst-case scenario
approach, which leads to a more robust behavior against
unknown disturbances. As a consequence, the SMPC-CL
usually yields less violations with respect to the deterministic
MPC-CL and this can come at a cost of a slightly higher
energy use. The advantages of the SMPC will be evident when
occupancy is significantly higher than the one considered in
this study. When the occupancy is low, SMPC-CL can be
quite conservative and then the MPC-CL might be a better
choice. In any case, the conservativeness of the SMPC-CL
can be mitigated by an improved training of the scenarios and
a different tuning of parameter α. Finally, we also notice that
an energy saving of 4% in one room and over 7 hours might
be significant when scaling up to multiple rooms and longer
temporal horizons.

Remark 10: The complexity and the size of the SMPC
problem stays the same as the one of the MPC problem,
since the worst-case scenario is considered in the scenario-
based approach and the problem is still linear. Then the
computational requirements of the SMPC-CL is the same as
the one for the MPC-CL. An additional, however quite limited,
effort might be required for generating the scenarios online
but, if enough historical data is available, it can be used
directly without any online scenario generation [43], [44].

Remark 11: The proposed approach is suitable for HVAC
systems with a very large number of devices. In fact, the
average computational time of the MPC problems (includ-
ing the SMPC ones) is lower than one second and only
linear problems are solved, for which very efficient and
standard solving algorithms exist and solvers are available
(both commercial, like CPLEX, and open-source, like lpsolve3

and glpk4). Furthermore, the proposed MPC optimization
problem can be easily extended to include a large number
of devices and also multiple thermal zones (if required). In
that case, the solving algorithm can take significant advantage
of the sparsity of the optimization problem and decrease
even further the computational effort. The structure of the
MPC problems would also make possible to resort to well-
established distributed approaches to solve these problems,
such as dual decomposition and alternating direction method
of multipliers [45]. Showing this, however, is outside the scope
of this article and left as future work.

VI. CONCLUSIONS

A methodology to model the dynamics of the heating and
ventilation subsystems and design controllers for them is pre-
sented. A supervisory MPC strategy incorporating the closed-
loop dynamics of the heating and ventilation subsystems is
designed in order to improve the control performance and
the building energy efficiency. The illustrated methodology
considers experiment design, identification and controller de-
sign, which is analyzed in the HVAC testbed available in a
KTH university building. The proposed approach provides a
guideline to practitioners interested in implementing energy-
efficient MPC strategies for HVAC systems. The final design

3http://lpsolve.sourceforge.net/5.5/
4https://www.gnu.org/software/glpk/



for the low-level controllers is implemented and experimen-
tally evaluated in the actual testbed, while the supervisory
MPC controller is assessed through a simulation study to better
analyze the improvement in the control performance.
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energy efficient control applied to an office building,” Journal of Process
Control, vol. 24, no. 6, pp. 790–797, Jun. 2014.

[16] M. Aftab, C. Chen, C.K. Chau, and T. Rahwan, “Automatic HVAC
Control with Real-time Occupancy Recognition and Simulation-guided
Model Predictive Control in Low-cost Embedded System,” Energy and
Buildings, vol. 154, pp. 141–156, 2017.

[17] J. Drgona, M. Kvasnica, M. Klauco, and M. Fikar, “Explicit Stochastic
MPC Approach to Building Temperature Control,” in 2013 IEEE 52nd
IEEE Conference on Decision and Control, 2013.
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